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PREFACE. 


HE Principles of natu- 
ral Philoſophy, wrote by 
rl the incomparable Sir 1/aac 
Veron, muſt beacknow- 
ledged by all Perſons that 
have any Skill in that Science, to be 
the moſt compleat Piece that ever 
was wrote upon the Subject. His 
principal Deſign is to explain the 
1 Conſtitution of Nature, 
or the preſent Syſtem of the World; 
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not by Conjectures and H 
as the antient Philoſc for the 
moſt part did, but by ſtrictly exa- 
mining the Laws of Nature, and 
finding out by repeated Experiments 
what they really are. And in order- 
hereunto, He in the firſt two Books 
treats of the Principles of Philoſophy 
in a ſtrict mathematical Way, that is, 
He demonſtrates in general the Laws 
and Qualities of fuch Motions and 
Forces as relate principally to Phi- 
loſophy, and illuſtrates what he fays 
with ſeveral Scholiums, which are 
the Foundation of it, and in which 
He explains the Denſity and Re- 
ſiſtence of Bodies, the Nature of Space 
void of ſuch Bodies, and the Motion 
of Light and Sound. To expreſs the 
Proportions required in theſe Particu- 
lars, takes up a vaſt Compaſs of 
mathematical Knowledge, more than 
the Generality of Readers who have 
ſtudied that - Science are capable of 
underſtanding, or at leaſt more than 


2 they 
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they would be willing to ſpend 
their Time in, before they come 
to the Application or Uſe of any 
of them; wherefore the judicious 
Author, in the Preface to the Third 
Book, adviſes the Reader, at to 
go over all the Propoſitions con- 
tained in. the two Fir Books, but 
carefully to read over the Deſini- 
tions, the Laws of Motion, and the 
three firſt Seftions of the Firſt Book ; 
and after this to paſs to the Third 
Book, which treats of the Syſtem of 
the World, and then to conſult the 
remaining Propoſitions of the foregoing 
Books at Pleaſure, as they are there 
cited. It is theſe Three Sections that 
I have endeavoured to explain in 
the following Treatiſe, by giving a 
particular Demonſtration of every Pro- 
tion and its Corollaries, and I 
ve added ſome of the moſt uſe- 


10 


ful Propoſitions out of ſome other 
Sections, as thoſe of the dire? De- 
ſcent of Bodies, of the Motions of 
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Bodies in Pendulums, and of the 
Motion of Bodies mutually attractin 
each other, as being ſome of 
which the Author adviſes to be oc- 
cahonally conſulted. In the Demon- 
ſtrations I thought it ſufficient bare- 
ly to refer the Reader to the Ele- 
ments of Euclid (except where the 
tion 1s an uncommon one, 
and then it is particularly ſpecified,) 
left they ſhould be too much inter- 
rupted by perpetual References, and 
becauſe I ſuppoſe every Perſon to 
be ſo much acquainted with the 


Elements of Geometry as is neceſ- 


fary to qualify him for the Study 
of Natural Philofophy, otherwiſe it 
is like a Man's attempting 


* 
them as he fees fit; and I 


REFACE 


that 
y at once ſee the 

y of the 
Author's Method of treating Phi- 
loſophy. Whoever has a 
proceed further, and to 
more dilcult and complicated Caſes 
on u the fame Principles, 
NENA 
rightly applied, there is no Phæno- 
menon, how irregular or minute ſo- 
ever it may ſeem to be, but may 
be accounted for by them; but the 
Propoſitions here demonſtrated are 
A4 ſuffi- 


mind to 
explain the 
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ſufficient to give the Reader a Reliſh 
for true Philoſophy, and to excite 
him to purſue the Study of it ac- 
ing to his Abilities and — 
tunities. The great Author begins 
with the moſt plain and obvious 
Things, ſuch as every ones own 
Senſes muſt take notice of, and 
which every Day's i con- 
vinces him of the Truth and Cer- 
tainty of; and he applies them to 
Caſes leſs obvious or leſs obſerved, 
and ſhews that they hold equally 
true and certain in thoſe Caſes alſo, 
Thus in the common Caſe of a Tra- 
veller, every Man knows that the 
Number of Miles he travels is in 


Proportion to the Pace he goes, and 


the Time he takes. Now the ſame 
Reaſon muſt hold likewiſe in the 
Caſe of the Cæleſtial Bodies, their 
Travels or Motions in their Orbs muſt 
be proportionable to the Pace or Ve- 
locity with which they move, and 
the Time they take up in revolving ; 


now 
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now the Time being known by Ob- 
ſervation, and the Space run through, 
and the Yelocity a certain Pro- 
portion to the Time, they alſo may be 
found : and thus the Planets 
Times may be compared with their 
Diſtances, in the ſame manner as two 
Travellers may compare their Rates of 
Travelling with each other. So like- 
wile perpetual Experience teaches us, 
that all Bodies are heavy, or tend 
towards the Surface of the Earth, 
and that their Weights are in Pro- 
portion to the Quantities of Matter 
y contain; now it is very reaſo- 
nable to think that this is true of 
all other Bodies, how large ſoever 
they be, or at how great a Diſtance 
ſoever they be; for there can no poſ- 
ſible Reaſon be aſſigned why a two 
Pound Weight in one Scale ſhould 
weigh down a ſingle Pound Weight 
in the other Scale, but the fame Rea- 
ſon will hold to prove that the Earth 
would outweigh the Moon, if they 
were 
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e which, 
ſo, then by the ſame Rules 
. and Dian, ad 

imes of the Motions of ſmall Bo- 
— in a Steelyard may be 
„the Velocitics and Diſtances, 
of the Motions of the 
about each other, and about 
common Center of Gravity, may 
be computed alſo. Theſe, and fuch 
like obvious Traths, are the Princi- 
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Author efteemed it to be, as appears 
by the foll 


us of it in his Preface. « 
« tients, fays he, (as Pappus 


informs 


"EX had a great Opinion of the Uſe- 


bw. TT em into the 
« Nature of things; and the 
« wholly laying aſide fubſtantial Forms 
« and occult Qualities, have atterapted 
cc to reduce the Phænomena of Na- 
« ture to the Laws of Mathematicks. 
« The Antients diftinguiſh'd Mecha- 
« nicks into two forts, viz. Rational, 
« or ſuch as is ſtrictly demonſtrable, 
« and Practical. In this latter all 
« manual Arts are comprehended, 
« and from them it borrows the Name 


« of Mechanicks. But becauſe Artifi- | 


«it is ſaid to be geomerrically done; 
«and when it is at 6-007 — 
ec it 


owing Deſcription he gives 
The An- 


xj 


The PREFACE. 


« it is faid to be done mechanically. 

| « But the want of Accuracy is not 

if « the Fault of the Art, but of the 

8 « Artificers. He whoſe Works are not 

« very exact, is but an im Me- 

ö « chanick; and if any one could do 

| \ «a thing with the utmoſt Exactneſs, 

« he would be the moſt perfect Me- 

« chanick that could be. For the 

« Deſcription of ftreight Lines and 

« Circles, which is the Foundation of 

« all Geometry, belongs to Mechanicks. 

« Geometry does not 3 us how to 

« deſcribe theſe Lines, but ſuppoſes that 

« we can do it. A Beginner is ſup- 

« poſed to have learnt how to deſcribe 

« them exactly, before he enters upon 

„ « Geometry, and then he is taught 

« how Problems may be ſolved by theſe 

« Operations. To deſcribe ftreight 
« Lines and Circles are indeed Pro- 

« blems, but they are not geometrical 

« ones, the Solution of them is bor- 

c row'd from Mechanicks, and Geome- 

« try teaches us the Uſe of what was 
« before 
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The PREFACE. 
ec before ſolved, and now taken for 
« granted. And it is the Excellency 
« of Geometry to be able to 
« ſo many things, from ſo few Princi- 
« ples borrow'd from another Science. 
« Geometry therefore is founded in the 
« Practice of Mechanicks, and is no- 
« thing elſe but that part of general 
« Mechanicks which ſes and de- 
« monſtrates exactly the Rules of Men- 
« ſuration. But becauſe the manual 
« Arts are principally employed in 
moving of Bodies, therefore Geome- 
« try is uſually applied to Magnitude, 
« and Mechanicks to Motion. Ac- 
« cording to this Diſtinction, rational 
“ Mechanicks is the Science which pro- 
« poſes and demonſtrates in the moſt 
« exact manner the Motions which ariſe 
« from any Forces whatſoever, and the 
« Forces which are neceſſary to 

« duce any Motions whatſoever. This 


« part of Mechanicks was improved by 
« the Antients in the fue Powers com- 


2205 


« monly called the mechanical Powers, 
(c and | 
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« and which are employed in manual 


« Arts; and they hardly ever conſi- 


60 der d Gravity (which is not a manual 
« Power) any > than in order 
« to move Bodies by thoſe Powers. 
« But my Deſign is not ſo much to 
« conſider Arts as Philoſophy, to treat 
« not of manual but of natural Powers, 
tc and therefore I ſhall chiefly examine 
« fuch things as relate to Gravity, Levi- 
« ty, elaſtick Force, the Reſiſtence of 
« Fluids, and their attractive or im- 
« pulſive Forces; and for this Reaſon 
« jt is, that I call theſe Principles ma- 
« thematical Principles, for the whole 
« Difficulty of Philoſephy ſeems to me 
« to lie in this, that we ſhould find 


« out the Powers or Forces of Nature 


« by the Phznomena, and then from 


« the Forces thus found out, demon- 
« ſtrate other Phænomena; and with 
« this View it is that I have laid down 
« the general tions in the Firſt 
« and Second Books; and in the Third 
« Book I have produced Wr 
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« the Truth of what was before de- 
« monſtrated, by explaining the Syſtem 
« of the World upon thoſe Principles ; 
« for there the Forces of Gravity by 
« which Bodies tend towards the Sun 
« and each of the Planets, are derived 
« from the Phænomena in the Hea- 
« yens, by the itions which are 
« mathematically demonſtrated in the 
« foregoing Books; and after that, 
« the Motions of the Planets, Comets, 
« Moon and Sea, are deduced from 
« theſe Forces by mathematical Propoſi- 
cc tions alſo. I wiſh the remaining Pha- 
« nomena of Nature could likewiſe 
be derived from mechanical Princi- 
« ples, by the ſame way of arguing, 
« For there are a great many Reaſons 
« that induce me to imagine, that 
« all depend upon certain Forces 
CS be parte of Bodies an 
« jm towards each other, and 
« ſtick together in regular Figures, or 
« by which they are driven off and re- 
« cede from one another, 3 
« 
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« from Cauſes not throughly under- 
« ſtood; and theſe Forces not being 
« known, it is no wonder that Philoſo- 
« phers have hitherto in vain attempt- 
« ed to explain the Syſtem of Nature. 
« But I hope the Principles here laid 
« down, will give ſome Light to this Me- 
« thod of Philoſophy, or to ſome other 
« which may be nearer the Truth.” 
Now as true Philoſophy is not only 
the moſt agreeable and pleaſant to all 
thoſe who have any Reliſh for it ; but 
is alſo the moſt uſeful and extenſive 
Science; if the following Sheets will 


be any Aſſiſtance to the Reader in un- 


derftanding and applying the Princi- 
ples of it, they will fully anſwer the 
End propoſed by them. 
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EXPLICATION 


Of ſome of the Principal SECTIONS 
OF 


Sir IS AAC NEw TONS 


Principles of Natural Philoſophy. 


DEFINITION I. 


Matter is to be meaſured by the 
Denſity Magnitude together, or by the 


Der fly multipled i into the Magnitude. 


F Air be made twice as Denſe 
ic uſually is, and the Space 
| A bony phonon age rot 
| as large, uantity Air 

= will be four times as much; 
— 5 and if the Space be three times 
a fare. 2 — 6 


DEFINITIONS. 


yo . 
For I have found by the accurate Expe- 
riments of Pendulums, that the Quantity of - 


DEFINITION I. 


ft The Quantity of Motion is to be meaſured by the 
Velocity an ] 


Quantity of Matter together, or 


by the Velocity multiplyed into the Quantity of 
Matter. 


For the Motion of the whole Body is the 
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DEFINITIONS 


the Motion will be four times as much. ane 
univerſally, if Q be put for the Quantity 
Motion, M for rhe Body, nd U fer che Ve. 
locity, it will be Qn MX U. 


DEFINITION III. 


\The inherent Force 0 

Refiftence, whereby every Body, as far as it 
can, continues in that flate in which it is, 
whether it be a fate of Reſt, or whether it 
moves on uniformly in a ſtreigbt Line. 


Tre not rightly underſtanding the nature 
1 has been the occa- 


ſion of many great Miſtakes in Natural Phi- 


loſophy; and this is in a good meafure owing 
to a falſe Notion generally received concerning 
Motion, as if Motion were an Action, and 
as if a Body all the time it is in Motion, were 
in Action: But if we duly attend to it we ſhall 
find, that it is the beginning of Motion only 
that is an Action, and that to continue it after 
it is once begun is only Faffiveneſs; and that 
it is the ſame thing with Motion as it is with 


| Reſt; to begin to be at Reſt is as much an 
Action as to begin to be in Motion, and to 


continue to be in Motion is exactly the fame 
Paſſiveneſs as „ 
are neither of them Actions at all, but are 
only the Effects of not being alive; they 
proceed from che mere inability of Manter ro 

2 der 


Matter is that Power of 
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DEFINITIONS. 
alter that ſtate in which it once is, as is evi- 


dent from hence, that it requires juſt the ſame 
Force to put a Body that is in Motion, into 
Reſt, as it is does to put it out of Reſt into 
Motion; and that as when it is at Reſt it can 
never of it ſelf get into Motion, fo when it 
is once in Motion, it can never of it ſelf get 
into Reſt ; nay, it cannot in the leaſt diminiſh 
its Motion, nor ſo much as any way alter the 
Determination of it: To have a Power of 
beginning Motion therefore, or which is the 
fame thing, to have a Power of beginni 
Reſt, is to be alive, and to have ſome 
of U ing, and both the one and the 
other are only the fame Power differently ex- 
erciſed. If therefore we ſuppoſe Matter to be 
without Life, and that it has only a Power of 
continuing in Exiſtence merely, without being 
able to alter any of the Circumſtances of its 
Exiſtence ; the neceſſary Conſequence is, that 
it will equally refiſt every Alteration or 
e and 
that this Reſiſtence will be always proportional 
to the Body or Quantity of Matter, and differs 
not at all from its Paſſiveneſs, except only in 
our manner of conceiving it. By this Paſſive- 
neſs of Matter it is, that no Body can, with- 
out ſome Difficulty, be put out of its ſtate ei- 
ther of Reſt or Motion; wherefore this inhe- 
rent Force may very properly be called a Paſſive 
Force. This Force is then only exerted in any 
Body when there is any alteration —_ >. 


DEFINITIONS. 


ſtate of it by ſome other Force impreſſed up- 
on it ; and the exerting it in this manner may 
in one reſpect be ſtiled Reſiſtence, and in ano- 
ther reſpect an Impetus or Effort: It may be 
ſtiled Reſiſtence as the Body ſtrives, with the 
impreſſed Force to continue in that ſtate in 
which it is; and it may be ſtiled an Impetus, 
as the ſame Body endeavours to alter the ſtate 
of any Obſtacle in its way, by not yielding to 
it without difficulty. Reſiſtence is 
aſcribed to Bodies that are at Reſt, and Im- 

aſcribed to thoſe that are in Motion; 
it Motion and Reſt, as they are commonly ap- 
prehended, are only relatively diſtinguiſhed 
from each other, for thoſe Bodies are not 
always at Reſt which are generally looked up- 
on to be ſo. 


DEFINITION IV. 


The „ Force is an Action exerciſed up- 
on a Body, in order to change its ſtate of Reſt 
or uniform Motion in a ftreight Line. 


T AIS Force conſiſts wholly in the Action, 
and does not at all continue in the Body after 
the Action is over. For the will remain 
in any new ſtate, by its mere paſſive Power on- 
from ſeveral different Cauſes, as from a Stroke, 
from Preſſure, or from a centripetal Force. 


6 DEFINITIONS. 


Centripetal Force is that by which Bodies are 
from all Parts drawn, impelled, or do any 
way tend towards ſome Point as a Center. 


! GRAvIT Y by which Bodies tend to the 
in Center of the Earth, is ſome ſuch fort of Force 
wu as this, and fo is the Force in a Loadſtone or 
WW! any other magnetick Body; and fo likewiſe is 
1 that Force, whatever it be, by which the Pla- 
1 nets are perpetually drawn from their rectili- 
near Motions, and made to revolve in curve 
Lines. A Stone whirled abour in a Sling, en- 
deavours to fly off from the Hand of him 
that turns it about, and by ſo doing it ſtretches 
the Sling; and the quicker it turns about, the 
more it ſtretches it; and as ſoon as it is ler 
go, it flies off. That Force which is contrary 
to this, and by which the Sling perpetually 
draws the Stone towards the Hand, and keeps 
1 it in the Orb, I call the centripetal Force, be- 
cauſe it is directed towards the Hand as the 


DEFINITIONS. 


it not for the Force of Gravity, would not 
bend towards the Earth, but go on in a ſtreight 
Line into the Heavens, and that with an uni- 
form Motion, if the Reſiſtence of the Air were 
removed: It is by its Gravity that it is drawn 
from its rectilinear Courſe, and perpetually 
_ Earth; and it is more or leſs 

t in proportion to its own Gravity and the 
Velocity of its Motion. The leſs 10 Gravity 
is in proportion to the quantity of Matter, or 
the greater the Velocity is with which it is 

f the leſs will it deviate from a 
ſtreight Line, and the further will it go. If 
a leaden Bullet be ſhot out of a Cannon on 
the Top of a Mountain with a given Velocity, 
and in an horizontal Direction, and goes in a 
curve Line to the Diſtance of two Miles before 
it falls to the Ground: The fame Bullet with 
twice the Velocity would go twice as far, and 
with ten times the Velocity would go ten times 
as far, if the Reſiſtence of the Air were taken 
away. And by increafing the Velocity, the 
Diſtance to which it is projected may be in- 
creaſed as much as you pleaſe, and the curva- 
ture of the Line deſcribed by it may be dimi- 
niſhed, ſo that it will not to the Ground 


—_— — 99 


ty, or ninety Degrees, or till it has even fur- 
rounded the whole Earth; or ſtill further, till 
it will not come to the Ground at all, but go 
off into the Heavens, and continue to move 
on for ever. And for the ſame Reaſon that a 


B4 pro- 
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till it is arrived at the Diſtance of ten, or thir= 
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| Body may by the force of 
into a Curve, and ſurround the 


Earth, the Moon may alſo by the Force 
Gravity, if it be heavy, or by any 
with which it is urged towards 
be y drawn towards the 
its rectilinear Courſe, and bent into its 
and without ſome ſuch Force the 
not be kept in that Orb. This Force, if i 


ty be 
r 


if it were too great, it would make it decline 
roo much, and bring it down out of its Orb 
towards the Earth, ſo that it muſt be of a pro- 
per Quantity: And it is the buſineſs of Ma- 
themaricians to find exactly what Force is ſuf- 
ficient to retain a Body in any given Orb with 
a given Velocity ; and on the other hand, to 
find the curvilinear Path which a Body may 
be turned into, when it goes out from any given 
Place, with a given Velocity, and is bent with 
a given Force. Now the Quantity of this 
centripetal Force is of three forts, abſolute, 


accelerative and motive. 


DEFINITION VI. 


The Quantity of the abſolute, or whele centri- 
petal Force, is greater or leſs in proportion to 
the Efficiency of the Cauſe by which it is pra- 
pagated from the Center all round, and "we 


DEFINITIONS. 
fore it is to be meaſured, or eftimated by that 


Efficiency. 
Force is greater or leſs 
in another, in 
__ — — or the Intenſe- 


neſs of its Verrue. 


DEFINITION VI. 
The Quantity of the accelerative centripetal 


Farce, 1s tonal to, and to be meaſured 
by the Velocity which it generates or produces 
in à given or determinate time. 


Tubus the Virtue, or Power of a Load- 
ſtone is greater at a lefſer diſtance, and leſs ar 
a greater diſtance : And the Force of Gravity 
is greater in Valleys, and leſs upon the tops of 
high Mountains, and ſtill leſs (as will appear 
afterwards) at diſtances from the Body 
of the Earth; but it is the fame in all Places 
that are ar equal diſtances, becauſe all Bodies 
great or ſmall) when the 
Air is taken away, fall to- 


a piece of folid Gold ler fall from the fame 
height, arrive at the Bottom in the ſame time. 


DEFINITION VIL 


The Quantity of the motive centripetal Force is 
Proportional 


9% 


— —— — ———— — — ͤ 


DEFINITIONS. 
mated by the Motion which it produceth in a 


given Ftme. 


Tuus the larger the Body is, the greater 
is its Weight ; 2 ſmaller the Body is, the 


less is its Wei ; and the ſame Body is heavier 
near the — 4 than when it is high up in the 
Heavens. This Quantity is the Tendency or 
Inclination of the whole Body towards the 
Center, that is, its Weight; and may be al- 
ways known by the Force which is contrary 


to it, and by which the Body is kept from 
fallin 

T3 26 Quin of Pos exc the havnd- 
ty ſake be called, motive, accelerative and ab- 
ſolute Forces; and for diſtinction, may be re- 
ferred to the Bodies tending towards the Cen- | 
ter, to the Places of the Bodies, and to the 
Center of the Forces: Thus the motive Force 
may be conſidered as in the Body it ſelf, as 
the tendency of the whole Body towards the 
Center, — of the Tendencies of all its 
Parts: The accelerative Force may be conſi- 
dered as in the Place where the Body is, as 
ſome ſort of Efficacy diffuſed from the Center 
to all the Places round about, in order to move 
the Bodies which are in them: And the abſo- 
lute Force may be conſidered as in the Center, 
as if that had ſome Cauſe in it without which 
the motive Forces could not be propagated to 
all the Places round it; whether this Cauſe 
be any central Body (as the Loadſtone in the 


Y 
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Center 
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center of the ick Force, or the Earth in 
the center of the gravitating Force) or any o- 
ther Cauſe whatſoever which is not viſible, we 
do not now conſider ; the Notion or Concep- 
tion is only Mathematical, for we are not now 
ining into the natural Cauſes or Places 
of theſe Forces. 

THe accelerative Force therefore is to the 
motive Force, as the Velocity is to the Mo- 
tion ; for the Quantity of Motion 
from the Velocity and the Quantity of Matter; 
and the motive Force is owing to the accelera- 
tive Force, and to the Quantity of the fame 
Matter both. For the motive Force of the 
whole Body, conſiſts in the Sum of the Acti- 
ons of the accelerative Force upon every one 
of the Particles of the Body. Whence it fol- 
lows, that here upon the Surface of the Earth, 
where the accelerative Gravity, or the gravi- 
tating Force is the ſame in all Bodies, the mo- 
tive Gravity, or the weight of any Body, is as 
or in proportion to the Body itſelf : Bur if we ga 
into the higher Regions where the accelerative 
Gravity is leſs, the Weight will be proporti- 
onably diminiſhed, l 
portion to the Body and the accelerative 
vity together. Thus in thoſe Places where the 
accelerative INN 
z here, the weig a Body half, or a third 
Part as big, will be but a fourth or a fixth Part 
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FURTHER, rr 
in like manner accelerative and motive, 
the ſame Senſe of thoſe Words. And I 4 
the Words Attraction, Impulſe, or Tendency 
of any kind tow¾ards a Center, indifferently and 
— for each other, becauſe I don't 
conſider theſe Forces Ph yſicaliy but Mathema- 
tically. So that the Reader ought to be very 
careful, when at any time I ſay either that the 
Centers attract, or that there e any Forces in 
the Centers; not to imagine, that by ſuch Ex- 
prefſions I intend to define any particular fort 
or manner of Action, 2. or na- 
tural Reaſon in any of thoſe Places, or to aſ- 
cribe really and phyſically any Forces to thoſe 
Centers (which are Mathematical Points only.) 
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Tnus far I thought it proper to explain in 
what Senſe, ſome Words not fo 


known, are to be underſtood in what follows. 
Time, Space, Place and Motion are under- 
ſtood very well by every . However, we 
e ity of Men, have 
no other Notion of theſe, than as they ref 
ſenſible things; whence there ariſe ſome 


judices ;; in order to take away which, Ie will 


be neceſſary to diſtinguiſh them into abſolute 
and relative, true and apparent, mathematical 
and vulgar. 


I. ABS o- 
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I. AB$oLUTE, real and mathematical 
Time, flows or uniformly, of ir ſelf, 
and from the nature of the Thing, without re- 
ſpe to any thing whatſoever is external 
ro it, and is called Duration : Relative, a 
rent, or common Time, is ſome of this 
Duration meaſured by ſome ſenſible or exter- 
nal Motion ( ſometimes exact and ſometimes un- 
even) which is generally uſed inſtead of true 
Time ; as an Hour, a Day, a Month, anda 
Year. 

II. ABSOLUTE Space continues always a- 
like and immoveable from its own Nature, 
without reſpect to any thing whatſoever that is 
external : Relative Space is any moveable Mea- 
ſure or Dimenſion of this real Space, and is 
defined by our Senſes, by the fituation of it 
with reſpe& to Bodies, and is taken by the ge- 
nerality for immoveable Space: Of this ſort 
are the Dimenſions of any Subterraneous, Aeri- 
al or Celeſtial Spaces, which are determined 
dy their ſituation with reſpect to the Earth. 
Abſolute and relative Space are the fame in 
kind and in bi but they do not always 
continue to be the ſame individual Space. For 
el be moved, the ſpace 
of our Air, which relatively, and with reſpect 
to the Earth, continues always the ſame, will 


ſometimes be one and ſometimes another Part 


of chat abſolute Space into which the Air paſ- 


ſes ; and fo the abſolute Space of it is perpetu- 


ally altered. 
III. PL.Ace 
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III. Pracz is that part of Space which a 
Body poſſeſſes; and is abſolute or relative ac- 
cording as the Space is ſo; that part of 8 
I fay, not the ſituation of the or the Su- 
perficies that ſurrounds it : For the Places of 
ual, but the Super- 
pur being le becauſe of the Fi- 


diſſimilar: And the ſituation can 
ke of no Quant, property ſpa "ane 
_ much Place as an or Cir- 


cumſtance of the Place. The Motion of the 
whole Body is the ſame as the Motion of all its 
Parts ; that is, the transferring the whole Body 
out of its Place, is the ſame as the tran{\- 
ferring all its Parts out of their Places ; 
therefore the Place of the whole Body is e 
fame as the Place of the Sum of all its Parts, 
— © CONE LOI whole 
* 
IV. ABsoLUTE Motion is the 


P 
Body, is that P 
where the Body is, or it is that Part of 
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the fame Part of that immoveable 
which the Ship it ſelf is moved, together with 
its Cavity and all the things that are contained 
in it. If therefore the Earth be really at Reſt, 
a Body which is relatively at Reſt in a Ship, 
will be truly and abſolutely moved with the 
ſame Velocity that the Ship is moved on the 
Earth. Bur if the Earth be moved alſo, the 
true and abſolute Motion of the Body will a- 


3 and the relative Motion of the Bo- 
dy on the Earth will ariſe from theſe relative 
Motions. Thus, if that Part of the Earth 
where the Ship is, be truly moved towards 
the Eaſt with 10010 Degrees of Velocity, 
and the Ship fails with ten of Veloci- 
towards the Weſt ; and the Pilot walks in 
Ship towards the Eaſt with one Degree of 
Velocicy 3 the Pilot will be truly and abſo- 
lutely moved in irnmoveable with 1000 1 
rees of Velocity towards the Eaft, and He 
be relatively moved on the Earth with 

of Velocity towards the Weſt. 
Is Aſtronomy, abſolute Time is diſtinguiſh- 
ed from relative Time, by the Equation of 
common 


nine 
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is more true. It is poſſible that there may be 
no ſuch thing in Nature as equable Motion by 
which Time be accurately meaſured. 
All Motions may poſſibly be accelerated or 
retarded, but abſolute Time flows on equa- 
bly and uniformly, and cannot poſſibly be 
altered. The Duration or Continuance of the 
Exiſtence of things is the ſame, whether their 
Motions be quick or flow, or if be not 
moved at all; and therefore this Duration is 
juſtly diſtinguiſhed from thoſe Meaſures of it 
ſenſible things, and is collected from them 
by an Aſtronomick Equation. And the neceſ- 
4 i in _— 
the Phenomena, appears by Experiment 
of the Pendulum, and by the Eclipſes of Ju- 
piter's Satellities. | 
As the Order of the Parts of Time is un- | 
alterable, and cannot be diſturbed, ſo alſo is the 
Order of the Parts of Space. To move them 
out of their Places is, (as I may fay) to | 
move them our of themſelves. For Time and | 


Space are as it were, the Places of their own I 


ſelves and of every thing elſe. All Things in 

the Univerſe have their Places in Time, with iz 

to the Order of Succeſſion, and their | 

Places in Space, with reſpect to the Order f 
I | 


q 
Situation. | 
*. 
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Situation. It is eſſential to Time and Space to 
be the Places of Things; and it is ablurd for 
the original Places themſelves to be moved ; 
theſe therefore are abſolute Places, and abſo- 
lute Motions conſiſt in being transferred from 
theſe Places only. 

N ow becauſe theſe Parts of Space are in- 
viſible, and nor to be diſtinguiſhed from each 
other by our Senſes, chere fore we make uſe of 
ſenfible Meaſures in the room of them: For 
we define every Place by the Poſitions and Diſ- 
tances of Things from ſome Body which we 
look upon as immoveable ; and ſo likewiſe in 
conſequence hereof, we judge of all Motions 
with regard to the forementioned Places, as 
we conceive Bodies to be transferred from 
them. Thus we make uſe of relative Places 
and Motions inſtead of abſolute ones ; and this 
does well in the common Affairs of Life; 
but in Philoſophical Matters we ought to think 
of them abſtractly. 

ABSOLUTE and relative Motion and Reſt 
may alſo be diſtinguiſhed from each other by 
their Properties and Cauſes and Effects. It is 
of Reſt, that fuch Bodies as are 


cannot determine from 
Bodies in our own 6 
C 
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each other, whether any of them always keep 
in the ſame Poſition with regard to that diſtant 
Body ; therefore true and real Reft cannot be 
determined by the fituation of theſe Bodies 
with reſpect to each other. 

Ir is a Property of Motion, that the Parts 
which keep in a certain or given Poſition with 
reſpect to the whole Body, are moved with 
the fame Motion as the whole Body. For all 
the Parts of Bodies moving in any Orbs, en- 
deavour to go off from the Axis of Motion 
and the Force, or Im of 
move ſtreight forward, ariſes from 
Force of every one of their Parts. 
fore if Bodies which ſurround 
moved, whatever 1s relatively at reſt in 
rounding Bodies, is notwi 
ſo. Whence it follows that 
Motion cannot be determined 
ring of a Body from amongſt 
ing Bodies which appear to be at reſt. 
theſe neighbouring external Bodies 
only to appear to be at reſt, but to be 
reſt. For if they be not, all Bodies whi 
included in theſe furrounding Bodies, will be 


of them to be ſtopped, they will 
be at reſt, but only appear to be 
ſuppoſe a Fiſh ſwimming in the Sea 
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Lr 
apparent Velocity in Water, 
both the Fiſh and the Water move 
from Weſt to Eaſt by the diurnal Rotation 
the Earth; and if the apparent Velocity of 

Fiſh be taken away, ſo that it ſeems to 
ſtand ſtill, it will yet be moved with the true 
Motion that belongs to the Earth. For the 
ſurrounding Bodies are the ſame with reſpect to 
the Bodies contained in them, as the external 
Part of any Body is to the internal Part of it, 
or as the Shell is to the Kernel; and if the 
Shell be moved, the Kernel will be moved al- 
ſo as if it were a part of it, though it be not 
— erred from the neighbourhood of the 
Shell. 

By a Property very like this it is, that if 
the Place in which any thing is, be moved, the 
Thing contained in it, will be moved along 
with it; and therefore a Body which is moved 
out of a Place, which Place is moved alſo, 
will have the ſame Motion beſides as the Place 
has. All Motions therefore, which are from 
Places that are themſelves moved alſo, are on- 
ly Parts of the whole or abſolute Motions ; and 
every whole Motion is compounded of the 
Motion of the Body out of its original or 
firſt Place, and the Motion of that Place out of 
the Place where it was; and fo on, till we 


come to the Place which is in its own Nature 
immoveable, as in the foregoing Inſtance of 


the Pilot: Whole or abſolute Motions there- 
CT-2 fare 
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fore cannot be determined but by Places that 
are immoveable ; and for this Reaſon it is, 
that I before referred theſe Motions to Places 
that are immoveable, and relative Motions I 
referred to moveable Places. And thoſe Places 
only are immoveable, the Pofitions of which 
are the ſame with reſpe& to each other from 
Infinity to Infinity, and muſt always remain 
immoveable, and they make that Space which 
I call immoveable Space. 

THe Forces impreſſed upon Bodies to 
produce Morion, are the Cauſes by which true 
and relative Motion may be diſtinguiſhed from 
each other. True Motion can neither be pro- 
duced nor altered, but by Forces impreſſed up- 
on the Body in Motion ; but relative Motion 
may be produced or altered without any For- 
ces impreſſed on ſuch a Body. Ir is ſufficient 
that the Forces be impreſſed on other Bodies 
only to which this ſtands in ſome relation, 
that by their quitting their Places, that Rela- 
tion in which the relative Reſt or Motion con- 
fiſts, may be altered. Further, true Motion 
is always altered when any Forces are impreſſed 
upon a Body in Motion; but it is not neceſſa- 
ry that relative Motion ſhould be altered by 
ſuch Forces; for if equal Forces be ſo im- 
preſſed upon other Bodies likewiſe to which 
this Body is referred, that the ſituation with re- 
ſpect to each other continue the fame; the 
Relation in which the relative Motion conſiſts, 
will continue the ſame likewiſe, All relative 

| Motion 
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Motion therefore may be altered, and the true 
Motion remain ſtill the fame, and it may remain 
the fame when the true Motion is altered; 
wherefore true Motion cannot at all conſiſt in 
ſuch fort of Relations as theſe. 

Tre Effects by which abſolute and rela- 
tive Motions may be diſtinguiſhed from each 
other, are thoſe Forces by which Bodies moving 
in Circles recede from the Axis of the circular 
Motion. For if the Motion in a Circle be 
merely relative, theſe Forces will not be ſcen 
at all; but in true and abſolute circular Moti- 
on, they will be greater or leſs according to 
the Quantity of that Motion. If a Bucket be 
ſuſpended by a long Thread, and turned round 
till the Thread grows very ſtiff with being twiſt- 
ed, and be filled with Water fo that the Bucket 
and the Water be both at reſt; and then be 
on a ſudden turned round with ſome Force 
the contrary way, and continues for ſome time 
in this Motion by the untwitting of the Thread; 
we ſhall ſee that the Superficies of the Water 
will at firſt be plain and ſmooth, as it was be- 
fore the Bucket began to move; but afterwards 
when the Bucket cauſes the Water alſo to be- 
gin to turn round viſibly, by gradually im- 
ng its Force upon it; the Water will re- 
cede by little and little from the Middle of 
the Bucket, and aſcend at the Sides of it, and 
will become concave or hollow ; ( as I have 
found by Experience) and the quicker the Mo- 
tion is, the kigher will it aſcend, till its Revo- 
C 3 lutions 
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lutions are made in the fame time with thoſe of 
the Bucker, and then it will be relatively at 
reſt. This aſcending of the Water ſhows that 
it endeavours to recede from the Axis of Mo- 
tion, and by this Endeavour we may find out, 
and meaſure the true and abſolute Motion of 
the Water as it turns round, and which in 
this Caſe is directly contrary to its relative Mo- 
tion. At the beginning, when the relative 
Motion of the Water in the Bucket is the 
greateſt of all, this Motion cauſed no Endea- 
vour to recede from the Axis, the Water did 
not make towards the Circumference by aſ- 
cending at the Sides of the Bucket; but it 
continued ſmooth, and therefore its true cir- 
cular Motion was not yet But after- 
wards, as the relative Motion of the Water 
decreaſed, its aſcending at the Sides of the 
Bucket ſhew that it endeavoured to recede 
from the Axis; and this Endeavour made it 
appear plainly, that its true circular Motion 
increaſed continually, till it came to be the 
greateſt that it could be, which was when the 
Water became relatively at reſt in the Bucker. 
Wherefore this Endeavour does not up- 
on the Waters being transferred with reſpect 
to the Bodies that ſurround it, and conſequent- 
ly true circular Motion cannot be determined 
by its being transferred in fuch a manner. There 
is but one ſingle truly circular Motion in any 
revolving Body, and this is corref; to 
one ſingle Endeavour, and is the true and ade- 
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quate Effect of that Endeavour: But there are 
innumerable relative Motions according to the 
various Relations, or different Reſpects of exter- 
nal Things ; and like all other Relations, they 
are wholly unable to ce any true Effects, 
unleſs they partake of the true and only Moti- 
on. Wherefore in their Syſtem of the World 
who imagine that our Heavens are revolved in 
an Orb below the Heavens of the fixed Stars, 
and carry the Planets along with them ; all the 
ſeveral Parts of the Heavens, and the Planets 
which are at reſt with reſpect to the Heavens 
vrhich are immediately next them, will be 
moved with a true Motion: For they alter 
their Poſitions with reſpect to each other 
( which cannot be in Bodies which are truly at 
reſt) and are equally moved along with thoſe 
Heavens in which they are carried, and as they 
are Parts of the revolving Wholes, they en- 
deavour to recede from their Axis's of Mo- 
dion. | ; 

REL A T1v E Quantities therefore are not re- 
ally and truly thoſe Quantities by whoſe Names 


they are called, but only thoſe ſenſible Mea- 


fures of them ( whether they be true or falſe ) 
which are commonly made uſe of inſtead of 
the Quantities themſelves which are meaſured : 
So that if we would define the Senſe of Words 
by the common uſe of them, then by the 
Words Time, Space, Place and Motion, we 
are properly to underſtand theſe ſenfible Mea- 
fures; and if we ſhould mean by them, the 

WW Quantities 
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Quanrities themſelves that are meafured, our 
Diſcourſe would be out of the common way 
and merely Mathematical. Thoſe Perſons 
therefore who in the Interpretation of Scrip- 
ture apply theſe Words to the Quantities mea- 
ſured, do violence to thoſe Sacred Writings. 
And they equally corrupt Mathematicks and 
Philoſophy, who confound the real Quan- 
tities themſelves with their Relations and the 
vulgar Meaſures of them. 

I T is indeed a very difficult thing to find 
out the true Motion of particular Bodies, and 
actually to diſtinguiſh them from the apparent 
Motions, becauſe the Parts of that immoveable 
Space in which Bodies are really moved, are 
not the Objects of our Senſes. However the 
Caſe is not entirely to be deſpaired of. For 
there may be Arguments fetched partly from 
the apparent Motions, which are the Differen- 
ces of the true Motions, and partly from the 
Forces which are the Cauſes and Effects of the 
true Motions. Thus if two Globes, kept at a 
given diſtance from each other by a Thread 
betwixt them, be revolved about the common 
Center of Gravity; the Endeavour or the 
Force with which they recede from the Axis 
of Motion, may be determined by the Tenſion 
of the Thread, and from thence the —— 
of the circular Motion may be compu 
And if after this any equal ta be at * 
ſame time ĩimpreſſed on the alternate Sides of 
each of the Globes in order to increaſe or di- 
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miniſh their circular Motion ; the increaſe or 
decreaſe of the Motion will 'be found by the 
Tenſion of the Thread being increaſed or di- 
miniſhed ; and hence by repeated Tryals thoſe 
Parts of the Globes may be found alſo on 
which the Forces mult be impreſſed in order 
to increaſe the Motion as much as it can be, 
that is, the hinder Parts of the Globes, or 
thoſe Parts which follow in the circular Moti- 
on. And if the Parts which follow, and the 
oppoſite Parts which go before be once found, 
the Determination of the Motion is alſo found. 
After this manner the Quantity and the Deter- 
mination of ſuch a circular Motion as this, 
may be found in any immenſe Vacuum, where 
there is nothing external and ſenſible with 
which the Globes might be compared. Bur if 
there were any very diſtant Bodies placed in that 
Space, and which kept in a given Poſition 
with each other, ſuch as the fixed Stars in the 
celeſtial Spaces are; it could not indeed be de- 
termined by the relative transferring of the 
Globes from ſome to other of theſe Bodies, 
whether the Motion is to be aſcribed to the 
Globes or to the Bodies: But if by obſerving 
the Thread it were found that the Tenſion of 
it is ſuch as would follow if the Globes were 
moved ; it might juſtly be concluded, that the 
Globes were actually moved and thoſe Bodies 
at reſt ; and then this the Determination 
of this Motion might be collected from the 
transferring of the Globes from ſome of theſe 


Bodies 
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Bodies to others of them. But how to gather 


and apparent Differences, and on the other 
Hand how to gather the Cauſes and Effects 
their true or apparent Motions ſhall be 
more la 1 — þ for the 
following Treatiſe was compoſed for that 
Purpoſe. — very 


AXIOMS, 


AXIOMS, 


Laws of Mor1on. 


LAW I 

_ Body will continue in the State it is in, 
whether it be at Reſt, or whether it moves on 
unformly in a fireight Line, unleſs it be made 

to alter that State 5 fome Force _—"__ up- 


07 it. 


continue ir Motion, if | 
TH were not retarded by the Reſiſtence 
GPa! of the Air, and impelled down- 
= wards by the Force of Gravity. 

And a Top, whoſe Parts are continually drawn 
off from their rectilinear Motion by Cohefion, 


Ax1oms, or Laws of MoT1on. 


would turn round for ever, if it was not re- 
tarded by the Air. And thus the t Bodies 
of the Planets and Comets continue their Mo- 
tions both e whe and circular for a very 


long time, in Spaces where there is very little 
Reſiſtence 


LAN . 
The Change or Alteration of Motzon ts propor- 


tionable to the empreſſ. motive Force; and is 
made according to the Directinn of the Areigbt 
Line in h:: h that Force is impreſſed. 


Ir any Force produces any Motion, twice 
that Force will produce twice as much Moti- 
on, and three times that Force will produce 
three times as much Motion; and it is the fame 
thing whether the Forces be impreſſed all to- 
gether and by one Stroke, or gradually and one 
after another. And if the Body was in Mo- 
tion before, this new Motion ( becauſe it is 
always determined the ſame way with the 
Force by which it is generated) will either be 
added to the Motion of the Body as conſpiring 
with it, or be ſubſtracted from the contrary 
Motion, or elſe it will be obliquely added to 
the oblique Motion, and be com with 


it according to the Determination of them 
bad 
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LAW III. 


Re- action or Reſiſtence is always equal and con- 
trary to Action; or the Actions of two Bodies 


upon each other are always equal, and direct- 
ed the contrary way to one another. 


Ir any Body preſſes againſt or draws ano- 
ther Body, it is itſelf as much preſſed againſt 
or drawn by that other Body. If a Stone be 
preſſed upon by any one's Finger, his Finger is 
as much preſſed upon by the Stone. If a 
Horſe draws a Stone faſtned ro a Rope, the 
Horfe may be ſaid to be as much drawn back 
by the Stone ; for the Rope being equally 
ſtretched both ways, will endeavour to looſen 
icſelf with che — Force, fo as to urge the 
Horſe towards the Stone, juſt as much as it ur- 
ges the Stone towards the Horſe, and conſe- 
quently it hinders the Progreſs of the one ex- 
actly as much as it promotes the Progreſs of 
the other. If any Body ſtriking againit ano- 
ther Body, makes any alteration of the Motion 
of this other Body by the Force with which ir 
ſtrikes it; the firſt Body will in like manner 
undergo the ſame alteration in its own Moti- 
on, but only it will be the contrary way, by 
the Force of this ſecond Body ; becauſe the 
mutual Preſſure upon each other is equal. By 
theſe Actions of the Bodies upon each other, 
the alterations that are made in their Motions, 
not in their Velocities, are equal; that is, ſup- 


poſing 
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poſing the Bodies to be no way hindered by 
any thing elſe; and the alterations made in 
their Velocities, which are the contrary ways 
to each other likewiſe, are reci ly pro- 
portional to the Bodies, becauſe the Alterations 
made in the Motions are equal. This Law 
holds good in Attractions likewiſe, as ſhall be 
in the next Scholium. Whoever would 
fee this Law of Motion demonſtrated 
and applied to particular Cafes, both in Elaſ- 
tick and Unelaſlick Bodies, may find ir in the 
Notes upon Rohault's Syſtem of Natural Philo- 
fophby, Chap. XI. Part I. and in Dr. KeiPs In- 
troductio ad veram Phyſicam. 


COROLLARY L 


If a Body be acted upon by two Forces, it will 
deſcribe the Diagonal of a Parallelogram by 
both the Forces together, in the ſame Time 
that it will deſcribe the Sides by thoſe Forces 
ſeparately. 


Ir a Body with the Force M only, im- 
Pr OE ONES be carried with 
an uniform Motion A toB ina given 
Time ; and with the Force N only, im 
upon it in the ſame place A, it be carried with 
an uniform Motion from A to C in the 
fame Time, and ere 
compleared ; the wil carried 
both the NA X.. AD from 
to D in the ſame time as it would go from A 

1 ro 
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err 
is im u ing to the 
direction E ef be Line 2 to 
BD, will make no alteration in the Velocity 
with which it goes towards this Line BD, and 
which is produced by the other Force; the 
Body therefore will come to the Line BD in 
the ſame Time, whether the Force N be im- 
preſſed upon it or no, and therefore at the end 
of that Time it muſt be found ſomewhere in 
this Line BD; fo likewiſe the Force M which 
is im upon the according to the 
rA 
CD, will make no alteration in the Velocity 
with which it goes towards C D, and which is 
by the other Force, the Body there- 
fore will come to the Line CD in the fame 
time whether the Force M be impreſſed upon 
it or no; and therefore at the end of this time, 
it muſt be found ſomewhere in the Line CD; 
now the ſame Body cannot be in two different 
Lines at the ſame time, unleſs it be at the inter- 
ſection of thoſe two Lines, otherwiſe it would 
be at two different Places at the fame time ; 
wherefore it muſt neceſſarily be found at the 
interſection D. And that it will go with a 
rectilinear Motion from A to D is evident from 
Law the firſt ; for it receives its uniform Velocity 
A, and it alſo receives its Determination along 
the Diagonal AD reſulting from the Determi- 

| nations 
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nations of the two Impreſſions in the fame 
place A. 


COROLLARY II. 


Hence wwe may ſee how the dire Force AD ts 
compounded of any obligue Forces AB and 
BD; and alſo how any direct Force ſuch as 
AD may be reſolved into any oblique Forces 
fuch as AB and BD. And this ion 
and Reſolution is abundantly confirmed by 
Mechamicks. 


. Tavus, for Inſtance, ſuppoſe O to be the 
Center of a Wheel, and OM, ON two une- 


qual Spokes going from that Center ; let A 
and P be two Weights hung upon the Ends M 
and N by the Threads MA and NP; it is re- 
quired to find the Forces of theſe Weights in 
order to move the Wheel. Let the ſtreight 
Line K OL be drawn h the Center O, 
and come to the Threads in K 
and L, and on the Center O with the diſtance 
OL, which is the longeſt of the two Diſtan- 
ces OK, OL, let a Circle be deſcribed meeting 
the Thread MA in D, then ler OD be drawn, 
and let AC be drawn parallel to it and per- 
pendicular ro DC. Now becauſe the Force of 
Gravity upon the Weights A and P is im- 
preſſed according to the Directions of the 
Threads MA, NP; therefore it is all one 
whether the Points K, L, D be faftned or nor 
c 
I 
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will have juſt the fame Forces as if they were 
ſuſſ on the Points K and L or D and L. 
Let the whole Force of the Weight A be re- 


lee Diagonal by the Line AD, >, hich ſuppoſe ro 


of a Para 
yore bei yn ee repreſented 

828 882 
ſoever, as the Parallelogram is com- 
: Let theſe two Forces be repreſented 
the Sides AC, CD; now the Force AC 
contributes nothing towards moving the Wheel, 
becauſe it is parallel to DO and draws accord- 
ing to the Direction of it, and is therefore 
taken off, or fu by the Fulcrum at O. 
But the other Force DC which draws the 


DO ly, has the fame Pow- 
er as if drew he Spoke OL perpendicularly, 
becauſe theſe two Spokes are of the fame 


and the Directions of the Forces are 


the ſame; that is, the Force DC is the fame 


as the Weight P, if this Weight P be taken in 
the ſame p to the Weight A, as the 
Force DC is to the Force D A, that is. as OK 
to OD or OL (for the right angled Triangles 


Abc, DOK are fimilar, becauſe the Angle 


DOK is equal to the Angle ADC, each of 
them being the complement of the Angle 
KD O to a right Angle, conſequently DC: 
DA:: OK: OD=OL). If refore the 
Weights A and P be reciprocally as the Spokes 
OK. OL which lie in a ſtreight Line, oy 
— — -4 

10, 
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FG; and if the Force of the W 
ing downwards, or its whole Gravity 
as pr gag A fd gt (s ſuppoſed Dingo 
nal of a Paral before ; ) this Force 
may be refiiond bers the ans Phone N, and 
HN. Now if there were any other Plane pQ 
perpendicular to the Thread pN, and cutting 
the Plane pG in a Line to the Hort- 
zon, and the Weight p were not ſuſpended on 
the Thread pN, bur retd wholly upon the 


two Planes Q, G; it would 
two Planes with the 


HN, that is, it would preſs upon 


be 


. 


ſo that the Weight 
Thread, it will ſtretch i 


he 
er 
* 
ſo 
P, 
7 
he 
ne 
d- 
C- 
0 
Ce 
1d 
Q 
8 
1 
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Tenfion of the oblique Thread y N, will be to 
the Tenſion of the other Thread 
PN, as FN to pH. And therefore if the 
Weight p be to the Weight A, in a proportion 
which #s compounded of the rec pro- 

of the leaſt Diſtances of the Threads 
N, AM from the Center of the Wheel, 


ag aria that 


is, if Pt p:: 455 : N the Weights will have 
equal Power 8 Wheel, or will be 


be compured : 
the Weight p 
2 
r 
Gravity, or driven by the Force of a Hammer 

the two Planes, as pN is top H; and 


2 25 
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has been already ſaid may eaſily be derived the 
Forces of all foch Eaginee a are made up of 
ed R = Weigh ending dre 

eights y or 
obliquely, and & reſt of the Mechanick 
Powers; theſe you may find ly de- 
monſtrated in Rohault's Natural Philoſophy, 
Chap. XIV. Part I. and in Dr. Keil's Intro- 
ductio ad veram Ay ma And from the 
ſame Principles the Forces of the Tendons to 
move the | tin of Animals may be com- 
puted. 


COROLLARY III. 


The Quantity of Motion which ariſes from taking 
the Sum of the Motions which are the ſame way, 
and prot which ariſes from taking the Diffe- 
rence of the Motions which are the contrary 
way to each other, is not at all altered by the 
Action of Bodies upon one another. 


Fox Action and Re- action which is contra- 
it, are always equal by Law III, and 


ore by Law II, AS and wel act 
Alterations in the Motions, and towards the 


gainſt it, whatever Motion is added to 
dy that flies on, muſt be taken out of 
tion of the Body that follows after, 
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Sum of the Motions remain the ſame as 
they were before: Bur if the Bodies meet each 
other, there muſt be the ſame Quantiry of 
Motion taken from each of them, and there- 
fore the difference of the Motions made the 
con l n 
p Tuus fu Spherical to Ig. 4. 
ö Mr N 
to have two of Velocity ; and let B 
follow after A in the ſame ſtreight Line, with 
ten Degrees of Velocity ; then (9 Definition 
II.) the Motion of A will be to the Motion of 
B as ſix to ten; now ſu the Motion of 
the one to be ſix, and that of the other to be 
ten, then the Sum will be fixteea Degrees of 
Motion. If therefore upon their meeting the 
Body A gains three or four or five of Mo- 
tion, the Body B will loſe juſt ſo many Degrees, 
and conſequently the Body A after Reflexion 
will go on with nine, ten or eleven Degrees of 
Motion; and the Body B will go on with ſe- 


TY ²˙  JR—_—_ 
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with one Degree, having loſt all its Motion 
and one Degree more — (as I may ſay;) 
or it may go back with two hav- 
twelve of Progreſſive 
from it. And thus the Sums of the 
rd 
16 + o, and the Differences of the 

are contrary to each other 17—1 and 
the ſame 


which 
18—2 will always be ſixteen 
Number as they were before the Bodies met 
and were reflected. And if the Motions be 


known which the Bodies will go on with after 
the Reflexion, the Velocity of each of them 
may be found, by making it to bear the ſame 
Proportion to the Velocity before the Reflexi- 
on, as the Motion after the Reflexion bears to 
the Motion before the Reflexion. Thus in the 
laſt Caſe, where the Motion of the Body A 
— Ek CREE SIS 
teen 


monſtrated at large i 
of Dr. Keil's, to which I refer the Reader. 
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ſtruck againſt each other. From ſuch ſort of 
Reflexions as theſe, the circular Motions of 
Bodies about their own Centers, do commonly 
ariſe likewiſe ; but I ſhall not have occaſion to 
conſider theſe Caſes in the following Treatiſe, 
and it would be too tedious to demonſtrate 
every Particular that relates to theſe Matters. 


ALMA to the following CoroLLary. 


Tf two ſtreigbt Lines AC, BD be terminated at 


the given Points A, B, and be ta each other 
in à given Proportion; and if the ftreigbt 
Line CD by which the indeterminate Points 

D 4 C,D 
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CD are connefted, be divided in a given Pro- 
portion in K : ¶I ſay the Point K will always 
be in a ftreight Line given in Poſition. | 


For let the ſtreight Lines AC, BD meet 
in E, and in BE let BG be taken in the fame 
on to AE as BD is to AC, and let 
FD be always equal to the given Line EG; 
then by the Conſtruction of the Figure, EC 
will be to GD, that is, to EF (which is equal 
to GD) as AC to BD; therefore EC will be 
to E P ina given Proportion and conſequently 
(che Angle CEF remaining always the ſame) 
the Triang le EFC will be given in Spectre, or 
all the Trice EFC, Efc will be ſimilar. 
Let CF be ſo divided in L, that CL may be to 
CF in the ſame Proportion that CK is to CD, 
and ler the Line c f be divided in the fame 
manner in /; then becauſe LF is to /f in that 
given Proportion, and the Angle LEF al- 
ways the ſame, the Triangles EF L, E/ / will 
be fimilar or given in Specie; and therefore 
(by the Elements) the Points L, I, will always be 
in the ſtreight Line E L / given in Poſition, or 
whoſe Situation _ remains the ſame. Let 
LK be joined, and the Triangles CLK, CFD 
will be! ſimilar; (becauſe the Sides CL, CK; 
CF, CD about nd Ang 5 Propor- 
tional); for the ſame Reaſon, if / + be joined, 
the Triangles c / 4, 20 will be be e allo; 
and becauſe F D is given, that is, is equal to 
Ta, N ws IK and FD 
is 


Ax1oms, or Laws of Mor rox. 


is given or is the ſame as that between I and 
fd, therefore L K is given, or is 
Let EH be taken to LKR, or IE, and EL 
KH, E/tH, will always be a Parallelogram : 
The Point K therefore will be in the fide” of 
this Parallelogram HK which is given in Po- 
ſition. 

Co Ro. Becauſe the Figure EF LC is 
given in Specie, that is, all the Angles are 
given, and the ion of the Sides to each 
other are given alſo, therefore the three ſtreight 
Lines EF, EL and E C, that is, GD, HK 
and E C are in given Proportions to each other, 
that is, they are to each other as Gd, H. 
and Ec. 


COROLLARY IV. 


The common Center of Gravity between two or 
more Badies, does not alter its State of Reſt 
or Motion by the Action of thoſe Bodies upon 


each other ; 7 therefore the common Cente- 


of Gravity of all Bodies that act upon each 
_ 15 Ok at Reſt or moves on unif 

in « freight Line (unleſs it be hindered from 
fo „ or be atted upon by any thing ex- 
Ternal.) 


the Lines AC, BD with an uniform 
Morion, and CD their diſtance from each 
other be divided in a given Pr ion in K; 


this Point K — them: wilt iy 


to {þ. 
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ng Lemma) either be at reſt or move on 
Lint an. in a ſtreight Line, if the Motion of 
— be in the ſame Plane; and the 
fame Demonſtration will hold good if the Mo- 
tions be not in the ſame Plane, > he 
they deſcribe will _— cont. Ros, and 
the correſpondent Sides proportional to each 
other. Therefore e 
Bodies A, B, D, F moving on 
ſtreight Lines, C the common Center of Gra 
vity of any two of them, as A, B will either 
continue at Reſt, or move on uniformly in a 
ſtreight Line ; becauſe the Line A B which 


connects the Centers of theſe Bodies, moving on 


uniformly in a ſtreight Line, is divided in aC; in 
a given Proportion by this common Center, 
So likewiſe E he commas Quipe of Deb 
of theſe two Bodies and any third Body D 
will either be at Reſt or move on uniformly in he 
ſtreight Line, becauſe C D the diſtance of the 
common Center of Graviry C of the two Bodies 
A, B from the third Body D is divided in a given 
Proportion in E. In like manner G the com- 
mon Center of Gravity of the three Bodies 
A,B, D and any fourth Body F, will be either 
at Reſt or move on uniformly in a ſtreight 
Line ab; becauſe E F the diſtance between the 
common Center of Gravity of the three Bo- 
dies A,BD and the Center of the fourth Body 
F is divided in a given ion in G, and fo 
on for ever. Wherefore in a Syſtem of Bodies 
which do not any way act upon each other ex- 
—_— 
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ternally, and are entirely free from any foreign 
Impreſſions, and conſequently do all of them 
move on in diſtinct ſtreight Lines, the com- 
mon Center of Gravity of them all will either 
continue at Reſt, or will move on uniformly in 


a ſtreight Line. 
FuxTHrzeR, Ina 8 of two Bodies 


43- 


acting upon each other, as A,B; becauſe the Fig, 


Diſtances of the Centers of each of them from 
the common Center of Gravity, is reciprocally 
as the Bodies; that is, C A is to C B, as the 
Body B to the Body A; therefore the relative 
Motions of theſe Bodies, either when they ap- 
proach towards the Center C or remove fur- 
ther from it, will be equal; (for theſe Motions 
are as the Bodies muyriplicd into the Velocities 
dd eter move! and therefore the Cen- 
ter C is neither moved forward or backward, 
nor undergoes any Alteration in its State either 
of Reſt or Motion, from the Actions of the 
Bodies A and B upon each other. So likewiſe 
in a Syſtem of ſeveral Bodies, fuchas A, B, D, F, 
becauſe the common Center of Gravity C of 
GEES of them, as A,B, ating upon each 

mutually, does no way alter its State by 
ſuch mutual Action; and H the common Cen- 
ter of Gravity of the other two Bodies D, F, 
which that mutual Action of A and B is not 
berween, cannot any Alteration from 
it; 


undergo 
and C H che diſtance of theſe two Centers 


7. 


* 
wa 
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portional to the whole Sums of the Bodies 
whoſe Centers they are, that is, GH is to 
G C as the Sum of the Bodies F, D, to the Sum 
of the Bodies B, A, and therefore theſe two 


Centers H and C, maintaining their State either 
of Motion or Reſt, G the common Center of 
them all, will maintain its State likewiſe : 
whence it is manifeſt that G the common Cen- 
ter of Gravity of all the Bodies, will never al- 
ter its State either of Reſt or Motion, from the 
Action of two Bodies upon each other. Now 


in ſuch a Syſtem, all the Actions of the Bodies 


upon each other, are either Actions between 
two Bodies, or are com of Actions be- 
tween two Bodies, and therefore they can make 
no Alteration in the State of the common Cen- 
ter of them all, as to its Motion or Reſt. So 
that, ſeeing this Center is either at Reſt, or 
moves on uniformly in ſome ſtreight Line, when 
the Bodies do not act upon each other, this 
ſame Center will continue to be at Reſt or al- 
ways to go on uniformly in a ſtreight Line, 
notwithſtanding the Actions of the Bodies upon 
each other, if they be not put out of this State 
by ſome external Forces impreſs d upon the 
Syſtem. Therefore as to a Continuance in a 
State of Motion or Reſt, the Law is the ſame 
in aS of a great many Bodies as in a 
fingle Body ; for the ive Motion of a 
fingle Syſtem of Bodies, is to be 


„or of a! 


reckon d by the Motion of the Center of Gra- 
vity. 
COROL- 


If 


J oe aca a a 200. 


„„ 


. 2 
_— \ * * 
* * 


Axion, or Laws of MoT1on. 


COROLLARY V. 


1 Number of Bodies be included in a given 

2. their L amongſt each other will 
be the ſame, whether that Space be at reſt, or 
moves on uniformly in a ſtreight Line, with- 
out any circular Motion. 


For the difference of the Motions of the in- 
cluded Bodies, if they move the ſame way, or 


the Sum of their Motions if they move con- 


trary ways, is the ſame at the beginning, whe- 
ther the 8 1 


Blows or Forces with which theſe Bodies ftrike 
each other ariſe from theſe Sums or Differences ; 
and therefore (by Law II.) the Effects of their 
ing each other will be the ſame in both 
Caſes ; tly their Motions amongſt 
each other in the one Caſe will be equal to their 
Motions arr each other in the other Caſe. 
The fame thing may be proved by a very clear 
Experiment; all the Motions which are in a 
Ship are exactly the fame, whether the Ship 
be at reſt, or moves on uniformly in a ſtreight 
Line. 


COROLLARY VL 
Le 
each other in any manner whatſoever, and at 
the ſame time be urged on „ 
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in which are included 
moves or * (by the 4 ) but the 
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q accelerative Forces, or if they be 

all of them equally accelerated in the ſame 
Direction; they will all of them continue to 
e or with 
fo each other, as if they had not been 


* — by thoſe Forces 


Fox theſe Forces by acting equally (in 
ion to the tities of the Bodies to 
N. irection of Lines 
lel to each other, 9 44 all the 
equally (with reſpect to V ) by 
Mia. ITE Voip) by 
rn 
dies with reſpect to each other. 
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 HiT#rtRTo I have laid down ſuch Prin- 
r 
and confirmed by abundance of 
By the two firſt Laws and che rwo firſt Corolle- 
ries, Galilæus found that the Deſcent of heavy 
Bodies is in a duplicate Proportion of the Time, 
or is as the Square of the Time, and that the 
Motion of projected Bodies is in a Parabola, 
that theſe Motions are a little re- 
Reſiſtence of the Air. In a fall- 


produces Ve- 
locities: und d in the whale Time of 


BF — ah. a___ _—_— wil 5” 
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orces, and produces the whole Velocity 
portional to the Time. And the — Os 
ſcribed by the Fall in different Times, are as 
Velocities and the Times together; that is, 


XX & 


in a duplicate ion of the Times. Let 
the whole Time be divided into very ſmall 


equal Particles, chen if the Line A B be divided Fig. 
into an equal Number of equal Parts Ag, 
ad, &c. the whole Line AB will repreſent the 
whole Time of the Body's falling; and any 
part of the Line AB as AC will repreſent any 


* Part of the Time of its falling; 
like manner, if the whole Line B D repre- 
ſent the Sum of all the Velocities gene- 
rated by the uniform Force of Gravity, and 
this Line be divided into as many equal cor- 
reſ Parts Bf, fg as the Line AB, then 
will theſe ſmall Parts repreſent the equal Velo- 
cities in the Particles of Time A a, 
a d anſwering to them; and becauſe the Space 
through which a moves is as the Time 
multiplied by the Velocity, therefore if the 
whole Space through which the Body falls, be 
divided into an equal Number of Parts as the 
Line AB or BD is; each of theſe Parts may be 
by the correſpondent Particle of 
Time multiplied by the correſpondent Velocity, 
that is, the Space which the Body falls through 
in the Time Aa is as the Aaxab, 
and the Space it falls in the Time Ce 
is as man. tte + 


8. 
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conſequently the whole Space through which the 
Body falls will be repreſented by the Triangle 
ABD, and any onal Space as AC by 
any proportional Part of this Triangle,v:z. by the 
Triangle ACE: Then becauſe theſe Triangles 
are ſimilar, AC will be to CE, as AB to BD, 
thit is, the Velocities will be as the Times; 
conſequently the Spaces which are as the Velo- 
cities multiplied into the Times, will be as the 
Times multiplied into the Times, that is, as 
the Squares of the Times. In the fame man- 
ner may it be demonſtrated likewiſe, that when 
any Body is thrown upwards, the uniform or 
continually acting Power of Gravity impreſſes 
Forces upon it, and decreaſes its Velocity, or 
takes away Velocities from it, in pr ion 
to the Times; and that the Times of its aſcend- 
ing to its greateſt Heights, are as theſe Veloci- 
ties thus taken away by Gravity; and alſo that 
the greateſt Heights it can aſcend to, are as the 
Velocities and Times together, or as the 
of the Velocities. So likewiſe, if a Body be 
projected according to the Direction of any 
ftreight Line, the Motion arifing from fuch Pro- 
jection is compounded with the Motion ariſing 
from Gravity. Thus if a Body A by its pro- 


jectile Motion alone would deſcribe the ſtreight 


Line AB, and by the Motion of its Fall alone, 
would deſcribe the Height AC, both in the 
fame time; let the Parallelogram AB DC be 
compleated, and the Body A by a Motion com- 


pounded of theſe two, will be found in the 
| Place 


I 
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ige 


I 


pace to AC; where- 
if the projectile Force would have carried 
Body to B, and B D be taken equal to A C, 


pal 


from A to C; therefore A B ſquare is - 
tional to BD, which is the 


of the Ofcillations of Pendulums, confirmed 
daily Experience of Clocks. And from 
fame Corollaries and the third Law, 
| and Dr. Walks, and 
Geometricians of the 


=—— the Time of the Body's falling 


— OO 9009 or CO 1 
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S communi- 
cated them to the Royal Saciety at the 
wil ſame time, and with one ano- 
ther (fo far as regarded theſe Laws.) Dr. Wal- 
lis was the firſt that ſhewed his Diſcoveries to 
them, and afterwards Sir Chr:/t Wren and 
Mr. Huygens did the fame. Sir Chr:/topher 
Wren the Truth of his by the Experi- 
ment of Pendulums before the Royal Soctety, 
which was afterwards explained by the famous 
R But in order 
that this Experiment ma exactly with 
the Theories, * muſt hs Ts the Account, 
both the Refiſtence of the Air, and the elaſtick 
r | 
Fig. 10. other. Let two ſpherical Bodies A, B hang on 
the Centers C, D by the parallel and equal 
Threads A C, BD; on theſe Centers, and with 
the Diftances AC, BD, let the Semicircles 
EAF, GBH be deſcribed and biſected by the 
 Radius's AC, DB. Let the Body A be lifted 
up to the Point R in the Arch EAF, and (re- 
moving the Body B out of the way) let fal! l 
from and after one whole Oſcillation or | 
Vibration, let it return to V; then will RV 
be the Retardation from the Reſiſtence of the 
Air: Let 8 T be the fourth part of RV, and fo 
laced in the middle between R and V, that 
Rs may be equal to T V, and that RS may be 
to 8 T as three to two. Then wil ST repre- 
ſcending 
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ſo that 7 ſand t v may be equal; and 
OC! Body A had imme- 


Chord of the Arch f A; 
and correct place to which 
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cuum. By this Method we may make all forts of 


in the ſame manner as if we were 
Laſtly, the A muſt 


give us its Motion in the place A immediately 
after it is reflected. In like manner the Body 
B muſt be multiplied into the Chord of the 
Arch B, in order to find the Quantity of its 
Motion immediately aſter it is reflected. And 
by the ſame Method, when two Bodies are let 
fall from different places, the Motions of each 
of them are 


ö 
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xperiment was 

to prove, ſuppoſes Bodies to be entirely hard, 
or at leaſt to be perfectly elaſtick, ſuch as are 
not to be found in natural C tions; I 
iments juſt now deſcribed 
oft Bodies as well as in hard, 
for they do not at all depend upon the Condi- 


tion of Hardneſs. For if the be tried in 
Bodies nor nothing more is re- 
quired but the Reflexion ſhould be dimi- 


of Sir Cz. 
| ftopher Wren and Mr. Huygens, Bodies which 
are abſolutely hard go back from each other 
with the ſame Velocity with which they meer. 
This may with greater Certainty be affirmed of 
Bodies which are perfectly elaſtick. In Bodies 


a Hammer) is 
as I can we) 
from 


other with eee Velocizy, which 
— 


* 


* 
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is in a given or conſtant to the re- 
lative v with which meet. I tried 
this in the manner with Balls of 
Wooll wound up very hard and tied about very 
ſtreight. In the firſt place I found the elaſtick 
Force, by letting fall the Pendulums and mea- 
ſuring the Reflexion; and after that I derermi- 
ned by this Force what the Reflexions would be 


ments ſucceeded. The Balls always returned 
each other with a relative Velocity, which was 
ro the relative Velocity with which they met, as 
five to nine or thereabouts. Balls made of Steel 
returned very nearly with the ſame Velocity: 
others made of Cork returned with a little leſs 
Velocity; and in ſome made of Glaſs the Velo- 
cities were as fifteen to ſixteen very nearly. And 
in this manner the third Law which reſpects Bo- 


dies ſtriking each other, and Reflexions, 
3 by the Theory, which plainly agrees 
Wit 

In Attractions the ſame thing may be ſhown 
in very few Words thus. Suppoſe the Bodies 
A and B to attract each other , and 
any Obſtacle C to be placed between them, fo 
as to hinder them from and 


ſtriking 
againſt each other. If either of the Bodies, as 


A be attracted with a Force towards the 
—_— than this other Body B is to the 
Body A ; then the Obſtacle C will be more 


de upon by the Body A than by the Body 
W r 


— — — — — 


: 
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weaker, and cauſe the Syſtem or Compoſition 
of the two Bodies and the Obſtacle, via. A, C, B 


þ 


| 
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2. 


vitation betwixt the Earth and any of it, 

ppoſe the Earth F I to be divided Fig. 12. 
parts EGF, EGT, 
parts upon each other 
greater part E Gl be 
parts EG KH and HKI. 
parallel to the firſt Plane 
| part HK I may be equal to 
the part EF G that was firſt cut off: then is it 
manifeſt that the middle part EG KH will not 


by 
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by its own Weight tend towards either of the 
extreme Parts, but will (as I may fay) be 
ſuſpended and remain at as being in egui- 
libris between them both. But the extreme 
HKI will bear upon the middle part with 
rer 
extreme part E G F, and therefore the Force 
with which E GI, the Sum of the parts HK I 
and EGKH, tends towards the third part, is 
equal to the Weight of the part HK I, chat is, 

ual to the Weight of the third part EGF 
which is equal to HK I. Whence it fellows, 
that the Weight of the two parts EGI, EGF 
upon each other is equal. And if their Weights 
were not equal, the whole Earth floating in 
free Ether, would yield to the greateſt Weight, 
and by fleeing from it, would go on for ever, in 
the ſtreight Line @ b. 

As when Bodies ſtrike againſt each other, 
and when they are reflected, their Powers are 
equal, if their Velocities be as their inherent 
Forces; (See the Id Definition ;) fo in all me- 
chanical Inſtruments, the Powers acting upon 
them are equal, and will mutually fu 
each other by their contrary Efforts, if thei 
Velocities, meaſured according to the Determi- 
nation of their Forces, be reciprocally as their 
Forces. Let BF, FC be two equal or unequal 
Arms of a Balance vibrating on the Axis or 
Point of Su F, and let the Powers 
(Weights ſuppoſe) to move them be applied to 


Fig. 13. the ExtremitiesB and C; then the Direction of 


Gravity 
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being to the Lines AB, CD, 
Lines be taken in the ſame 


if 
to each other that AF bears to FD, that is, if 


the Triangle AFB be made ſimilar to the 
CD; then will CD repreſent che 
Velocity downwards, and B A the Velocity 
RR RCA 
Balance are moved in paſſing out of the Situa- 
tion BFC into the Situation AF D; for 
theſe Lines CD, BA are the Spaces paſſed 
through in a given Time: And therefore if a 
Weight be applied to C, which bears the ſame 
to a Weight applied to B, that the 
Line AB bears to the Line C D, or that BF 
bears to P C (becauſe the Triangles ABF, FCD 
are fimilar;) theſe Weights will fupport each 
becauſe 


* the Points on which 
——_— L Gam che Anbeſike Bakace. 
But if ſuch Weights aſcend or deſcend obliquely 

oblique Planes, or any other Obſtacles which 


For let ABC be a right-angled Triangle in Fig. 14 
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which CB the Plane of the Hori- 
zon, AC a Plane icular to it, and AB 
an inclined Plane ; let D and E be two Weighs 


the Thread DAE moving 
by means of a Pulley fired at A. Then if E 
be taken equal to F D, it is manifeft, that in 
the ſame time that the Body D deſcends from 
F to D by the Force of Gravity, the Body E 
will aſcend on the inclined Plane AB from G to 
E; let the Line FE bedrawn 


connected b 


ing the Line F H in H. Then will the Line FD 
repreſent the Velocity with which the D 
deſcends icularly by the whole Force of 
Gravity, the Line HG will the 
accelerative Force by which the E de- 
ſcends along the inclined Plane AB; the De- 
termination of which is perpendicular alſo, be- 
cauſe it ariſes ſolely from Gravitation; where- 
fore if the Body E bears the ſame proportion 
Body D that the Line FD or E G bears 
to the Line H G, theſe Bodies will continue in 


uilibrio, or will ſu 
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Def. II.) if the Force 
pulls the Line be to the 


— 
7 
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eight W as ab is to DE, this Force will 


upport the Weight. For the fame Rea- 
in Clocks and ſuch like Machines, confiſt- 
a great Number of Wheels applied to 
other; if two Forces, the one t 
hinder 


FE 
> 5 


2. 


ie 
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Leaver, as the circular Velocity of the Leaver 
in that part which the Hand is applied to, is to 
the creates — of the Screw towards 
Fig. 17. — Ra — re- 
turned about by the Leaver HB; 
Lager 1 yo erp > Im = gap 
lar Motion from H to C, let the Screw riſe 
from G to F, and by preſſing upon the Weight 
A raiſe it up to the ſame height ; then by what 
has been faid, F G will be to HC, as the Force 
made uſe of by the Hand, to the Force of the 
Screw upon the Weight A, or which is the 
fame thing, as the Weight A upon the Screw. 
Fig. 18. In like manner if EFG repreſent a Wedge, 
and ABCD a Block of Wood to be rived by 
it, and let the G b, Gi be let fall 
from G to the Lines eg, fg. Ir is evident, that 
in the fame time that the Wedge finks from 
G tog by the Force of the Hammer, the parts 
of the Wood from each other by the 
Spaces h G, Gi, and therefore G g is to bG + 
G i, as the Velocity with which the Wedge en- 
ters the Wood, to the Velocity with which the 
| parts of the Wood ſeparate from each other; 
1 faid) the Forces with which the Wedge urges 
the two ſides of the Wood to be cleaved, are 
to the Force of the Hammer that ſtrikes the 
Wedge, as the Entrance of the Wedge into 
nen of the 
Force impreſſed on it by the Hammer, is to 
the Velocity with which 


* 
Bo 
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——ů— —ů—— ů 2 2 2 —ů 


Cc 


N J —TTT—_ CTR 


Az1oms, or Laws of Morton. 
yield to A in the Direction of Lines 
perpendicular to the ſides of the W 
the like 5 holds good in 
Trex — and 


given Weight with a given 
Force, may be ſolved by any proper fort of In- 
ſtrument. For if the Inſtruments be ſo formed, 
that the Velocities of the Perſon working the 
Inſtrument, and of the Body that reſiſts it, be 
reciprocally as the Forces; his will 
ſupport the Reſiſtence, and He will overcome 
it, if the difference of the Velocity be greater. 
And without doubt, if the difference of the 


Velocities be fo great, as ſtill to overcome all 


the Reſiſtence which ariſes from the 
Friction of conti Bodies rubbing againſt 
each other, and that which ariſes likewiſe from 
the Cohzfion of ſolid Bodies which are to be 
ſeparated from one another, and that of the 
Weights to be raiſed beſide ; all this Reſiſtence 
being overcome, that Force which ſtill remains, 
will om > > 2s 
proportionable to it fel ſome of it amongſt 


And 
ſorts of 


| 
| 
þ 
| 
| 


= my 
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Reaction will always be 
other, in Inſtrument that be 
uſe of. And as the Action is continued 
conveyed through the Inſtrument, and 
impreſſed upon ſome reſiſting Body; 
Determination of it, will always be contrary 
the Determination of the Reaction. 
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SECTION L 
Of the Method of firſt and laſt Proportions, 
by means of which the following Propoſitions 
are demonſtrated. | 


WEFORE we come to demonſtrate 
theſe Proportions, it will be neceſ- 
fary to explain the Nature of them, 

chat we may have a clear Notion of 
them, and be able to ſee the Force of the De- 
monſtrations; becauſe the whole Reaſoning in 
the following Book is built upon theſe Propor- 
tions, and Truth of the ſeveral Propofi- 
tions depends entirely upon them. As the De- 
fign of the great Author was to explain the 
principal Phznomena of Nature, ſo the Prin- 
F ciples 
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ciples which he builds upon, are taken from 
the obvious Reaſon and Courſe df things, 
which every one who atrends to, cannot but 
ſee and experience; and from a few plain and 
clear Principles He draws the moſt ſurpriſing 
Concluſions, and explains the moſt difficult 
Appearances in Nature. Thus whoever con- 
ſiders the Nature of Time, will ſee that it is 

not capable of being made to move faſter or 
flower, but that the very ſmall Parts of it, or 
the Moments of it, are all equal: Wherefore 
Time, and the Moments of it, may be repre- 
ſented by any thing that moves uniformly, and 
whoſe very ſmall Parts correſ to the Mo- 
ments which the Time is made up of. Thus 
if a ſtreight Line, or a part of the Circumfe- 
rence of a Circle, be fu to be generated 
by the uniform Motion of a Point, (whoſe 
Magnitude is not confider'd, but only the Ve- 
locity with which it moves) ſuch a ſtreight 
Line, or ſuch a part of the Circumference of 
a Circle, may repreſent any given Time ; and 
as this Time may be divided into any Number 
of Moments, ſo alſo may the-ſtreight Line, or 
the part of the — of a Circle, be 
ſuppoſed to be divided into exactly the ſame 
Number of very ſmall Parts; conſequently all 
the Reaſonings about ſuch ſtreight Lines and 
Es, and all the 

the 

and 
be 


4 
parts of Circumferences of Circles, and all 
Demonſtrations concerning them, and all 
Proportions that ariſe from ing 
with each other, will equally hold good, 
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be the ſame in Time and its Moments 
compared with each other. So likewiſe, if (as 
in Definition II.) Motion be conſider d, as com- 
oY uantity of Matter and its Ce- 
. „ 0 NY 
as —_ uantity of is Matter multiplied into 
Celery wit which it moves; then may 
be made to repre- 
22 ei. and the other fide 
be made 328 t che Velocity, and cotiſe- 
quent the Elements) the it 
ſelf AL t the che Parti 
Parallelogra 
ſent the Velocity ; and divided by the other fide 
will repreſent the Quantity of Matter: And in 
this manner, the whole Motions, the Velocities 
and the Quantities of Matter in Bodies may, 
by means of Parallelograms, be compared with 
each other and their ions eſtimated. 
For the fame Reaſon, the Space through which 


any Body moves, the Time it takes up in 


moving through that Space, and the Velocity 
with which it moves, may alſo be ted by 
a Parallelogram and its ſides, becauſe this Space 
is always proportionable to the time multiplied 
7 By 2 and eaſy Steps 
— ny we go on to more difficult 

— 44 which ar grounded upon 
- Game gm Principles. W 1 2 by 
continual E that all * of Figures 


are deſcribed by the Motion of Bodies; the 
moſt natural Way therefore to find out the Pro- 


F 2 perties 


m divided by one fide, will repre- 
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ies of thoſe Figures, or to compare their 
ies or Area's wich cad other, and to deter- 
mine the Magnitudes of them, muſt be to 
conſider them as generated in this manner. 
Thus if we imagine a phyfical Point, or the 
ſmalleſt Particle of Matier that we can con- 
ceive, to move out of its place in any Direction 
or with any Velocity, it will by ſuch Motion 
te a Line ſtreight or curved; and if we 
ſuppoſe this Line to move in the ſame manner 
out of its place in any new Direction, or one 
Extremity of it being fixed, the other to turn 
round, it will by its Motion generate a Super- 
ficies either plain or curved; and if we ſup- 
poſe this Superficies either to move out of its 
place likewiſe in any other Direction, or to turn 
about any of its Sides, it will generate a Solid 
whoſe Superficies will be either plain or curved, 
or com of both: This 1s a much more 
natural way of confidering Quantities, and 
leads us more directly to find out the Properties 
of Curves, Superficies and Solids, and to com- 
pare them together, than either the Method 
of the Antients by the Sections of Solids; as in 
the Cone for inſtance, a Section of which 
parallel to the Baſe, produces a Circle; a Section 
through the Axis produces a Triangle ; a Sec- 
tion inclined to the Axis an Ellipſis, 
paralle] 
to the fide of the Cone, and then the Section 
becomes a Parabola, or if it be ſtill more inclined, 
it then becomes an Hyperbola: „„ 
2 
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thod of the Moderns, who confider Lines as 


of ſmall Parts placed by the fides of 
each other, and Su ies as made up of ſuch 
Lines, and Solids as made up of ſuch Superficies : 
For we fee Lines deſcribed by the Motions of 
Bodies every day, and Angles by the Rotation 
of Lines, and the like: And if we confider 
further, that ſuch Quantities generated in this 
manner in a given Time, become greater or 
leſs in Proportion as the Velocity with which 
they are generated is greater or leſs, this will 
lead us to find out the Magnitudes of the 
Quantities by the Velocities of the Motions 
with which they are generated; of which Me- 
thod there will be many Inſtances given in the 
following Treatiſe. But to proceed: As Time 
moves on uniformly and continually, the Mo- 
ments of it are infinicely ſmall, and as the Space 
through which any Body moves may be di- 
vided into an infinite Number of and as 
there are infinite of Velocity, theſe 
muſt all be taken into Conſideration, before we 


can have a true and compleat Notion of the 


generation of Quantities. The Inſtances of Gra- 
vitation and the Motion of any Planet about 


the Sun, will make this Matter plain. If a 


deſcends rowards the Earth by the mere 
Force of Graviry, it appears by undeniable Ex- 
periments, that this Force not only acts con- 
tinually upon the Body, but is Arm 
increaſed the nearer it approaches the Earth ; 
fo that all the while it is falling, there is not 
1 only 
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only a Repetition of the Force impreſſed upon 
it every Moment of Time, and in Point 
rr 
a certain proportion to the diſtance of the fall- 
ing Body from the Center of the Earth: Where- 
fore if we would compute the Quantity of this 
reay wn any given Body, — is — — com- 

e very ſmall parts of Space in 
,. Time, with each other, 
in order to find out the whole Space deſcribed 
and the whole Velocity acquired. So likewiſe 
in the Motion of any Plarnet about the Sun, or 
any Body revolving about a Center in a Circle 
or Ellipfis. It is evident from the firſt Law of 
Motion, that the moſt natural Motion of fuch 
a. Body is in a ſtreight Line, with the Velocity 
and in the Direction firſt given to it. And con- 
ſequently if it be made to move in a Curve 
Line, this muſt be effected by a continual Im- 
preſſion it, whereby its Determination is 
— os, equally if it moves in a 
Circle, and unequally if it moves in any other 
Curve; becauſe the Curvature of a Circle is 
every where equal, but the Curvature of other 
Curves is unequal ; wherefore in this Caſe like- 
wiſe, it is neceſſary to conſider how much the 
Body deviates from a ftreight Line in every 
Moment of Time and in every Point of Space, 
during the whole Courſe of its Revolution, in 
order to compute its Velocity, and the length ir 
has deſcribed in any given Time. It was theſe, 
and ſuch like Conſiderations, that put aur great 

1 Author 
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— upon finding out finite Quantities which 
a to theſe Moments of Time, 

© and to the Velocities generated in them, and to 
the Spaces moved through in them ; and the 
Proportions of theſe Velocities and 
Spaces are what we are to underſtand by fir/t or 
ra Proportions, or which is the fame thing, 
ions which the Velocities with 
hich Quantities (that are generated by local 
Motion,) begin to be generated, bear to each 
other ; or, if the Quantities decreaſe, the Pro- 
portions which the Velocities with which they 
decreaſe, bear to each other, at the Inſtant 
that — vantities vaniſh or become equal to 
the Motions by which two 
— * (as two Lines g e) are 
rated, be uniform, that is, if Velocities of 
the generating Points be equable, the Lines ge- 
nerated in the ſame time, whatever the lengths 
of chem e. will be to each other as the Veloci- 
ties with which they are generated. But it is 
not neceſſary that Velocites with which Lines 
are generated, ſhould be always uniform, they 
may increaſe or decreaſe in any Proportion 
whatſoever, and it is the Deſign of the fol- 
- lowing Lemmed's to determine the Proportion 
of theſe Velocities, the Moment the Quanrities 
begin to be generated, and the Moment they 
end or are entirely compleated : The Quantities 
are here _— to be finite, to be generated 
or produced by certain Velocities in given or 
determinate Times. Before they begin to be ge- 


4 nerat 
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nerated they are nothing ; after they are begun, 
bear to each other; but it is their Proportions 

in the incermedine Point of Time, that we 
2 that is, the Proportions or Velo- 
cities with which they begin ro be 
and theſe are called their i Propertions. In 
like manner, when finite Quantities decreaſe 
and at laſt come to nothing, by local Motion 
in given Times, there muſt be certain fingle 
Moments in which they are 
ing, before which they are not at the Conclu- 
fion, and after which they are concluded; the 
Proportions which the Velocities of ſuch Mo- 
tion bear to each other in theſe Moments, are 
called the lat Proportions. Now if we attend 
to it, we ſhall ſee, ag tay in this manner of gene- 


rating Quantities, the Velocities and the Quan- 


tities generated by them, do all accom- 
pany each other, and are inſeparably connected 
(though we can in our own Minds conſider 
them apart) and conſequently the Quantities 
throughout the whole Times in which they are 
generated, are perpetually increaſed, and the 
Increments are every where as or in 
to the Velocities in the ſeveral Moments of theſe 
Times; therefore the [ncrements may be put 
inſtead of the Velocities to which they are pro- 
and the Proportions of the firſt of 
theſe Increment in the firſt Moments of the 
Times when the Quantities are increaſing, are 
alſo the firſt Proportions ; and the * 


vanith- 
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of the laſt of theſe Increments in the laſt Mo- 
ments of the Times, when the Quantities are 
decreaſing, are alſo the aft Proportions. I have 
been thus particular in explaining the nature of 
theſe ions, becauſe the whole Reaſoning 
of the ing Treatiſe is founded upon them; 
and the Lemma's which we now come to de- 
monſtrate, will be fo many Illuſtrations of what 
has been faid. 


LEMMA L 


Quantities, and alſo the Proportions which Quan- 
tities bear to each other, if they continually 
approach nearer and nearer t9 an Equality in 
any given or determinate Time; and before 
that Time is ended, are fo nearly equal, that 
the difference between them is leſs than any 
aſſignable Quantity whatſoever : Theſe Quan- 
titres and theſe Proportions, will in the end be 
exactly equal. 


Ir you deny it; then ſuppoſe them at the 
end f this Time to be unequal, and let the 
laſt difference of them be called D: Then they 
cannot approach nearer to Equality than by the 
given Difterence D, which is contrary to the 
Hypotheſis. It is ſuppoſed in this Lemma, that 
the Time in which the Quanrities are decrea- 
ſing is finite, and that when this Time expires, 
they vaniſh entirely and become equal to no- 
thing: for it is poſſible to ſuppoſe the Time in- 
finite, and that the Quantities are continually 

approach- 
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2 ing nearer and nearer to each other, 
in ſuch a certain ion, as never to be- 


Fig. 19- come equal. Thus for Inſtance: Let CBA be 


an H DAA its Aſymptote, and DB, 
db Lines drawn from any Points B & parallel to 
the other Aſymptote; it is evident (by Prop. 
XXVII.. Part I. _ 2. of Milns's Conick Sec- 
tions) that ZD multiplied by D B is equal to 
Z 4 multiplied by 45; ZD is to 
Z d as db is to DB; and this Proportion hold- 
ing every where, it follows, that the Lines DB 
and db, though they continually a near- 
er and nearer to each other, yet can never be- 
come, equal, nor conſequently can any part of 
the Aſymptote dA ever become to or co- 
incide with its correſpondent part of the Curve 


Fig. 20. 5 A. But in the Circle IAG, if the Tangent 


AD be drawn, this Line touches the Circle in 
the point A, by the Definition; and if from 
any point in the Circle as B, the Line BD be let 
fall icular to the Tangent in D, and 
this Line be ſuppoſed to move parallel to it ſelf, 
till it coincides with the point A; it is manifeſt, 
that when it is coincident with the point A, it is 
entirely vaniſhed, as is likewiſe the Tangent 
DA and the Arch B A which are terminated by 
it. Let bd be its Situation the Moment before 
it vaniſhes, then by this Lemma the difference 
berwixt the Tangent 4 A and the Arch bA is 
leſs than any aſſignable Quantity, or bears no 
finite Proportion to DA or BA; after bd is 
vaniſhed, 4 A and & A are both become equal to 

5 


Concerning the Mor Ion of Bop1es. 


LEMMA IL 


ftreight Lines Aa, AE and the Curve Line 
- there be inſcribed any number of Para- 
lellgrams Ab, Be, Cd, &c. vy & ro 
Baſes A B, BC, CD, Sc. and the fides Bb 
Cc, Dd, &c. parallel to the fide of the Figure 

lograms aK 61,5 L 


Aa; and if the Paralel 
em, MA, &c. And after this, the breadth 
of theſe Paralellograms be diminiſhed, and 
their Number increaſed in infinitum : T fay 
that the laſt ons which the inſcribed 
Figured AKS LeM 4D, the circumſcribed 
Figure AalbmendoE and the curve-lined 
Figure Aa bed E, bear to each — are the 
Proportions of Equality, or theſe Figures 
will all at laſt become equal. , 

| OR 


„ 


Figure Au c E contained within the Fig. 22. 


76 


Fig. 22. 


Concerning the MoT1ton of Bopixs. 

Fo the difference betwixt the inſcribed and 
circumſcribed Figures, is com of all the 
Parallelograms K /, —＋ M, Do, and theſe Pa- 
rallelograms are equal to a Rectangle whoſe Baſe 
is K &, the Baſe of one of che Paralle 
and its Altitude Aa, the Sum of the Altitude 
of all the Parallelograms (becauſe the Baſes of 
them all are equal) that i is, to the Rectangle AB 
Ia. But this Rectangle is lefs than any given 
Quantity, becauſe its breadth A B is infinitely 
diminiſhed. Therefore (by Lemma I.) the in- 
ſcribed and circumſcribed Figures, and much 
more the intermediate curve-lined Figure, will 
at laſt become all equable. W. W. D. 


LEMMA III. 


The ſame laſt Proportions, are alſo Proportions 
of Equality, though the Breadths o 4 the 
Parallelygrams A B, CB, CD, e. un- 

equal, if they be all diminiſhed infinitely, or 
4 all of them * -o:ne infinitely ſinall. 


Fon let AF be equal to the Breadth of the 
biggeſt of them, and let the Parallelogram FA 
a f be complcated ; ; this Parallelogram will be 
bigger than the Parallelogram A @/B, which is 
the di ference bet w irt the inſcribed and circum- 
ſcribed Figures; but if AF the breadth of this, 
becomes infinitely ſmall, the Rectangle will be- 
come leſs than any given ReQangie, W. W. D. 


Concerning the Mo T1on of BoDIEsõ. 


Coral. 1. Hence it follows, that the Sum of 
all che at the laſt when they 
vaniſh, will every way coincide with the cur- 
vilinear Figure, or become equal to it. 

Corol. 2. And the rectilinear Figure, which 
is contained within the ſtreight Lines 4 K, AB, 
and all the Chords of the vaniſhing Arches or 
infinitely ſmall Arches à b, bc, cd, &c. will 
much more coincide at laſt with the curvilinear 
Fi 

Coral. 3. In like manner will the circum- 
ſcribed right-lined Figure contained within 
the ſame ſtreight Lines @ K, A B, and all the 
Tangents belonging to the ſame Arches a b, bc, 
cd, &c. coincide at laſt with, the ſame cur- 
vilinear Figure. . 

Coral. 4. Wherefore theſe Figures in their 
laſt or vaniſhing State, are not (with reſpect to 
their Perimeters acE) rectilinear, but = 
curve-lined Limits or Bounds of righr-lined 


Figures. 
LEMM A IV. 
In the two Figur 


inſcribed (as before) two Series of Parallelo- 24. 
grams, gh. let uh Number of them be the 
you in both Figures; and when the * 17 
them . inſin finitely e, let the la 

roportions of the ſeveral Correſponding = 
rallelograms in each Figure, be equal: I ſay, 
that the two Figures AacEt, PprT, are to 
each other in the ſame Proportion as thoſe in- 


finitely ſmall Parallelograms. 


1 


FoR 


es Ag E, Pyr T, let there be Fig. 23, 


78 


other whole Figure; 


grams. W. W. D. 


Concerning the Mor ion of Boptes. 


For fince the AebB bears 
the ſame ion to the P Pmg 
Q, that Be C bears to the 
Parallelogram Qu R; (by Compoſition) the 


Parallelogram Ac B will bear the fame pro- 


portion to the Parallelogram P mqQ, that the 
1 57 


Sum of the 2 rams Ae c C bear 
to the Sum of PQ, Q 
R, and by the fame — * 


will bear that ſame 


Figure 


and . 
of all its ſingle Parallelo- 


Corol. Hence it follows, that if two Quan- 
tities of any kind whatſoever be divided any 
way into the ſame number of Parts, and thoſe 
Parts, after the number of them is increaſed, 
and the bigneſs of them is duniniſhed infinitely, 
bear a given Proportion to each other, the firſt 
part of the one Quantity to the firſt part of the 
other, the ſecond part of the one ity to 
che ſecond part of the other, and fo for all the 
reſt in their Order; the whole Quantities will 
be to each other in that ſame given 


For if in the Figures belonging to this 
— 


n 
always be as the Sum 
; and therefore when the 
number of the parts of the Quantities 2 


Concerning the Mo riox of Bopies. 


the of the Figures are increaſed, 
and their Magnitude diminiſhed 


infinitely ; 
theſe Sums will be to each ocher in the laſt 
Proportion of a fingle P in one 
Figure to its correſponden t ſingle Paralle 
in the other — that is, (by the Hypot beſic) 
in the laſt Pro e part of one 
Quantity to a 


other Quantity. 


LEMMA V. 


In ſimilar Figures, all the homologous or cor- 
reſponding Sides, whether they be curvilinear 
or rectilinear, are proportional to each other, 


and the Area's are in proportion to the Squares 
of ſuch Sides. 28 


For all ſimilar Figures are compoſed either 
of ſimilar Triangles or of ſimilar Sectors of Circles, 
or of other Curves, and ſuch Triangles and Seftors 
have (by the Elements) their correſpondent Sides 
proportional, and their Areas are in a — 
proportion to ſuch Sides. W. W. D. 


L E M N A VI. 


Tf any Arch ACB given in Poſition, be ſub- Fig. 25. 


tended by the Chord A B, and a ftrezght Line 
AD produced both ways, touches this Arch in 
any point A in the mi le of a continual unin- 
terrupted Curvature; and after that the 
points A and B approach towards each _— 


le 1 part of the 


79 
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Concerning the MoT1on of Boptes. 


For fince the Parallelogram AebB bears 
the ſame ion to the Paral Pmg 
Q, that the Parallelogram Bc C bears to the 
Paralle R; (by Compoſition) the 
Parallelogram Aces B will bear the fame pro- 

ion to the Parallelogram PQ that the 
Sum of the Parallelograms Ac B, Byc C bear 
to the Sum of the Parallelograms PQ. Q 
R, and by the ſame t one wW 
Figure will bear that fame Proportion to the 
other whole Figure; for (by Lemma III.) the 
firſt Figure is compoſed of the Sum of all its 
fingle Paralle , 2nd the ſecond Figure is 
ed of the Sum of all its fingle Parallelo- 
grams. W. W. D. | 

Corol. Hence it follows, that if rwo Quan- 
tities of any kind whatſoever be divided any 
way into the ſame number of Parts, and thoſe 
Parts, after the number of them is increaſed, 
and the bigneſs of them is diminiſhed infinitely, 
bear a given Proportion to each other, the firſt 
part of the one Quantity to the firſt part of the 
other, the ſecond part of the one ity to 
the ſecond part of the other, and ſo for all the 
reſt in their Order; the whole Quantities will 


de to each other in that ſame given Proportion. 


For if in the Figures belonging to this Lemma, 
the P ams be taken in the ſame Propor- 
tion to each other as the of the Quantities, 


the Sum of the parts will always be as the Sum 
of the 


3 and therefore when the 
and 
the 


number of the parts of the Quantities 


4 —— W 


the Parallelograms of the Figures are increaſed, 
and their Magnitude diminiſhed infinitely ; 
theſe Sums will be to each other in the laſt 
Proportion of a fingle Parallelogram in one 
| Figure to its correſpondent fingle Parallel 
in the other Figure, that is, (by the Hypothe/:s) 
in the laſt Proportion of © fingle part of one 
Quantity to a ſingle corr-;pondent part of the 
other Quantity. 


Concerning the Mo rio of Bopies. 


| LEMMA V. 


In fimilar Figures, all the homologous or cor- | 
reſponding Sides, whether they be curvilinear | 
or rectilinear, are proportional to each other, | 

| and the Area's are in proportion to the & quares 
of ſuch Sides. 


For all fimilar Figures are compoſed either 
of ſimilar Triangles or of fimilar Sectors of Circles, | 
or of other Curves, and fuch Triangles and Sectors 
have (by the Elements) their correſpondent Sides 
proportional, and their Areas are in a duplicare | 
proportion to ſuch Sides. W. W. D. 


L EMMA VI. 


If any Arch ACB given in Poſition, be ſub- Fig. 25. 

| fr by the Chord AB, and ole Lin EY 

AD produced both ways, touches this Arch in [4 
any point A in the Ad of a continual unin- | 

terrupted Curvature; and after that the | 

| points A and B approach towards each _ 


— — 


u » „ 


Concerning the MoT10N of Bovtes. 


and coincide: I ſay, that the Angle BAD 
contained between the Chord and the T angent, 
will be diminiſhed infinitely, and at laſt will 
entirely vaniſh. 


Fig. 23. For if the Angle BAD contained betwixt the 
Chord and the Tangent does not vaniſh, the Arch 

ACB will make an Angle with the Tangent 

| AD equal to a right-lined Angle, and then the 
Curvature at the point A will not be uninter- 


rupted, which is contrary to the Hypotheſis. 
L EMMA VII. 


The ſame things being ſuppoſed ; T 72 that the 
| laft Proportion that the Arch, the Chord and the 
angent bear to each other, is that of Equality, 


or when they vaniſh they are all equal. 


Fig. 26, Fox whilſt che point B is approaching to 
the point A, let us imagine that all that time 
the Lines AB and AD are produced to the 
points & and d at a good diſtance, and ler bd be 
drawn parallel to the Secant BD. And let the 
Arch Ac 6 be always ſimilar to the Arch ACB. 
Then if the points A and B coincide, the Angle 
dA will vaniſh, (by the foregoing Lemma) 
and therefore the ſtreight Lines Ab, Ad, which 
are always finite, and the intermediate Arch 
Ac6 will coincide, and conſequently will be 
equal; whence it follows likewiſe, that the 
ſtreight Lines AB, AD and the intermediate 
Arch ACB (which are, by the Hypotheſis, 


— 


—— ——— — — * 


Plate IM 
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— 
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Concerning the Mor ION of BoDIEõ. 
fimilar to the ſtreight Lines Ab, Ad, and the 
Arch Ac#) will vaniſh alſo, and that their laſt 
ion will be that of Equality. W. W. D. 


the point B the Line BF be drawn parallel to 
the Tangent AD, i ing continually any 
ſtreight Line AF which through A ; this 
Line BF will at laſt be equal to the vaniſhing 
Arch ACB; becauſc if the Paral AF 
BD be compleated, BF will always be equal 
to AD. 

Corul. 2. And if thr 
there be drawn ſeveral ſtreight Lines, as BE, 
BD, AF, AG, interſecting the Tangent AD 
and the Line BF which is parallel to it; the 
laſt proportion of all the Abſciſſes AD, AE, 
BF, BG, and of the Chord AB, and the Arch 
ACB, will be that of Equality. 

Corol. 3. Wherefore all theſe Lines may in- 
differently be put for each other, in all our 
Reaſonings about laſt Proportions. 


LEMM A VIII. 


' 1. Hence it follows, that if through Fig. 27. 


þ the prides Band A Fig. 27. 


Tf by two given fireight Lines AR, BR, tage- Fig, 27. 


tber with the Arch AC B, the Chord AB and 

the Tangent AD, there be formed three Tri- 
angles RAB, RACB, RAD; and then af- 
terwards the Points A and B approach towards 
each other ; I ſay, that the vaniſhing T rian- 
gles are fumilar to each other in their laſt 


Form, and that their laſt Proportion is that 
G For 


of Equality. 


Fig. 28, 
29. 


— 


Concerning the MoT1on of Bop1ss. 


For let us imagine that during the time 
that B is . eee to A, the Lines AB, AD, 
A R, are always produced to the Points 6, d, r at 
a good diſtance, and that rd is drawn parallel 
to RD, and the Arch Acb always fimilar to 
the Arch ACB. Then when the Points A and 
B coincide, the Angle Ad will vaniſh, and 
conſequently the three Triangles which are al- 
ways finite, A, Ach, Ad will coincide, 
and for that Reaſon become fimilar, and equal. 
Wherefore the Triangles RAB, RACB, RAD 
which are, by the Hypotheſis, fimilar, and pro- 
portional to the Triangles r Ab, Ac b, Ad, 
will at laſt be fimilar and equal to each other. 
W. W. D. 

Carol. HEN CE it follows, that theſe Tri- 
angles may be put indifferently for each other 
in all our Arguings about laſt Proportions. 


L EMMA IX. 

If the fireight Line AE and the Curve ABC, 
both given in Pofitton,gnterſett each other in a 
given Angle A, and if the Ordinates BD, 
CE, be applied to the ftreight Line AE in 
another grven Angle, and meet the Curve in 
BC; and if after this, the Points B and C 
arrive together at the Point A; T jay, that 
the Areas of the Triangles ABD, ACE, will 
be to each other at laſt in a duplicate Propor- 

tion of their correſponding Sides, that is, as 
DA /quore to E A ſquare, or as DB ſquare to 

E C /quare, or as AB ſquare to AC * 
O R 


Concerning the Mor Io of Bodies. 

For let us imagine that _ the time 
that the Points B and C are approaching to the 
Point A, the Line AD is always produced to 
the diſtant Points 4 and e in ach a manner, 
that A d and Ae ſhall be proportional ro AD, 
and AE; and let the Ordinates d h, ec be erect- 
ed lel to the Ordinates DB, E C, and meet 
AB, AC produced, in band c. Then imagine 
the Curve Abc to be drawn fimilar to the 
Curve ABC, and the ſtreight Line Ag to be 
drawn fo as to touch both SD Curves in A, and 
to interſect the Ordinate applicates DB, EC, 
d 6, ec in the Points F, G, /, g; then the Diſtance 
Ae continuing the ſame, let the Points B and 
C coincide with the Point A; and when the 
Angle c Ag vaniſhes, the curvilinear Areas Abd, 
Ace will coincide with the rectilinear Areas 
Afd, Age, and therefore by (Lemma V.) they 
will be to each other in a duplicate Proportion 
of the Sides Ad, Az. But the Areas ABD, 
ACE, are always proportional to the Areas 
Abd, Ace, and the Sides AD, AE are always 
proportional to the Sides Ad, Ae (by the Hypo- 
thefis :) Therefore the Areas ABD, ACE are 
at laſt in a duplicate proportion of the Sides 

AD, AE. W.W.D. 


LEMMA X. 


The Spaces deſcribed by a Body which is afted 
upon by any finite Force whatſoever, whether 
it be a determinate unalterable Force, or whe- 
ther it continually increaſes or continually de- 


G 2 creaſes 
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84 


Fig. 29. 


Concerning the MoT1on of Bop ISV. 


creaſes, are at the beginning of the Motion 
in a duplicate Proportion of the Times. 


LET the Times be repreſented by the Lines 
AD, AE, and let the Velocities generated in 
theſe Times be repreſented by the Ordinates 
DB, EC; then (becauſe all Spaces deſcribed 
are as the Velocities multiplied by the Times, 
that is, as the Rectangles AD x DB, AE « E, 
or as half thoſe Rectangles; that is, the Tri- 
angles ADB, AEC, I; the Forces act uni- 
formly, or as the trilinear ſimilar Spaces ADB, 
ACE, if the Forces be proportional) the 
Spaces deſcribed by theſe Velocities will be as 
the Arcas A BD, ACE deſcribed by theſe Or- 
dinates; that is, in the beginning of the Mo- 
tion, they will be as the Squares of the Times 
AD, AE (by Lemma IX,) W. W. D. 

Tuus if two Bodies be let fall together at 


the ſame Diſtance from the Center of the Earth, 


and the Space which one of them has fallen 


through in a ſingle Moment of Time by the 


ſole Force of Gravity, be compared with the 
Space which the other has fallen through in 
two Moments of Time by the ſame Force; 
theſe Spaces will be to each other as one to four, 
that is, if one of them has deſcended a Yard, 
the other will have deſcended four Yards. 

LE T us ſuppoſe two other equal Forces (be- 


ſides the Force of Gravity) to act in the fame 
manner upon theſe two Bodies, and to cauſe 
them to deſcend lower than they would have 
done by the ſingle Force of Gravity, one Inch 


ſuppoſe 


Concerning the Mor Io of Bors. 
ſuppoſe in the firſt Moment of Time; then 
the Differences of their Deſcents, or the Errors 
cauſed by theſe equal Forces, muſt be alſo as 
the Squares of the Times very nearly, that is, 
if one of the Bodies falls an Inch above a Vard 
in the firſt Moment of Time, the other Body 
will fall very nearly four Inches above four 
Yards in the two firſt Moments of Time. For, 

Carol. 1. FRom what has been ſaid, it is 
eaſy to collect, that if Bodies deſcribe ſimilar 
parts of fimilar Figures in different Times, the 
Irregularities or Errors which are P 
any equal Forces whatſoever acting upon 


85 


Bodies in a ſimilar manner, and which are 


meaſured by the Diſtances of the Bodies from 
thoſe places of the ſimilar Figures to which 
the ſame Bodies would arrive without thoſe 
Forces, are in a duplicate Proportion of the 
Times in which they are produced, very nearly. 

Let ADb, ade, be ſimilar parts of fimilar 
Figures, deſcribed in the different Times T, 7, 
by Forces compounded of the Forces of Gra- 
vitation, by which the Bodies A, a, would revolve 
uniformly in the Circles ABA, aca, and two 
other equal Forces F, F acting upon theſe Bo- 
dies in a ſimilar manner in the ſame Times, by 
- which equal Forces they are turned out of the 


Fig. 39. 


Circles and deſcribe other Curves Ab, ae: The 


Effects produced by theſe equal Forces are the 
Spaces Bb, ce, which are the Diſtances from 
the Points B and c which the Bodies would have 
arrived at by the Force of Gravitation only ; 

G 3 chen 
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Concerning the Mor Io of Bop ESV. 


creaſes, are at the beginning of the Motion 
in a duplicate Proportion of the Times. 


Fig. 29, LET the Times be repreſented by the Lines 


AD, AE, and let the Velocities generated in 
theſe Times be repreſented by the Ordinates 
DB, EC; then (becauſe all Spaces deſcribed 
are as the Velocities multiplied by the Times, 
that is, as the Recta ngles AD x DB, AE E. 
or as half thoſe Rectangles; that is, the Tri- 
angles ADB, AEC, e ich Forces act uni- 
formly, or as the trilinear fimilar Spaces ADB, 
ACE, if the Forces be proportional;) the 
Spaces deſcribed by theſe Velocities will be as 
the Areas A B D, ACE deſcribed by theſe Or- 
dinates; that is, in the beginning of the Mo- 
tion, they will be as the Squares of the Times 
AD, AE (by Lemma IX.) W. W. D. 

Tuus if two Bodies be let fall together at 
the ſame Diſtance from the Center of the Earth, 
and the Space which one of them has fallen 
through in a ſingle Moment of Time by the 
ſole Force of Gravity, be com with the 
Space which the other has fallen h in 
two Moments of Time by the fame Force ; 
theſe Spaces will be to each other as one to four, 
that is, if one of them has deſcended a Yard, 
the other will have deſcended four Yards. 

LE T us ſuppoſe two other equal Forces (be- 
fides the Force of Gravity) to act in the ſame 
manner upon theſe two Bodies, and to cauſe 
them to deſcend lower than they would have 
done by the fingle Force of Gravity, one Inch 


ſuppoſe 
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ſuppoſe in the firſt Moment of Time; then 
the Differences of their Deſcents, or the Errors 
cauſed by theſe equal Forces, muſt be alſo as 
the Squares of the Times very nearly, that is, 
if one of the Bodies falls an Inch above a Yard 
in the firſt Moment of Time, the other Body 
will fall very nearly four Inches above four 
Yards in the two firſt Moments of Time. For, 
Corol, 1. FRou what has been faid, it is 
eaſy to collect, that if Bodies deſcribe ſimilar 
| of ſimilar Figures in different Times, the 
ities or Errors which are n 
any equal Forces whatſoever acting upon 
Bodies in a ſimilar manner, and which are 
meaſured by the Diſtances of the Bodies from 
thoſe places of the ſimilar Figures to which 
the ſame Bodies would arrive without thoſe 
Forces, are in a duplicate Proportion of the 
Times in which they are very nearly. 
Let AD6, ade, be ſimilar parts of ſimilar Fig. zo. 
Figures, deſcribed in the different Times T, 7, 
by Forces compounded of the Forces of Gra- 
Vvitation, by which the Bodies A, a, would revolve 
= uniformly in the Circles ABA, aca, and two 
other equal Forces F, F acting upon theſe Bo- 
dies in a fimilar manner in the ſame Times, by 
which equal Forces they are turned out of the 
Circles and deſcribe other Curves Ab, ae: The 
er by theſe equal Forces are the 
8 b, ce, which are the Diſtances from 
Points B and c which the Bodies would have 
arrived at by the Force of Gravitation only ; 
G 3 then 
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86 Concerning the Mo rio of BoD1xs. 
then will theſe S B 5, ec, be;to each other 

; as the Squares of the Times in which they are 

Fig. 30. deſcribed, very nearly. Let E and e repreſent 
the Spaces B5, ce, or the Errors produced by 
the equal Forces F, F, in the the different Times 
T, t, and which are meaſured by the Diſtances 
of the two Bodies from thoſe Places which they 
would arrive at (by the Force of Gravity) 


without theſe 8 then E will be toe 


as T* to f* exact (by this Lemma ;) but the 
Spaces DB, dc, 4.4. h which theſe Bodies 
move by the Force of C Gravity, conſidered di- 
ſtinctly from theſe Errors, are alſo as the Squares 
of the Times in which they are deſcribed; 
therefore when theſe Forces act jointly, the Er- 
rors will differ but infinitely little from the 
Squares of the Times in which their Spaces 
are deſcribed. 
Corol. 2. Ir the Forces by which the Errors 
are produced in Bodies deſcribing ſimilar parts 
of fimilar Figures, be different; and if theſe 
Forces act upon the Bodies in a ſimilar manner, 
then the Errors will be in a Proportion com- 
of the Forces and the Squares of the 
Times, that is, E: e:: F T*:f E. 
Coral. 3. Trax fame thing is to be under- 
ſtood of any fort of Spaces whatſoever which 
are deſcribed by Bodies urged with different 
— Theſe Spaces will always be in the be- 
A in a = 
— Forces and the 
Times, that is, if 8 RN 


{ t will be, S:5s ::F « T* * 
cribed, it will be, 83 Fi — 
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Corol.4. Wn ENCE it follows, that at the be- 


ginning of the Times, the Forces are as the 


Spaces deſcribed direQtly and the Squares of the 
Times inverſely; for 1 S:s::F* T': F. by 
equal Diviſion, it will be >; 2 2 F, 


Corol. 5. In like manner, the Squires of 
the Times, are as the Spaces deſcribed directly 
and the Forces inverſely, that is (by Tranſpoſi- 

s 


tion) T. Cf P.. 
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Ir indeterminate Quantities of different 
Kinds be compared with one another, and if 
any one of them be ſaid to be as any of the 
other directly or inverſely: The Meaning is, 
that the firſt Quantity is increaſed or diminiſhed 
in the ſame Proportion as the latter Quantity or 
its Reciprocal. Thus if A and B be two diffe- 
rent ſorts of Quantities continually increaſing 
or decreafing, and it is faid, that A is always as 
B directly, the Meaning is, that when A be- 
comes twice or thrice Sc. as big, or twice or 
thrice &c. as little as it was; B will alſo become 
twice or thrice &c. as big, or twice or thrice Cc. 
as little as it was. If it be ſaid, that A is os 


B inverſely, the meaning is, that when A be- 


comes twice or thrice &c. as big as it was, B 
will become twice or thrice Sc. as little as ir 
was; or when A becomes twice or thrice Sc. as 
little as it was, 1 twice or thrice Tc. 

4 as 
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as big as it was. If any of the fore-mentioned 
Quanitiies be ſaid tobe arany rwo or more other 
Quantities directly or inverſely ; the Meaning 
is, that the firſt Quantity is increaſed or dimi- 
niſhed in a ** n 
portions in w tities are in- 
creaſed or diminiſhed ; or in which their Reci- 

Is are increaſed or diminiſhed. Thus if it 
ger that A is as B directly, and C directly, 
and D inverſely, the Meaning is, that when A 
becomes any number eee er 


than it is, the compound Quantity B C x 5 


will become ſo many times greater or leſs than 
it is likewiſe ; or, which is the ſame thing, the 


Quantities A and Tx will be to each other in a 


iven Proportion, or their Proportion to each 
"cher will edovge comaia the time. 


LEMMA XL. 

T he vaniſhing Subtenſe 1 Angle of Contacł, 
in all Curves which have a finite Curvature 
at the Point of Contatt, 24822 
cate Proportion of the eonterminate Arch. 


Trex Reaſon of theſe Words, in all 
Curves which have @ finite Curvature at the 
Paint of Contact, is becauſe there are an infi- 
nite Number of Curves the Radius's of whoſe 
Curvatures are infinitely ſmall, and fuch Curves 
are not here conſider d; but in all the Conict 
Sections, that is, in che Elliptis, Parabola, and 


Hyper- 
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if 


imagine them to be com- 
of infinitely ſmall Parts or elementary 
urves; every one of theſe infinitely ſmall 
Curves will be an infinite ſmall part of a Circle 
whoſe Radius is a finite Quantity ; that is, a 
Circle may be drawn through any Point in any 
Conick Seftion, whoſe Curvature is the fame as 
the Curvature of the Section in that Point. 
8 Milns's Conick Sections, Par. III. P 

e 
only that this Lemma relates. 
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Caſe IL. LET AB be chat vaniſhing * 


AD irs Tangent, BD the Subtenſe of the 
Angle of Contact pe to the Tan- 
gent, and AB the Subtenſe or Chord of the 
Arch. Let AG, BG be erected perpendicular 
to the T t AD and the Subtenſe A B, and 
meet each other in G; then let the Points D, B, 
G come to the Points d, b,g, and let I be the 
Point where the Lines B G, A G interſect each 
other at laſt when the Points D and B coincide 
with the Point A. It is evident that che 
Diſtance I g may become leſs than any affignable 
Diſtance whatſoever. Now if we ſuppoſe tuo 
Circles to paſs h the Points ABG, Abg; 
ee BD, and A H will 
de equal to Agxbd (by the Property of the 
Circle ;) ore the Pr of AB* ro 
AE is com of the Proportions 
wa and BD to bd, that is, AB*:A#::A 
\BD: Ag = bd. Now becauſeG I may be 
Ay oo Sd Bow for mon age» og 


ever, *» AG bears to Ag, 


may 


of AG 


„ 3 * — 


— 


— — 
11 446 
— ˙ 
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may alſo be nearer to Equality than can be re- 


preſented by any Difference how ſmall ſoever, 
and conſequently the P ion which AB 
bears to A & 1s nearer to the Proportion which 


BD bears to 6d, than can be ed 
aſſignable Difference . 
(by Lemma I) the laſt Proportion of AB to 
A is the very ſame as the laſt Proportion of 
BD tod, that is, AB: A: BD: bd. 

Caſe II. Le BD be inclined to AD in any 

wen Angle whatſoever, as ABD; and the 
Proportion of B D to 5d, will always be 
the ſame as before. For from the Points B, &, 
let the Lines B E, be, be let fall to the Tangent 
AD, then becauſe BD is parallel to bd, the 
Triangles e & d, E BD are ſimilar, conſequently 
DB is proportional to EB or AC, and 46 is 
roportional to eb or Ac; and therefore the 
jon of A B* to A, which was as DB 
to 4b in the former Caſe, is alſo as DB to 46 
in this Caſe. 

Caſe 3. Ir the Angle D be not given, fo 
that the Line B D varies its Inclination to the 
Tangent AD, and converges towards a given 
Paint, or is governed by any other Rule what- 
ſoever; the Angle d being governed by the ſame 
Rule, theſe Angles muſt always come nearer and 
nearer to Equality, and before they vaniſh they 
will be fo near that their Difference cannot 
be fled by any finite Quantity whatſoever ; 
and therefore at laſt they muſt be equal, by 
Lemma I. conſequently the Lines BD, 54 


bear 


| 
| 


f 
| 
| 


cities be given, chat is, if t 
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bear the ſame Proportion to each other as they 
do in the former Caſes. W. W. D. 

Corol. 1. HENCE it follows, that becauſe 
the Tangents AD, Ad, the Arches AB, Ab, 
and their Sines BC, Sc, are at laſt when they 
vaniſh equal to the Chords AB, As, (Lemma 


VII. Cor. 2.) therefore the Squares of theſe 


_ vaniſhing Tangents, Arches and Sines, are as 


the Subtenſes BD, 5 d. 

Corol. 2. THE Squares of theſe Tangents, 
Arches and Sines, when they vaniſh, are alſo as 
the verſed Sines of thoſe Arches, if they bi- 
ſect the Arches, and converge towards a given 
Point. For theſe verſed Sines are in the fame 
rtion to each other as the Subtenſes BD, 
6d. Thus let BE, be, be two very ſmall Fig. 33. 
Arches biſected by the verſed Sines c A, CA, 
both directed towards the fame Point 8; then 
becauſe (as has been demonſtrated in Caſe II.) 
BD:bd::CA:cA; it will be DA*: 4d &®:: 
CA: c A. or BA: A:: CA: c A. or BC: be 
2: CA: cA. a 

Carol. 3. HE NE it follows alſo that the 


verſed Sines c A, CA are as the Squares of the Fig. 33. 


Times in which Bodies deſcribe the Arches bA, 
B A with given Velocities. For if the Velo- 
do not increaſe 
or decreaſe, the Spaces bA, BA deſcribed by 
thoſe Bodies, will be as the Times in which 
they are deſcribed, and the Squares of the 
Spaces 5 A, BA, will be as the Squares of the 
Times; but the Squares of theſe Spaces are as 
the verſed Sines c A, CA. 


Times; 


— — 2 
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Corol. 4. The right-lined Triangles ADB, 
A 46 when they vaniſh, or in their laſt Form, 
are in a triplicate ion of the Sides A D, 
Ad, that is, they are as the Cubes of thoſe Sides. 
For the Triangle ADB, is to the Triangle A 46, 

AD BC, is to the Parallelo- 
gram Adbc; that is, putting A and à for thoſe 
Triangles, it will be, A: a:: ADx DB: Ad 


4b; but (by this Lemma) DB is as AD, and 


db as Ad; ſubſtituting therefore the one for 
the other, it will be A: a:: AD*: AG. Theſe 
Triangles are alſo in a ſeſquialterate 
of the Sides DB, 46; for becauſe DB is as 
AT), therefore (by equal Extraction) DB 
is as AD; ſo likewiſe 7d is as Ad, conſe- 
quently if theſe Quantities be ſubſtituted for 
AD, Ad in the ion A:a::ADs 
BD: Ad x 46; it will be A:a:: 4 DBx 


DB: VAX 465. I mean by a ſeſquialterate 


Fig. 33- 


Proportion, the Subduplicate of the Triplicate, 
that is, the ſquare Root of a Cube or DB, 
which is compounded of the ſimple Proportion 
DB, and the ſubduplicate Proportion DB. 
Corol. 5. AND becauſe DB, 4 are at laſt 
lel and in a duplicate Proportion of A D. Ad, 
therefore the vaniſhing curve-lined Areas A DB, 
Adò will be equal to two third parts of the 
right-lined Triangles ADB, A 46, and the Seg- 
ments AB, 26, will be each of them one third 
part of the fame Triangles. (See L Hoſpitals 
Conick Sections, Book V. Prop. XIII.) conſe- 


quently 
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quently theſe Areas and theſe Segments will be 
in a triplicate Proportion of the Tangents A D, 
Ad (by the foregoing Corol.) and alſo in a tripli- 
cate ion of the Chords and Arches AB. 
Ab, (by Lemma VII. Cor. 2. 3.) 


S CHOLIOVN. 


Now in all theſe Caſes it is ſuppoſed, that 
the Angle of Contact DAB is neither infinitely 
greater nor infinitely leſs than the Angles of 
Contact which Circles contain with their Tan- 
gents; that is, the Curvature at the Point A is 
neither infinitely ſmall nor infinitely great; or 
the Diſtance ATI, the Diameter of the Circle Fig. 31. 
to which the Curvature of it is always reci- 
lly ional, is of a finite Magnitude. : 
or BD, which is the Meaſure of the Curva- 
ture of the Curve as well as the Diameter or 
Radius, may be taken proportional to AD 
cube, as well as in proportion to A D ſquare ; 
and in that Caſe no Circle can be drawn through 
the point A, which ſhall paſs berween the Tan- 
gent AD and that Curve AB; for let the Ra- 
dius of the Circle be of what length it will, 
the Curve will always paſs between the Circle 
and the Tangent, and conſequently, becauſe an 
infinite Number of Circles may be drawn, and 
the fame thing is true of them all, the Angle 
4 of Contact will be infinitely leſs than in Cir- 
cles. And by the ſame way of Reaſoning, if 
DB be ſucceſſively in proportion to AD, * 
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AD, AD, Sc. we ſhall have a Series of An- 
gles of Contact going on infinitely, in which 
the latter is all along infinitely leſs than the for- 
mer. And if DB be — as AD, ADs 
A DZ, ADs, ADE, ADz, Sc. we ſhall have 
another infinite Series of Angles of Contact, 
the firſt of which is of the fame kind as the 
Angles of Contact in Circles, the ſecond is infi- 
nitely greater, and in all the reſt, every follow- 
ing one is infinitely greater than the «fe 
one. So again there may be inſerted, between 
any two of theſe Angles, a Series of intermediate 
Angles going on infinitely both ways, in which 
every ſucceeding one ſhall be infinitely greater 
or leis than the foregoing one. Thus if between 
the Terms AD and AIP, there be inſerted the 
Series AD , AD AD f, AD, ADE, ADz, 
AD e, AB. A5 2, Sc. And ſo again, be- 
rween any two Angles of this Series, there may 
be — a new Series of intermediate Angles 
different from cach other by infinite Diſtances : 
for Nature has no Bounds. 
AL L that has been demonſtrated concerning 
curve Lines and the Su ies contained in 
them, may eaſily be applied to the curved Su- 
perficies of Solids the Contents of them. 
And I have premiſed theſe Lemma's, that I 
might avoid the tedious Method of reducing 
things to an Abſurdity by long Demonſtrations, 
according to the manner of the Antients. The 
Demonſtrations indeed are made much ſhorter 
by the Method of Indiviſibles. But becauſe the 


I Hypo- 


Aut 


; 
* 
) 
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Hypotheſis of Indiviſibles is ſomewhat hard, 
and upon that account the Method is looked 
upon as leſs Geometrical ; I therefore thought 
it a better Way to reduce the Demonſtrations 
of the following Propoſitions to the laſt Sums 
and ions of vaniſhing Quantities, or to 
their Sums and ions when they be- 
gin to be generated, that is, to the Limits of 
their Sums and phos 0 ns after which they 
become equal to nothing ; and I have iſed 
the Demonſtration of theſe Limits with all the 
Brevity I poſſibly could. The fame things are 
IEP (OS ORG 6. the Method of 

ivifibles; and we may more ſafely de 
_ the Principles demonſtrated. Wherefore 
if at any time hereafter, I ſhould confider 
Quantities as made up of Particles, or ſhould 
make uſe of very ſmall curve Lines inſtead of 
ſtreight Lines, I would not be underſtood to 
mean Indiviſibles, but vaniſhing Diviſibles; not 
the Sums and Proportions of determinate cr 

iven Parts, but the Limits or Bounds of their 
— or Proportions always; and the Force of 
thoſe Demonſtrations are to be referred to the 
Method of the foregoing Lemma's. 

PeRmHAPS it may be obj againſt what 
has been faid, that there is no ſuch thing as any 
ion of vaniſhing Quantities, be- 
cauſe before they are vaniſhed, it is not the laſt 
Proportion, and when they are vaniſhed there 
is no Proportion at all. But we may contend 
by the ſame Argument, that there is no ſuch 
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thing as the laſt Velocity with which a Body 
arrives at a certain place when its Motion is 
finiſhed ; for before the Body comes to this 
place, its Velocity is nor the laſt, and when it is 
come to this place, it has no Velocity at all. 
But the Anſwer is eaſy: By the laſt Velocity, 
we are to underitand the Velocity with which 
the Body moves, not before it arrives to the laſt 
place, nor the Velocity with which it moves 
afterwards, but the Velocity with which it ar- 
rives at that place, that is, the laſt Velocity 
with which the Body arrives at the laſt place, 
and with which the Motion ceaſes. So like- 


tities, we are to underſtand, not the Proportion 
of thoſe Quantities before or after they are va- 


niſhed, but the Pro with which they 
vaniſh. For the fame Reaſon, the firſt Pro- 


with which they beg 
which they 
or with which they are finiſhed. T 

which the Velocity 
can arrive at, in the end of the Motion, and 
Rn 5 Oh. This is the laſt 


means be underſtood to mean Quantities of any 


] 
L 
T 
t 
1 
S 
C * 
| 
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thing that is Geometrical may fairly be made 
uſe of in determining and demonſtrating any 
other thing that is Geometrical alſo. 

Ir may alſo be urged, that if there be any 


ſuch thing in ihe EP ion of venifhing 
likewiſe laſt Wagnis 


Quantities, there will be 
tudes, and fo every Quantity will be compoſed 


of Indiviſibles, contrary to what Euclid has de- 


monſtrated in the tenth Book of his Elements 

Incommenſurables. But this Ob- 
1 is built upon a falſe Hypotheſis. The 
with which Quantities vaniſh, 
= the Proportions of laſt Quantities them- 
ſelves, but they are the Limits rowards which 
the Proportions of Quantities decreaſing con- 
tinually, are always approaching, and to which 
they can approach nearer than can be aſſigned by 
any given Difference whatſoever, and beyond 
which they can never go, nor can they arrive at 
them till che Quantities are infinitely diminiſhed. 
This will be more plainly underſtood in the Caſe 
of infinitely great Quantities. If two Quantities, 
whoſe Difference is given, be increaſed infinitely, 
their laſt Proportion will be given, that is, they 
will be equal; but the laſt Quantities themſelves, 
or the infinitely great Quantities to which the 
8, will not be given. If here- 


afier therefore, for the more eaſy Conception of 
ſmall 


things, I ſhould at any time mention very 
vaniſhing or laſt Quantities, I would by no 


determined Bigneſs, but always ſuch as decreaſe 


— 
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NATURAL PHILOSOPHY. 


S 


There ought to be no more Cauſes of natural 
Things allowed, than what are true and ſuffi- 
cient to explain their Phanomena by. 


[OR Philoſophers affirm, that Nature does 
nothing in vain or to no purpoſe ; but it 

is to no purpoſe to effect any thing by a great 
many Ways which can be done by a few. For 
Nature is ſimple, and does not abound with a 
Multitude of ſuperfluous Cauſes of Things. 


8 UV i 8 © 


Wherefore the ſame Cauſes are to be aſſigned to all 
thoſe Effects of natural Things which are of 
the ſame kind, ſo far as it can be done. 


Tavs 


ka 
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Tuus Breathing, whether in Man or Beaſt, 
is to be aſcribed to the ſame Cauſe; fo is like- 
wiſe the Deſcent of Stones when ler fall, whe- 
ther it be in Europe or in America: The Cauſe 
of Light ought to be looked upon as the ſame 
ina Kitchen-Fire as in the Sun, and the Cauſe 
of the Reflexion of Light here on the Earth, 
the ſame as in the Planets. 


EX oo. 
IT 


Thoſe Qualities of Bodies which can neither be di- 


miniſbed nor _—_— and which are found 
in all Bodies which there can be any Experi- 
ments made in, ought to be looked upon as the 
Jualities of all Bodies whatſoever. 


For we cannot come to the Knowledge of 
the Qualities of Bodies any other way but by 
Experiments; and therefore all thoſe are to be 
eſteemed general Qualities which agree to every 


Experiment that we can make. And thoſe 


which cannot be at all diminiſhed, cannot poſſi- 
bly be entirely taken away. 


"= o + SS. £9. 
In experimental Philoſophy, the Propoſitions 


gained from the Phanomena of Nature by 
an Induction of Particulars are to be looked 

n as true, accurately or very nearly, not- 
withtanding any Hypotheſes to the contrary, 


H 2 till 
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till we meet with other Phanomena by which 
they may be rendered ſtill more accurate, or 
elſe liable to Exceptions. 


UNnLess this be allowed, an Argument 


Tx=vut Philoſophy muſt be built upon Ex- 
periments, and thoſe Experiments muſt be ſo 
many and fo plain, that we cannot be deceived 
in them, but may argue univerſally from them, 
and apply them in all Caſes and Circumſtances 
whatſoever ; for this is the only poſſible Way 
of coming at the Truth in theſe Things: Hy- 
potheſes are endleſs, and every Imagination of 
any ingenious Perſon may produce a new One; 
but the real Nature and Conſtitution of Things 
is Matter of Fact, and may be come at 
conſtant Obſervations and repeated Trials. It 
is impoſſible by abſtract Reaſoning to find out 
the Quantity of Matter contained in the Plane- 
tary Syſtem, how many larger Parcels it is di- 
vided into, and what the particular Compoſi- 
tion of thoſe larger Parcels is; and it is equally 
impoſſible by ſuch Reaſoning to find out the 
Qualities of that Matter, and what 
Laws of Motion the ſeveral Parts or Particles 
of it are ſubject to. Theſe are all of them 
originally merely arbitrary, and were at firſt 
choſen and preſcribed by an intelligent Being, 
and are fo ordered, that when the whole Com- 

poſition 
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poſition was once framed and put together, it 
was capable of continuing for ſo long a Seaſon 


as the wiſe Author of it intended. If therefore 


we would throughly underſtand the material 


Syſtem of the World, and fee how it is held to- 
, and what Laws of Motion the ſeveral 
of it are ſubject to, we muſt do by it as 
we do by an artificial complicated Machine, 
take it to pieces, and examine well the Matter 
of which the ſeveral Parts are compoſed, and 
try by what Rules and Meaſures they are pro- 
portioned and adjuſted roeach other. Thus we 
may come to the Knowledge of the Qualities 


xperiments, and allow thoſe 
Qualities to be general, which agree to all the 
Experiments that have ever been made; and 
where the Inſtances are ſuch as cannot come 
under the Cogni of our Senſes, viz. in 
the very ſmall Particles of Bodies, even here 
the Pro muſt be owned to hold good, 
becauſe Qualiries which cannot be diminiſhed, 
cannot be entirely taken away. This Method 
muſt ſurely be preferable to meer Dreams and 
Chimera's, which have no Ground in Nature, 
but are directly e 
1 ; eſpecially if we conſider, that 

Courſe of Nature is the ſhorteſt and moſt 


dire, and therefore we ought never to depart 


from the Analogy of it. It is by the Experience 
of our Senſes that we come to know that any 
Bodies are extended ; and there are ſome Bo- 


dies fo ſmall, that we are not ſenſible of their 
H 3 being 


=" 
. 
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being extended; yet becauſe we find all thoſe 
that we can judge of by our Senſes are 
we juſtly conclude that all the other are ſo too. 
We find by Experience, that a great many Bo- 
dies are hard. Now the hardneſs of the whole 
muſt ariſe from the hardneſs of the Parts; and 
therefore we rightly argue that the ſmall, and 
for ought we know, indiviſible Particles, not only 
of thoſe Bodies which come within the Reach 
of our Senſes, but of all other Bodies alſo, are 
hard. That all Bodies are impenetrable, we 
gather by our Senſes, and not by Reaſoning ; 
tor all thoſe that we feel upon, we find by Ex- 
perience are impenetrable, and from thence we 
conclude that Impenetrability is the Property 
of all Bodies whatfoever. So likewiſe, that 


all Bodies are moveable, and continue of rhem- 


ſelves, either in that State of Reſt or Motion 
which they are once in, by ſome fort of Powers, 
(which may be called inactive Powers, or 
Powers that only keep things as they are) we 
gather from obſerving theſe Properties in thoſe 
Bodies which we ſee. The Extenfion, Hard- 
neſs, Impenetrability, Mobility and inactive 


Force of the whole Body, ariſe from the Ex- 


tenſion, Hardneſs, Impenetrability, Mobility 
and inactive Force of the Parts; and from hence 
we conclude that every one of the ſmalleſt 
Parts of all Bodies is extended, and hard and 
impenetrable, and moveable, and endued with 
inactive Powers: And this is the Foundation of 
all Philoſophy. Further, that rhe * - 
| din 
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ſtinct Parts, of which Bodies are compoſed, and 
which are contiguous with each other, may be 


ſeparated from one another, we know by Ex- 


perience; and it is certain from Mathemaricks, 
that the Parts which are not actually divided, 
in our Minds be diſtinguiſhed into Parts 
ſtill leſs But whether thoſe diſtinguiſhed and 
to us undivided Parts, can really be divided or 
ſeparated from each other by any Powers in 
Nature, is uncertain. But if it appeared by 
any ſingle Experiment, that any hitherto undi- 
vided Particle could be broken off from a hard 
and ſolid Body, we ſhould by the ſame Rule 
conclude, that not only the ſeveral diſtinct Parts 
were ſeparable, but alſo that thoſe which are 
not actually divided, might notwithſtanding be 
divided into ſtill leſs and leſs for ever. Far 
ther, if it appears from innumerable 
ments and aſtronomical Obſervations, that all 
Bodies here upon the Surface of the Earth are 


heavy, or do gr vitate towards the Earth, in 
Quantity of Matter contained 
* and that the Moon gravitates towards 


the Dann n in to the Quantity of 
Matter contained in it; and on the other hand, 
that our Sea gravitates towards the Moon, and 
chat all the Planets gravitate towards each other, 
and that there is a like Gravitation in Comets 


towards the Sun, we may venture to affirm by 


the foregoing Rule, that all Bodies gravitate to- 


cerning univerial Gravity, drawn from the Phe- 
H 4 nomena 


wards each other; becauſe the Argument con- 
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nomena of Narure, is than that con- 
cerning the Impenetrability of Bodies; for we 
can make no iments or Obſervations at all 
concerning this latter in the heavenly Bodies. 
However,we oughtnot to affirmthat Gravitation 
is at all eſſential to Bodies; that Force, which is 
natural to all Bodies, is that inactive Power be- 
fore mentioned, and this is unalterable; bur 
Gravity is diminiſhed as we go further from the 
Earth, in a certain Proportion, which ſhall be 
explained in the following Propoſitions. 


SECT- 
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SECTION II. 
How to find out and meaſure 


CENTRIPETAL FoRcEs. 


. PROPOSLITION IL. TREZORENM I. 
* The Areas which Badies moving in any Orb, de- 
4 ſeribe by Rays drawn to the immoveable Cen- 
ter of their Forces, lie in the ſame Plane, 
and are proportionable to the Times in which 
they are deſcribed. 


E T the Time be divided into equal Parts, 
and in the firſt part of the Time ler the 
y deſcribe the ſtreight Line AB by its own F 
natural Force, or with the Velocity with which 
it would move on in a ſtreight Line. In the ſe- 
cond part of Time, if nothing hindered it, it 
would go ſtreight on to c, deſcribing the Line 
B 5 0 to AB (by Law J.) fo that if the 
Rays AS, BS, cS be drawn, they would make 
the Triangles ASB, BSc equal to each other 
(by the Elements) becauſe are both of the 
ſame height, But when the "_—_— 
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let the Centripetal Force, by one fingle but 
Impulſe, cauſe the Body to go out of 
the ſtreight Line Bc, and to go along in the 
ſtreight Line BC. Let Cc be drawn 
to BS, and meet BC in C, then at the end of 
the ſecond part of the Time, the Body will be 
found in C, in the ſame Plane with the Triangle 
ASB (by Corol. 1. of the Axioms or Laws of 
Motion.) Joyn SC, and the Triangle SBC will 
be equal to the Triangle 8 Bc (by the Elements) 
becauſe SB is parallel to Cc, and therefore 
the Triangle SBC will alſo be equal to the 
Triangle SAB. By the fame Argument, if 
the Centripetal Force acts in the Points C, D, E 
ſucceſſively, ſo as to make the Body deſcribe 
the ſtreight Lines CD, DE, EF, in fo many 
equal parts of Time. "Theſe Lines will all lie 
in the ſame Plane ( Prop. 2. and 7th Book xi. of 
the Elements ;) and the Triangle S CD will be 
equal to the Triangle 8 BC, and S DE toS CD 
and S EF toSDE. Theſe {mall equal elemen- 
rary Areas therefore, are deſcribed in equal Par- 
ticles of Time, in an immoveable Plane; and 
conſequently ( Compoſition) any Number of 
theſe Areas SADS, S AF, are to each other, as 
the ſame Number of parts of Time, that is, as 
the Times in which theſe Areas are deſcribed. 
Let us now ſuppoſe the Time to be divided into 
infnirely ſmall Particles; let us alio ſuppoſe 
the Number of the Triangles to be increaſed 
infinttely, and their breadth to be diminiſhed 
infinitely, nen their fides AB, BC, CD, Sc. 
v7ill 


, ß tos. Cora 
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will at laſt end in the Periphery ADF (by 
Corol. 4. Lem. III.) of ſome Curve: And there- 
fore the centripetal Force with which a 
is continually drawn from the Tangent of ſuch 
a Curve, acts perpetually upon it; and any 
Areas, ſuch as 8 A DS, SAFS, which are uni- 
verſally proportionable to the Times in which 
they are deſcribed, will in this Caſe alſo be pro- 
portionable to the Times. W. W. D. 

Corol. 1. IN Spaces where there is no Re- 
ſiſtence, the Velocity of a Body attracted to- 
wards an immoveable Center, is reciprocally as 
the Perpendicular let fall from that Center to 
the Tangent drawn from the Point of the 
Orb in which the Body is; for in equal parts 
of Time, the Velocity is as the Space deſcribed; 


Spaces AB, BC, CD, which are the Baſes of 
ſo many equal Triangles ASB, BS C, &c. now 
theſe Baſes are reciprocally as the Perpendicular 
SZ, SY, Sc. (by the Elements.) 
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therefore the Velocity in A, B, C, D, is as the Fig. 35. 


Corol. 2. If the Chords AB, BC of two Fig. 34. 


Arches deſcribed by the ſame Body immediately 
after each other, in equal Times, in Spaces where 
there is no Refiſtence, be compleared into the 
Parallelogram AB CV, and the Diagonal of it 
BV be produced both ways, when it is in the 


Poſition it ſhould be ultimately in when thoſe 


Arches are infinitely diminiſhed ; this Diagonal 
will paſs through the Center of the centri 
Forces S; for it is only an infinitely ſmall part 
of the Ray 8 V. N 
Corol. 3. 
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Fig. 36. Corol. 3. Ir the Chords A B, BC, and D E, EF, 


Fig. 34. verſed Sines 5 VB, + ZE, of the infinitely ſmall 


of Arches deſcribed in equal Times in Spaces 
where there is no Reſiſtence, be com ed in- 
to the Parallelograms AB CV, DEF Z, the 
centri Forces in B and E, will be to each in 
ultimate Pr 10n of the Diagonals B V, 
EZ, when thoſe Arches are infinitely dimi- 
niſhed. For the Motions of the Body, BC, 
EF, are compounded of the Motions Bc, BV, 
and E /, E Z, (by Corol. 1. of the Laws of Mo- 
tion) but BV and E Z are equal to Ce and F f; 
and theſe are (by the Demonſtretion of this Pro- 
poſition,) generated by the Impulſes of the cen- 
tripetal Force in B and E, and therefore are pro- 
portional to thoſe Impulſes (by Definition VII.) 

Carol. 4. The Forces with which any Bodies 


moving in Spaces where there is no Reſiſtence, 


are drawn from their rectilinear Motions, and 
turned into Curves, are to each other as the 


Arches CA, FD, deſcribed in equal Times, 
which verſed Sines converge towards the Cen- 
ter of the Forces 8, and biſe& the Chords C VA, 
FZD of thoſe infinitely ſmall Arches. For 
theſe verſed Sines are the Diagonals men- 
tioned in the third Corollary, and Halves bear 
the ſame Proportion to each other, that their 
Wholes do. 
Corol. 5. HEN Cx it follows alſo, that theſe 
centripetal Forces are to the Force of Gravity, 
as theſe verſed Sines are to the verſed Sines of 
the Arches of Parabola's deſcribed by projectile 
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mg in the ſame n_ latter verſed 
are perpendicular to the Horizon. 
Tus let C be the Center of the Earth, 
or of the Curve deſcribed by the Body E re- 
volving about C at the Diſtance C E; let ABD Fig. 37. 
be the Superficies of the Earth, and E BanEmi- 
e 
is projected, and by the Force of Gravity 

falls to the Surface I in the parabolick Line 

E HI; then will the Centripetal Force be to 

the Force of Gravi 1 2 

Carol.) rr verſed Sines of 

temporary Arches E G, EH. 
* C5oro/.6. The fame things will all hold good 
(by Corel. 5. of the Laws of Motion) if the 
Planes in which the Bodies are moved do not 
continue at Reſt, but move on alſo uniformly 
in a ſtreight Line together with the Center of 
Forces which is in them. 
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Every Body which is moved in any Curve Line 
deſcribed on a Plane, and a Ray being drawn 
m it to an immoveable Point, or to a Point 
which moves on uniformly in a freight Line, 
it deſcribes Areas about ſuch a Point 
tionable to the Times; every ſuch Body i. 2 

by à centripetal Force towards that Point. 


Caſe 1. For every Body which is moved 
in a Curve Line, is 1 from its rectilinear 
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Courſe by ſome Force acting u it ( 
Law the firſt.) And that Rs by whi 
a Body is drawn from its rectilinear 
Courſe, and made to deſcribe the very ſmall 


Fig. 34. equal Triangles SAB, SBC, SCD, Sc. in 


equal Times about the immoveable Point 8, 
acts in the Point B according to the Direction 
of a Line parallel to c C (by Prop. 40. Book I. 
of the Elements, and Law the 2d) that is, ac- 
cording to the Direction of the Line BS; and 
in the Point C it acts in the Direction of a Line 
parallel ro the Line 4D, that is, in the Di- 
rection of the Line 8, C, Sc. Therefore the 
Force always acts according to the Direction 
of Lines tending to the immoveable Point 8. 

Caſe 2. AND it is the ſame thing (by Corol. 
5. of the Laws of Motion) whether the Super- 
ficies in which the Body deſcribes the curvilinear 
Figure, be at reſt, or moved on uniformly in a 
ſtreight Line, along with the Body, with the 
Figure deſcribed, and with the Point S belong- 
ing to it. 

Corol. 1. Is Spaces or Mediums where there 
is no Reſiſtence, if the Areas are not propor- 
tionable to the Times, the Forces do not tend to 
the Point where the Rays meet; but deviate 
from it, in Conſequence, as Aſtronomers call it, 
that is, go the ſame way as the projected Body 
does, if the Deſcription of the Areas be ac- 
celerated; or they deviate in Ant ecedence, or go 
the contrary Way to the projected Body, if the 
Deſcription of the Areas be retarded. 

TY Corol. 
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Carol. 2. AN p in reſiſting Mediums, if the 
Deſcription of the Areas be accelerated, the 
Directions of the Forces muſt deviate from the 
Point where the Rays meet, and go the ſame 
Way as the Direction of the Motion of the 


=. 

Tuus if the Deſcription of the Areas be 
accelerated, let us ſuppoſe the Body inſtead of 
going from B toc (which it would do by its 


natural inherent Force, in the ſame Time that Fig. 38, 


it went from A to B;) to go from B to / in the 


ſame Time. Then if the Parallelogram 4 VB! 
be compleated, as before; and the Figures d/5s, 
be made fimilar to the Figure SCcBS; tis 
manifeſt, (by the Elements) that the Triangle 
s[B will be bigger than the Triangle 5s /5, which 
is equal ro Sc B, (by the Conſtruction) and con- 
ſequently the Deſcription of the Areas will not 
be equable ; but if /5 be taken equal to c B, 
then the Triangle 545, will be equal to the 
Triangle S CB, (becauſe” the Figures sd1/bs, 
SCcBS, are fimilar) and deſcribed in the fame 
Time. Wherefore if the Areas are not pro- 
portionable to the Times with reſpect to the Cen- 
ter S, but are ſo with reſpect to the Center s, ir 
is a Sign that the Center S has moved out of its 
firſt place S into a new place s, in the fame 
Time that it would have deſcribed the Line B. 
by its natural or inherent Force; and this Mo- 


tion of its Center is in Conſequence, and would 


have been in Antecedence, had the point / been Fig. 38. 


taken on the other fide of c, as appears by the 


Figure 


1 2 


Force compounded of a 
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Figure. 
how the Areas may not be 
Times in which they are deſcribed, but 
accelerated or retarded; it is only ſu 


to the 
may be 


the Triangle SBC to be moved our of its Situa- 


tion, into the Situation 5 d, with a Velocity 
5 to the Velocity of the moveable 


proportional 
Center, via. proportional to 85. 
SCHOLIUM. 


A Bop may be urged by a centripetal 
a great many Forces, 
and in that Caſe, the Senſe of the Propoſition 
is, that the whole Force which is com 
of all the Forces, tends to the Point S. Fur- 
ther, if any Force acts continually according ro 
the Direction of a Line to the 
Superficies deſcribed, fuch a Force will make 
the Body to go out of the Plane of its Motion, 
or cauſe it perpetually to alter the Plane of its 
Motion, but it will neither increaſe nor diminiſh 
the Quantity of the Superficies deſcribed, be- 
cauſe it neither conſpires with nor contradicts 
that Motion by which the Areas are generated, 
and therefore may be neglected in computing 
the Compoſition of Forces. 


Pzorosr1TION III. Trrortm III. 
Every Body, which deſcribes Areas 


to the Times by Rays drawn to" the Center of 
cxcticy ied which other Body is alſo moved 
1 


any 


So that in order to have a clear Notian | 
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the centripetal Force tending to that other 
Body, and of the whole accelerative Force 
with which that other Body is moved. 


any way; is urged by a Force compounded of 
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Lz T L be the firſt Body, and let T be the Fig. 39. 


other - and let L move about T in the 
Orb L QR, from L to R, and at the fame time 
let the Center T be moved along in the Line 


TO, according to the Direction TO; then if 


as the Body L moves from L to Q, both the 
Bodies L and T be urged along according to the 
Direction of the parallel Lines SN, OL, with 
a new Force which is equal, and contrary to 
that with which the Body T is moved from T 
to O, the Body L will notwithſtanding go on 
to deſcribe Areas proportional to the Times, 
about the other Body T; (by Cor. 6. of the 
Laws of Motion) but the Forces with which the 
other Body T was urged towards O, is entirely 
deſtroyed by this new Force, which is equal 
and contrary to it, and therefore (by Law I.) 
this latter Body T being now left to it ſelf, will 
either continue at reſt, or move on uniformly 
in a ſtreight Line, and the firſt Body L being 
urged with the difference of the Forces, viz, 
QN, that is, being urged with the Force which 
remains, will continue to deſcribe Areas pro- 
portional to the Times about the other Body 
T. The difference of the Forces therefore Q N, 
tends to this latter Body T, as the Center 
W.Ww.D 

I Corol, 


. 
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Corol. 1. HENCE it follows, that if one 


Fig. 39. Body L deſcribes about another Body T, by a 
Ray drawn from T to L, Areas proportional to 


the Times ; and if from the whole Force (let 
it be a ſingle Force, or let it be com of 
a great many Forces, according to tbe ſecond 
Corollary of the Laws of Motion) with which 
the Body L is urged towards O, there be fub- 
ducted (by the ſame Carol.) the whole accelerative 
Force with which the other Body T is 


Fig. 39. all the remaining Force, viz. QM, with which 


the firſt Body L is urged, tends to the latter 
Body T, as its Center. 

Corol. 2. AND if thoſe Areas are very nearly 
proportional to the Times; the remaining 
Force QN tends very nearly to the other 
Body T. 

Corol. 3. Ax p on the other hand, if the re- 


Fig. 39. maining Force Q tends very nearly to the lat- 


ter Body T, the Areas will be very nearly pro- 
portional to the Times. 


Corol. 4. Ir the Body L, in moving about 


Fig. 39. another Body T, deſcribes by a Ray drawn from 


L to T, Areas, which compared with the Times, 


ther at reſt, or moves on uniformly in a ſtreight 
Line: The Action of the centripetal Force 
tending towards the latter Body T, is either no- 
thing, or is mixed and compounded with the 
very powerful Actions of other Forces; and 
the whole Force compounded of all the Forces, 
if there be a great many, is directed to _ 

der 


| 
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are very unequal ; and that other Body T is ei- 
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Center (either a moveable or an immoveable 
one.) And the fame Argument holds good, 
what way ſoever the latter Body T be moved, 
if we take that centripetal Force QN, which 
remains after we have ſubſtracted the whole 
Force which acts upon this latter Body T. 


SCHOLIUM. 


SINCE the equable Deſcription of the 
Areas, diſcovers to us the. Center to which this 
Force is directed, and this Force is that by 
which the Body is principally affected; being 
continually drawn by it from a ſtreight Line, 
and kept in its Orb: why may we not in the 
following Propoſitions make uſe of this equable 
KN to find out the Cen- 


ter about which all circular Motion is per form- 


ed in void Spaces? And is not the Copernican 
H hereby confirmed and ſhown to be 
the true Syſtem of the Planets? For it appears 
by Obſervation, that the primary Planets do de- 
ſcribe Areas proportional to the Times, by Rays 
drawn from the Earth to the Sun, and there- 
fore the Sun is the Center of their Orbs ; but 
they do not deſcribe Areas proportional to the 
Times, if the Rays be drawn from the Earth 
to the Planets, conſequently the Earth cannot 
be the Center of their Orbs. With reſpect to 


the Earth, they are ſometimes Progreſſive, 


grade: but with reſpect to the Sun, they are 
I 2 always 


ſometimes Stationary, and ſometimes Retro- 
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always progreſſive, and go with an uniform Mo- 

tion very nearly, but a little faſter in their Peri- 

helia, and a little lower in their Aphelia, fo as 

W i/| to make the Deſcription of the Areas equable. 

| 1 This is a Propoſition well known to Aſtrono- 

= mers, and is principally demonſtrated in Jupiter, 

by the Eclipſes of his Satellites, by which 

Eclipſes the Heliocentrick Longitudes of that 

Planer, and his Diſtances from the Sun, are ac- 

curately determined. So likewiſe the Satellites 

of Saturn and Jupiter deſcribe Areas propor- 

tional to the Times, by Rays drawn from thoſe 

Planets to the reſpective Satellites; for it is 

"1 manifeſt from Aſtronomical Obſervations, that 

i the Orbs of theſe Satellites do not ſenſibly dif- 

fer from Circles which are concentrick to Sa- 

turn and Jupiter, and their Motion in theſe 

Circles are always found to be progreſſive, fo 

that the centripetal Forces muſt tend to the Bo- 

dies of theſe Planets. The Moon alſo de- 

ſcribes an Area proportional to the Time, if 

there be a Ray dran from it to the Center of 

the Earth; as is evident from comparing its 

apparent Motion with its apparent Diameter; 

and the laſt Propoſition (vig. III.) is the Caſe 

of the Moon deſcribing Areas proportional to 

the Time, as it moves about the Earth, at the 
in ſame time that the Earth it (elf, to whoſe Cen- 
1 ter the Forces are directed, is carried together 
[ with the Moon about the Sun; and in this Cafe : 
1 the centripetal Force of the Moon towards the 
Fig. 39. Earth is always equal to QM, or the Difference 


betwixt 
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berwixt the whole Force with which the Moon 


is moved, and the whole accelerative Force 
with which the Earth is moved about the 


Sun. 


PrRoPosITION IV. TrroRetem IV. 


If Bodies deſcribe different Circles with an 
equable Motion or uniform Velocity; the cen- 
tripetal Forces will tend to the Centers of 
thoſe Circles, and will be to each other, as 
the Squares of the Arches deſcribed in the 
fame Time, applied to the Radius's of the Cir- 
cles; or they will be to each other as the Squares 
of the Arches deſcribed in the ſame Time, di- 
vided by the Radius's of the Circles. 


LzT BDB, 44, be two different Circles, Fig. 40. 


in which two Bodies are moved with different, 
but uniform Velocities, then if the Time be 
divided into very ſmall equal Parts, the uni- 
form Velocities will be as the ſmall Spaces run 


through in thoſe parts of Time, that is, the 
Velocity of the Body moving in the Circumfe- 


rence BDB, will be to the Velocity of the 
moving in the Circumference d, as BD 
to bd (if theſe ſmall Spaces be deſcribed in the 
ſame Time) or the Velocities will be to each 
other as any Number of theſe Spaces, ig. 
as 2BD to 26d, or as 3BD to 36d, and 
ſoon. Now becauſe the Velocities in each Cir- 
cle are uniform, all the ſmall Spaces or Ele- 


3 mentary 
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mentary BD of the Circle BDB, are 
— pil pt and all the other elemen- 
tary parts 6d of the Circle þ 46, are alſo equal 
to each other ; therefore (by the Elements) all 
the infinitely ſmall Areas or elementary Areas 
SDB, of which the whole Area of the Circle 
BBD is compoſed, are equal to each other, and 
all the elementary Areas s 4b of which the whole 
Area of the Circle b46b is compoſed, are like- 
wiſe equal to each other; conſequently the cen- 
tripetal Forces in each Circle tend to their com- 
mon Center 8 (by Prop. II. and Cor. 2. Prop. I.) 
and are to each other as DC, de, the verſed 
Sines of the elementary Arches BD, bd, de- 
ſcribed in equal parts of Time (by Cor. 4. 
Prop I.) that is, they are as the Squares of 


theſe Arches, applied to the Diameters of the 


: BD* 6b# 
Circles, or a x tog And becauſe theſe 
Arches BD, & d, are to each other as any equal 
Number of the ſame Arches deſcribed in any 
equal Times (by Compoſition,) and becauſe the 
Radius of Circles are as their Diameters; There- 
fore (by Subſtitution) the centripetal Forces 
will be to each other as the Squares of any 
Arches deſcribed in the ſame Time, ſuppoſe 
3BD, 3644, applied to the Radius's of the 
Circles, or as 2 to 9", purting R, 7, for 


BS, 38. w. W. D 


D Otherwiſe 
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Otherwiſe thus : 

Tux very ſmall Lines DC, de, are as the Fig. 40- 
verſed Sines of the Arches B D, 54, (by Cor. 2. 
Lem. VII.) deſcribed in the ſame time, and con- 
ſequently they are as the centripetal Forces. 
Now (by Book III. Prop. 36 of the Elements, 

1 4 a 
DC is equal to R NC and dc is WY to 

be | 8 
SS. but when D coincides with B, and 4 
with ö, then BS becomes equal to SC, and 68 
equal woes and conſequently D C becomes 
equal to 65 and d c equal to 2+, that is, the 
ſame Proportion as before. W. W. D. 

Corol. 1. SIN cx the very ſmall Arches BD, 
bd, are (by the Hypotheſis) deſcribed in the pi 40 
ſame Time, the Velocities of the Bodies moved 'S 
in theſe Circles will be as thoſe Arches, that is, 
as the Spaces run through in a given Time. 
Therefore (by Subſtitution) if for the centripe- 
tal Forces in the Circles BDB, 446, we put 
Cre, for the Radius's R, r, and for the Velocities 
V, v, the Proportion will be C: c:: 2 
is, the centripetal Forces are in a duplicate 
Proportion of the Velocities directly, and a fim- 
ple P ion of the Radius's inverſely. 2 

Corol. 2. AN Þ becauſe the periodical Times 
are in a Proportion compounded of the direct 
Proportion of the Radius's, and the inverſe 

3 4 Propor- 
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Proportion of the Velocities, (that is, are di- 
rely as the Spaces run through, and in- 
verſely as the Velocities,) therefore if for the 
periodical Times we put T, f, and in the Pro- 
portions of the preceding Corollary K. = in- 
. =—— 
ſtead of V, v, we put ＋ I anddivide them 
by R, r, it will be C: :: — 2 that is, 
the centripetal Forces are in a Proportion com- 
pounded of the direct Proportion of the Radius's, 
and the inverſe Proportion of the Squares of 
the periodical Times. 

Corel. 3, WHENCE it follows, that if the 
periodical Times T, 7, are equal, and conſe- 
quently V*: :: R: or V: v:: R:, then 
the Velocities are as the Radius's, and ſtriking 
cut the equal Quantities ?, T?, in the foregoing 
Corollary, it will be C: c:: R: r, that is, the 
centripetal Forces will be as the Radius's. And 
on the contrary, if the centripetal Forces be as 
the Radius's, the Velocities will be alſo as the 
Rad iusꝰs, and the periodical Times will be equal. 

Fig. 41. For BS. DC, is equal to B D', and 68 „ dc is 
equal to 6 d* (by Lem. XI.) but DC and de are 
as BS, 58 (by the Hypotheſis; therefore BS* is 
as BIY, and 48 as d, or (by equal Extrac- 
tion, &c.) BS: BD:: 58: bd, that is, the | 
Velocities are as the Radius's ; and becauſe BD | 
and d are deſcribed in equal Particles of Time 
(by the Hypotheſis) all the BD”, bd, of which 
ihe whole Circles are compoſed, and which are 

equal 
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Concerning CENTRIPETAL FoRcts. . 
equal in number, will be deſcribed in equal 
whole Times, that is, the periodical Times will 
be equal. W. W. D. 

Coral. 4. If the periodical Times be as the 
ſquare Roots of the Radius's, or in a ſubdupli- 
cate Proportion of the Radius's; then if in- 
ſtead of T., F, in the Proportions Cor. 2, we 
put R, , it will be V: :: R: , or V: :: 
R: Vr, that is, the Velocities will be in a 
ſubduplicate Proportion of the Radius's; and ir 


will alſo be C: c:: 5 : - that is, the centri- 
petal Forces will be equal to each other. And 
the contrary. 


Corol. 5. Ir the periodical Times be as the 
Radius's, and inſtead of T., F, we put R, ; 
ben it will beV* : wr 5 3 that is, the Ve- 
locities will be equal; and it will alſo be C: c:: 
ey pa a i , 

D: 2 K that is, the centripetal Forces 
will be reciprocally as the Radius's. And the 
contrary. | 

Corol. 6. If the periodical Times be in a ſeſ- 
quialterate jon of the Radius's, that is, 


if the Squares of the periodical Times be as 


the Cubes of the Radius's, that is, if inſtead of 


T* E, we ſubſtitute R, 73; then it will be 
R* * I 


V: :: guts or V:0:: x Sy that is, 


N 7 7 
the Velocities will be reciprocally in a ſubdu- 
plicate Proportion of the Radius 's, and it * 
alſo 
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R 4 I 
alſo be C: c: W ns 2 that is, the 


centripetal Forces wil be reciprocally as the 
Squares of the Radius's. And the contrary. 
Carol. 7. Ax p univerſally, if the 


Time be as any Power of the Radius's R“, ., 


and inſtead of I., E, in che fore-menticned 
Proportions, we ſubſtitute R, ; it will be 


„ : R - 

VI: Vt: N or V: v:: N. V:: 
— +2 — . that is, the Velocities are reci- 
3 the R. Power of the Radius's; 
and it will be C: c:: P YE 5 
_— _ that is, the centriperal Forces 


are reciprocally as the R. Power of the 
Radius's. And the contrary. 

Coral. 8. Ir the Areas deſcribed in different 
Circles in the ſame Time be equal to each other, 
that is, if the Areas BSC, be equal to the 
Areas 8c, then (by the Elements) BC: bc:: 


BS = that is, the Velocities will be recipro- 


cally as the Radwuss: And (by Compoſition) 


BC: B:: _ : 1 Therefore if in the 
BC- be "EE! 


e £3: WE* 75 we put Fo 5a: 


58 


d that 


for BC be; it will be C: C3 : us * 


is, 


1 
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is, the centri Forces will be reciprocally as 

the Cubes —— And the contrary. 
Corol. 9. Taz ſhorter the Radius is, and 

the greater the Velocity, ſo much the wi- 

der will the Angle deſcribed in the ſame 

time be; that is, if for the Angle BSC, we Fig. 42. 

ſubſtitute a, and for the Angle 8c, we ſub- 


ſtitute A; then A. . and becauſe 
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E. F 8 


Q K 


p - . * T . T 

the Times are equal; therefore V: v:: SS 
FT. PI. 

conſequently (by Subſtitution) A: a :: >* . 

that is, the Angles deſcribed abour the Center 

by Bodies moved in different Circles, are in 


equal Times reciprocally as the Squares of the 
s Radius's. | 


e Carol. 10. ALL the fame things, concernin 
: the Times, Velocities and Forces with whic 
it Bodies deſcribe ſimilar parts of any fort of 
r, ſimilar Figures whatſoever, and whole Centers 
Ee are in a fimilar Poſition in thoſe Figures, fol- 


Flo from the Demonſtration of the foregoing 
: Particulars applied to theſe Caſes. And they 
are to be applied by ſubſticuting the equable 
17) Deſcription of the Areas for the equable Mo- 
tion or given Velocity, and by making uſe of 

e | the Diſtances of the revolving Bodies from 
the Centers of their Forces inſtead of the Ra- 
dius'ss Thus ſuppoſe the Bodies were to move 
in ſimilar Ellipſes about their common Center, 
inſtead of moving in Circles, as in this Propo- 
fition; The Diſtances from the common 
Center 
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Fig. 40. 
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Center may be looked upon as the Radius's ; 
and the momentaneous equal Areas may be pur 
for the uniform Increaſe of Time, and the fore- 
going Demonſtration will hold for finding our 


the centripetal Forces, periodical Times, Velo- 
cities, &c. Inſtances of which will come after- 


wards. 
Corol. 11, Ir follows alſo from the ſame 


Demonſtration, that the Arch which a Body 


deſcribes in any time whatſoever, by revolving 
uniformly in a Circle with a given centripetal 
Force, is a middle Proportion between the Diame- 
ter of the Circle, and the Space which the Body 
falls through by deſcending, with the ſame given 
centripetal Force, and in the fame Time. For 
(by the Demonſtration of the Propofition) B D* 
is equal to 2 BS x DC, or putting 2 BS equal 
to D the Diameter, then BD* is equal to 
Dx DC, conſequently D:BD:: BD: DC. 
Now BD is the infinitely ſmall Arch, deſcribed 
in an infinitely ſmall part of Time, and DC is 
an infinitely ſmall Space through which the 


Body has deſcended by the centriperal Force in 


the ſame Time; and (by Compoſition) the fame 
Proportion will hold for any finite Arch what- 
ſoever ; that is, as BD is ro DC, both generated 
in the ſame Moment of Time, ſo is any Arch 
whatſoever generated with the ſame uniform Ve- 
locity as BD, or any Arch compoſed of B D's in 
any number of Moments of Time ; to A Space 
generated with — ſame uniform Velocity as 
DC, or to a Space compoſed of the ſame 
poſed of che fam 
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Number of DC's in the fame Nuniber of Mo- 
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ments of Time. 


SCOLIUM. 
FROM this laſt Propoſition and its Corolla- 


ries we may learn the Nature of Gravitation, 
and the manner of its acting upon Bodies. Ic 
appears (by Corol. 11.) that the Force of Gra- 
vitation is leſs than any finite Force whatſoever, 
and yet notwithſtanding, it is evident by the 
Propoſition it ſelf, that this fame Force, as 
ſmall as it is, decreaſes as the Square of the 
Diſtance ſrom the Center; for however ſmall 
the Arch BD be taken, and however ſmall the 
of Time in which it is deſcribed be; that is, 
ever flow the Body moves, the Space D C 
deſcribed in the fame part of Time, will be as 
much leſs than the Arch BD, as this Arch is 
leſs than the Diameter of the Circle, and conſe- 
quently the Force of Gravitation, which is as 
DC, will be as much leſs than the Force with 
which the Body revolves in the Circle, which 
isas BD, as BD is leſs than 2 BS, the Diameter 
of the Circle. Thus if Saturn were to deſcribe 
only an Inch in his Orb in a given Time; the Pro- 
portion would be; as the whole Diameter of his 
Orb, or as twice his Diſtance from the Sun, is to 
an Inch; ſo is his projectile Force, to his centripe- 
tal Force or Gravitat on. The Forces of Gra- 
vitation therefore is of a quite different kind 
from the projectile Force, and cannot —_ 
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be compared with it, but only by a compound 
Proportion made up of a finite and an infinite 
P ion; as in this Propofition where B D- 


is equal to DC x 2BS, or BD' is equal to 


VS DC x 2BS, chat is, the projectile Force is 
in a ſubduplicate Proportion of the finite 

tity 2 BS, and the infinitely ſmall Quantity 
DC. But though the centripetal Force be thus 
ſmall compared with the projectile Force, yet 
by the laſt Corollary we may find how far and 
in how long Time a Body in deſcending, may 
by vertue of this Force, acquire a Velocity equal 
to that with which the Body revolves in the 
Circle; upon Suppoſition that the Action of the 
centripetal Force is uniform and conſtant, that 
is, the ſame at all Diſtances, and continually 
repeated; which Suppoſition is not indeed 
ſtrictly true, becauſe this Force (by the Prop.) 
decreaſes as the Squares of the Diſtances from 
the Center ; but here near the Surface of the 
Earth, where the Diſtances of deſcending Bo- 
dies, compared with the Diameter of the 


Earth, are but ſmall ; the Errors will be infen- 


fible. Now this being allowed, Galilæus, Hu- 


genius, and others, have demonſtrated, that a 


Fig. 43 


Body would run through twice the length of 
any Space deſcribed, by falling in a given Time, 
with an uniform Velocity equal to that acquired 
at the end of its falling ; which being granted, 
if in the Circumference of the Circle BD AB, 
we take the Arch B D equal to the Radius BS, 
and in the Diameter BA, we take B C equal to 
a 


« 
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Concerning CENTRIPETAL FORCES. 
a third to BA, BD; that is, if we 
take B C equal to half the Radius BS; then (55 
the laſt Corollary) BC will be the Space de- 
ſcribed by the falling Body in the ſame time that 
the Arch B D is deſcribed by the revolving Bo- 


dy: But (by the Hypotheſis) the falling Body, 


with the Velocity acquired in C, would run 
through twice the Space BC, in the fame 
Time, that is, it would run through the Arch 
BD; wherefore the Spaces deſcribed by the 
falling and by the revolving Body in the ſame 
Time being equal, the Velocities muſt be equal 


alſo. A Body therefore in falling through half 


the Radius or Diſtance from Center, ac- 
quires a Velocity equal to that with which ir 
revolves in the Circumference, or to its pro- 
jectile Velocity. 

Hexce it follows alſo, by way of Corol- 


lary, that if the centripetal Force acts uni- 
formly, the Spaces deſcribed by falling Bodies 


will be as the Squares of the Times, and the 
Velocities acquired will be fimply as the Times: 
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For BA « BC, BD, and BA «x Be =BE, Fig. 43. 


(by the Hypothefis;) but B A the Diameter is gi- 
ionable to BD, and 
Bc is proportionable to B &, and becauſe the Ve- 
locity with which the Body revolves in the Cir- 


ven, therefore B C is pr 


cle is equable, the Arches deſcribed are as the 


Times, and conſequently BD is proportionable 
to T and BA ionable to z* : therefore 
Bce:BC::#: I., chat is, the Spaces deſcribed 
are as the Squares of the Times. And becauſe 

2 | the 


Concerning CENTRIPETAL Forces. 
the Acceleration is uniform or proportionable to 
the Times, the Velocities acquired will be as 
the Times alſo. 


By ſuch fort of Propoſitions as this, Hugeni- 
us, in his famous Treatiſe de Horolggio ofcillatorio, 


compared the Force of Gravity with the cen- 
trifugal Forces of revolving Bodies; and by 


the help of this Propofition and its Corollaries, 
we may find out the Proportion of the centri- 
petal Force to any known Force, ſuch as that 
of Gravity is. For if a Body were revolved in 
a Circle concentrick to the Earth, by the Force 
of its Gravity ; this Gravity would be the very 
centripetal Force it ſelf; and from the Deſcent 
of heavy Bodies the Time of one Revolution 
is given, and the Arch deſcribed in any given 
Time, is alſo given by Corol. 11. Thus ſup- 

we would find out how long Time a 
Body would be in performing one Revolution 
at the Diſtance of the Superficies of the 
Earth from its Center ; it appears by repeated 
Experiments, that a Body in falling deſcribes 
fifteen Paris Feet and an Inch in one Second of 
Time, that is, in a fixtieth part of a Minute: 
It appears alſo from Experiments, that the 
Circumference of the Earth is 123249600 
of the ſame Feet, and its Diameter 3923 1600. 


Now (by the fore-mentioned Corol. 11.) if 


we fay, as 39231600, is to 123249600: fo 

is 123249600 to 387148826. This third 

Proportional is the number of Feet that the 

a tae aonadhc. + 
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but it deſcends fifteen Feet and an Inch in 


to 
49 a Second of Time, and it was before ſhown 
1. by Computation, it 
10, will deſcend 387148826 Feet in one Hour, 
— 
y 
8, 
$. 5 Earth from its Center: 
at — Arch deſcribed in a given 
in Time may be found. 
e 

; 


| kr Polygons AB, BC, CD, DE; ab, bc, cd, Fi 
die, of any number of Sides whatſoever. Then I 
if two encous Bodies in moving 

the fides of the Polygons with a given 

or equable Velocity, be reflected from the 
Circles at every one of the Angles, or at the 

Points A, B, C, D, E; à, ö, c, d, e; the Forces 

with which they ſtrike againſt the Circles 

will de as their Velocities; and therefore the 
Sums of their Forces in any given Time 
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Concerning CENTRIPETAL Force, 
in a given Time be, ſo many the more 
will the Number of Reflexions be; or the 
Numbers of Reflexions will be proportionable 
to the ſmallneſs of the Circles, and the 
length of the Arches of thoſe Circles de- 
ſcribed in the ſame time, or as the Veloci- 
ties directly, and the Radius's of the Circles 


inverſely ; that is, N: A:: N 2. therefore 
(by Subſtitution) C: c:: * : uy 
ſides of the Polygons be infinitely diminiſhed, 


ſo as to coincide with the Circles, the Forces 


will be to each other, as the Squares of the 
Velocities or Arches deſcribed in the ſame 
Time applied to the Radius's of the Cir- 
cles. Theſe are the centrifugal Forces with 
which the Bodies ſtrike againſt the Circles, 
and the contrary Forces with which the Cir- 
cles continually repel the Bodies towards their 
Center, is equal to them. 

By this Propoſition's being applied to the 
whole Planerary Syſtem, it appears likewiſe 
from the Phenomena, that the centripetal 


Force, and the Force of Gravitation in the 


heavenly Bodies, is the ſame, as well as here 
on the Earth; that it decreaſes as the Squares 
of the Diſtances, and is the fingle Princi- 
ple by whoſe continual Energy all the Pla- 
nets are kept in their reſpective Orbs about 
the Sun, as their common Center, and - 
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Orbs about their their 
Fi particular Planets, as | 


PHENOMENON TI. 
In the Satellities of Jupiter ( ſuppoſing the 
Per: 


4 


fixed Stars to be at ret) their periodical 


Times are in 4 ſeſquialterate Proportion of 


their Diſtances from his Center, (as . 
ought to be by Corol. 6.) — 


Tris is allowed by all Aſtronomers, and 
is alſo manifeſt from the following Table. 


The periodical Times of Jupiter's Satellities, 
1 18.27. 34". 3. 13. 13.42", 7 30. 42. 360. 


"/ 


16. 16", 32. 9 
The Diftances of the Satellities from the Cen- 
ter of Jupiter are A 


3 2 
1 ke 
5,5 J 8,78] 13,47 


By the Obſervations 
of Borellus. 


Townly by the Micro- 
meter. 

Caſſini by the Tele- 
ſcope. the Eclipſes 
of — 

By the periodical 
Times. 


TAE tions of the Satelliries of Ju- 
iter and his Diameter were determined by the 


K 2 beſt 
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beſt Micrometers in the following manner. 
The greateſt Heliocentrick Elongation of the 
fourth Satellity from the Center of Jupiter, 
was taken with a Tube of fifteen Feet long, 
and came out about 8. 16". at the mean Di- 
ſtance of Jupiter from the Earth. The 
greateſt Elongation of the third Satellity was 
taken with a Micrometer in a Teleſcope of 123 
Feet long, and came out 4. 42. The greateſt 
Elongations of the reſt of the Satellities, at 
the ſame Diſtance from the Earth, come our 
by the periodical Times 2. 56". 47". and 1. 
C1”. 6 | 

Tur Diameter of Jupiter was ſeveral 
times taken with a Micrometer, in a Tele- 
ſcope of 123 Feet long, and when feduced 
to the mean Diſtance of Jupiter from the 
Sun or the Earth, always came out leſs than 
40. but never leſs than 38". very frequent- 
ly 39". In ſhorter Teleſcopes, this Diame- 
ter is 400. or 41. For the Light of Ju- 
iter is ſomething dilated by the unequal 
Refrangibility, and this Dilatation bears a leſs 
Proportion to his Diameter in very long and 
more perfect Teleſc 
leſs perfect ones. The Times in which two 
of the Satellities, the firſt and the third, paſ- 
ſed over the Body of Jupiter, from the be- 
ginning of their entring into his Body, to the 
beginning of their coming out; and from 
their being entirely entered, to their being 
entirely come out, were obſerved with the 


than in ſhorter and 


ſams 


i 


very 
the firſt, ſecond, third and fourth Satellities 
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fame And the Diameter of 


T 
Fupiter, at his mean Diſtance from the Earth, 
came out by the P 


aſſage of the Satellity 
37 5 and by the Paſſage of the third, it 
came out 37 4. The Time in which the 
Shadow of the firſt Satellity paſſed over the 
Body of Jupiter, was alſo obſerved, and by 
that means the Diameter of Jupiter, at his 
mean Diſtance from the Earth, came out 
about 37. Let us take his Diameter at 37 f, 

, and the greateſt Elongations of 


will be _ 9,494; 15,141; and 
26,63 Semidiameters of Jupiter reſpectively. 


PHENOMENON I. 


In the Satellities of Saturn ( ſuppoſing the 
fixed Stars to be at reft) their periodical 
Times are in a ſeſquialterate Proportion of 
their Diſtances from his Center. 


For Caſſinus has by his own Obſervations 


determined their Diſtances from the Center 


of Saturn, and their periodical Times to be 
as follow. 


The geriedical Times of the Satellities ef Sa- 


Turn. 


1.2 . 18. 27. 2. 17). 41.22". J. 1a. 2. 12% 


15.22%. 41. 14. 79%. 7. 48. 00 
K 3 


The 
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The Diſtances E the Satellities from the Cen- 


fer of Saturn, im Semidiameters of his 
Ring. 
BY Sm 135. 2. 33. $. 24. 
Nis 13. 247-345-8. 23,35. 
Tu teſt of the fourth 


Satellity the Center of Saturn, uſes to 
be computed at very near eight Semidiame- 
ters. But the greateſt tion of this Sa- 
relliry from the Center of Saturn, taken by 
one of the beſt Micrometers in Mr. Huge- 
nius's Teleſcope of 123 Feet long, came out 
eight Semidiameters and ſeven tenth parts of 
2 Semidiameter. Now by this Obſervation 
and the periodical Times, the Diſtances of 
the Satellities from the Center of Saturn, 
in Semidiameters of his Ring, are 2, 1. 2,69. 
3.75. 8,7. and 25,35. The Diameter of Sa- 
turn, by . was to the 
Diameter of che Ring, as 3 to 7, and the 
. of the Ring in a 28h and 2gth 

ys of May 1719, Ri out 43. whence 
rg Diameter of the Ring, in the mean Di- 
ſtance of Saturn from the is 42”, and the 
Diameter of Saturn himſelf 18. Theſe things 
are thus in the longeſt and beſt Teleſcopes, be- 
cauſe the apparent Magnitudes of the c#- 


leſtial Bodies, through very long 2 
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PHENOMENON Iv. 


The periodical Times the mary 
; Planes, and that 74 ag the 
Earth, or the Earth about the Sun (if the 
fixed Stars be at reſt) are in a £# uial- 
terate Proportion of their mean Diſtances 
from the Sun. 
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periodical Times of the Planets and Earth 
about the Sun, with reſpet? to the fixed 
Stars, in Days and decimal parts of a Day. 
R * * 
10759275: 4332.5 14- 636.9705. 
365,2565. 224,6176. 87,9692. 


The mean Diſtances of the Planets and Earth 
from the Sun. 


3 Kepler, n 
95 519550 I 523 50. 
724000 38806. 


72398. 38585. 


100OOO. 72333. 38710. 


THERE can be no Diſpute 
Diſtances of Mercury and 
Sun, becauſe are determined 
from the Sun ; neither 
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Concerning CENTRIPETAL Forces. 
caſts, is determined, and by that means his 
Heliocentrick Longitude is had; and from 
comparing his Heliocentrick and Geocentrick 
Longitudes with each other, the Diſtance of 
Jupiter is determined. This you may ſee 
demonſtrated in Dr. Keil 's Aſtronomical Lec- 
ture XVI. 

HENCE the following Propoſitions may 
be deduced. 


I. The Forces with which the Satellities of 
Jupiter are perpetually drawn from therr 
Motions in 2 Lines, and kept in their 
everal Orbs, is recipracally as the Squares 
of their Diſtances from the Center of Fu- 
peer. 


Tr1s is evident from the firſt Phænome- 
non, and the fixth Corol. of this Propoſi- 
tion. 

Ax p the fame thing is to be under- 
ſtood of the Satellities of Saturn, by the 
me Corol. and the ſecond Phænomenon. 


II. The Forces with which the primary Pla- 
nets are perpetually drawn from their Mo- 
tions in freight Lines, and kept in their 
ſeveral Orbs, is reciprocally as the Squares 
of their Diſtances from the Sun. | 


By the fame Corol. and the fourth Pha. 
nomenon. 
III. The 
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III. The Moon gravitates towards the Earth, 
and by the Force of its Gravitation, is 
perpetually drawn from its Motion in 4 
ftreight Line, and kept in its Orb. 


Tur mean Diſtance of the Moon from 
the Earth is in its Syzygies, according to 
Ptolomy, and moſt Aitronomers, fifty nine 
Semidiameters of the Earth, according to 
Vendelinus and Hugenius ſixty, according to 
Corpernicus ſixty and one third part, accord- 
ing to Street fixty and two br ag rts, and 
acording to Tycho fifty-ſix and a half But 
Tycho, and all they that follow his Tables 
of Refractions, by making the Refractions of 
the Sun and Moon (directly contrary to the 
Nature of Light) greater than that of the 
fixed Stars by four or five Minutes, make 
the Moon's Parallax greater than it ſhould 
be by ſo many Minutes, that is, about a 
twelfth cr a fifteenth part of the whole 
Parallax. Let that Error be corrected, and 
the Diſtance will be fixty Semidiameters of 
the Earth and a half, which is pretty hear 


hat others have commonly made it. Me 


will take the mean Diſtance in the Syzygics 
to be fixty 
cal Time, with reſpe& to the fixed Stars, to 
be 27 Days, 7 Hours and 43 Minutes, 3 
agreed on by Aſtronomers ; and let the Cir- 
cumference of the Earth be the fame woo 


Semidiameters; and rhe period:- 
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the French determined by meaſuring, vis, 
123249600 Paris Feet. Then if we ſup- 
the Moon's Motion to be entirely ſtop- 
ped; and that the Moon be let fall in ſuch 
a manner, as to deſcend towards the Earth 
with all that Force with which it is re- 


rained in its Orb, it would in falling deſcribe 


fifteen Paris Feet and an Inch in a Minute 
of Time. This may be computed from 
Corol. 11. exactly in the fame manner as 
was juſt now computed, when we compared 
an entire Revolution of a Body, at the Di- 
ſtance of the Earth's Su ies, with Gra- 
vitation. For the verſed Sine of an Arch de- 
ſcribed by the Moon in one Minute of Time, 
with his mean Motion at the Diſtance of fixty 
Semidiameters of the Earth, is about fifteen 
Paris Feet and an Inch, or more accurately, 
15 Feet, 1 Inch and 1 4 cf a Line; whence 
it follows, becauſe (by this Prop.) this Force, 
as it comes nearer the Earth, increaſes as the 
Square of the Diſtance decreaſes, and conſe- 
quently is fixty times fixty greater at the 
Superſicies of the Earth than at the Moon; 
hence, I ſay, it follows, that a Body falling 


here upon the Earth with that Force fo in- 


creaſed, would deſcribe fixty times fixry, mul- 
tiplied by fifteen Paris Feet and one Inch, 
in one Minute of Time; or, becauſe the 
Spaces deſcribed are as the Squares of the 
Times, it would deſcribe fifreen Paris Feet 
and an Inch in a Second of Time; or, more 
| accurately, 
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accurately, 15 Paris Feet, 1 Inch and 14 of 
a Line; ſo that a Body is a whole Minute 
in falling the ſame Space at the Diſtance of 
the Moon, that it falls in a Second here upon 
the Surface of the Earth. For in the Lati- 
tude of Paris, a Pendulum that vibrates Se- 


conds, is three Paris Feet and 8; Lines long, 
as H. 
2 


ugenius obſerved. And the Space which 

heavy Body deſcribes by falling in a Se- 
cond of Time, is to half the length of ſuch 
a Pendulum; in a duplicate Proportion of 
the Circumference of the Circle, to the Dia- 
meter (as the fame Hugenius has ſhewn) and 
is therefore 15 Paris Feet 1 Inch and 13 
of a Line. Wherefore if the Moon were to 
deſcend to the Superficies of the Earth, the 
Force by which it is kept in its Orb would 
become equal to the Force of Gravity here; 
and therefore (by Rule I. and II.) is the very 
fame Force which we commonly call Gra- 
vity. For if Gravity were ſomething that is 
different from this Force, Bodies in deſcend- 


ing towards the Earth with both theſe Forces 


united together, would move twice as faſt, 
and in a Second of Time would in falling 
deſcribe 30+ Paris Feet, which is con 

to all Experience. 


SCHOLIUM. 


* = — . 

Tur Demonſtr-+10 - fſeſt Propoſi- 
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following manner. If there were ſeveral Moons 
revolving about this Earth, as there is in the 
Syſtem of Saturn and Jupiter: their periodi- 
cal Times would obſerve the fame Law as 
that taken notice of by Kepler in the Planets 
(by Induction.) and therefore their centriperal 
Forces would be reciprocally as the * 
of their Diſtances from the Center the 
Earth (by the firſt of theſe Propoſitions.) And 
if the neareſt of theſe Moons were a ſmall 
one, and very nearly touched the Tops of 
the higheſt Mountains; the centripetal Force 
by which it 1s retained in its Orb, would be 
very near equal to the Gravity of Bodies upon 
the Top of thoſe Mountains (by the fore- 
going Computation,) and would cauſe that Moon, 
if it were deprived of all that Motion with 
which it goes along in its Orb, to deſcend 
towards the Earth, for want of that Centri- 
fugal by which it is kept in its Orb; and 
that with the fame Velocity with which 
heavy Bodies fall on the Tops of the fame 
Mountains; becauſe the Forces with which 
they deſcend are equal. For if the Force 
with which this neareſt Moon deſcends, were 
different from Gravity ; and this Moon were 
heavy beſides, and tended towards the Earth, 
as all other Bodies on the Tops of theſe 
Mountains do; this Moon would deſcend 
twice as faſt as they, becauſe of both the 
Forces united together. Wherefore fince theſe 
two Forces, viz. the Forces of heavy Bodies 
"a 


and 
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Force by which the 
retained in its Orb, is that very 
we commonly call Gravity ; 
not fo, the Moon now men- 
near the Top of the Mountain, muſt 
be affirmed either to be without any Gra- 
vity at all, or allowed to fall twice as faſt as 
any heavy Bodies do. 


TV. The Satellities of Jupiter gravitate to- 


wards Jupiter, the Satellities of Saturn 
gravitate towards Saturn, and the Planets 
gravitate towards the Sun, and are drawn 
from their rectilinear Motions, and kept in 
curvilinear Orbs by the Force of this Gra- 
vity. 


For the Revolutions of the Satellities of 
Jupiter about Jupiter, and the Revolutions 
of the Satellities of Saturn about Saturn, 


and the Revolutions of Mercury and Venus, 


and the reſt of the Planets about the Sun, 
are Phænomena of the fame kind as the Re- 
volution of the Moon about the Earth; and 
therefore (by Rule II.) they muſt depend upon 
the fame fort of Cauſe: eſpecially fince it 
has been demonſtrated that the Forces upon 
which thoſe Revolutions depend, tend 2 
war 


143 


144 


tion towards all the Planets. For no Body 
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wards the Centers of Jupiter, Saturn, and 
the Sun, and that in from thoſe 
Centers, 1 bo Go 
and according to the fame Law, as the Force 
of Gravity does in receding from the Earth. 

Corol. 1. THERE is therefore a Gravita- 


doubts but that Venus and , and the 
reſt of them, are Bodies of the ſame kind 
with Jupiter and Saturn. And fince all At- 
traction is —— the third Law of 
Motion,) F gravitate towards all 
his om eg Saturn towards all his Satelli- 
tics, the Earth muſt gravitate rowards the 
Moon, and the Sun towards all the primary 
Planers. 

Corel. 2. Tue Gravity tending towards 
every Planet is reciprocally as the Square of 
the Diſtance from the Center. | 

Carol. 3. Tre Planets all gravitate towards 
each other (by Cor. 1. and 2;) and hence it 
follows that Jupiter and Saturn, when they 
are nearly in Conjunction, muſt ſenſibly di- 
ſturb one another's Motion, by their mutual 
Attraction; the Sun muſt alſo, for the ſame 
Reaſon, diſturb the Moon's Motion, and the 
Sun and Moon diſturb our Sea. 


SCHOLTU M. 
Tur Force with which the Czleſtial ial Bo- 


dies are retained in their Orbs, has been hi- 
| therto 


* 
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therro called a centripetal Force; ir is now 
manifeſt, that it is no other than the Force 
of Gravity, and therefore for the future we 
ſhall call it Gravity. For the Cauſe of that 
centripetal Force by which the Moon is re- 
tained in his Orb, ought to be extended to 
all the Planets, (5y Rules 2. and 4.) 


PRO POSITION V. PROBLEM I. 


In any places whatftever, the V. elecity being 
given with which a Body deſcribes a given 
Figure, with Forces tending te any common 
Center; it is required ti find that Center. 


Leer the three ſtreig 
VR, touch the Figure deſcribed in ſo many 
points P, Q, R, and meet each other in T and 
V. Let the Lines PA, QBRC, be erected 
3 to theſe Tangents, and let chem 

reciprocally proportionable to the Veloci- 
ties of the Body in the Points P, Q, R, from 
whence they are erected; that is, let PA, be 
to PQ, as the Velocity in Q, is to the Velo- 
city in P, and let QB, be to RC, as the 
Velocity in R, to the Velocity in Q. Through 
the Terms or Ends of the Perpendiculars 
A, B, C, let AD, DBE, EC, be drawn at 
right Angles, and meet each other in D and 
E: Then, if the Lines TD, VE, be drawn 
and produced, they will meet in S, the Cen- 


* L. Fork 
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For the Perpendiculars SF, SH, SL, ler 
fall from the Center 8, upon the Tangents F T, 
TV, VL, are reci ly as the Velocities of 
the Bodies in the Points P, Q and R, (by Cor. 1. 
Prop. 1.) and therefore (by the Conſtruction) as 
the Perpendiculars AP, BQ. CR, directly; that 
is, as the Perpendiculars DG, DI, E K, ler 
fall from the Points D and E, to the Tangents : 


Now becauſe the Proportions of SF, to 8 H; 
DG, to DI; and IT, to GT, are the fame, 
that is, are reciprocally as the Velocities in P 
and Q; therefore (by the Elements) SF TH, 
and 


and GDIT, are fimilar Parallel 
SDT, a Diagonal; and conſequently the 
Points 8, D, T, lie 1 ſtreight 13 

the ſame Argument Points 8, E, V, II 
2288 Line alſo; and therefore the 
Center 8 is in the Point where the two ſtreight 
Lines T D, VE, meet. W. W. D. 


PRO POSITION VI. TREOREM V. 


If in a Space where there is no Refiſtence, a Body 
be revolved in any Orb whatſoever, about 
an immoveable Center, and deſcribes any 
incremental Arch, or Arch generated in 4 
very ſmall time, and the verſed Sine of this 
Arch be conceived to be jo drawn as to 
biſect its Chord, and being produced, paſſes 
through the Center of the Forces ; the cen- 
tripetal Force in the middle of this 2 

2 


* 
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will be as the verſed Sine directly, and 
the Square of the Time inverſely. 


LeT OV be the incremental Arch, OL V, Fig. 46. 
its Chord, biſected in L; let the verſed Sine 
LR be fo drawn, that when produced, it may 
s through 8, the Center of the Forces, and 
I be put for the Particle of Time in which 
the Arch OV is deſcribed : I fay, that the cen- 
tripetal Force C, in the Point R, is propor- 
tional to = For ſuppoſe a ſmaller Arch 
IV to be deſcribed in a given Time , the 
verſed Sine of this Arch, viz. QP; is as the 
centripetal Force C; (by Corol. 4. Prop. I.) but 
if the given Time 7 be increaſed in any Propor- 
tion whatſoever, the Arch I V will be increaſed 
in the ſame Proportion; that is, when ? becomes 
equal to T; I V will become equal to OV, (be- 
cauſe the Velocity being given, the Times are 
as the Spaces deſcribed;) And when the verſed 
Sine QP becomes equal to LR, it increaſes 
as the Square of the Arch OR, or as the Square 
of the Time T (S/ Corol. 2. and 3. Lem. XI.) The 
verſed Sine LR therefore is in the compound 
ion of the Force C, and the Square of 
the Time T; that is, LR=CxT,, or dividing 


boch fides by T., it will be E = C. And 


the fame Demonſtration. holds for any other 
incremental Arch ov. So that whatever Propor- 
L 2 tion 
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tion the Times in which the Arches OV, 
ov, are deſcribed, bear to each other (as T 
to T, ſuppoſe) the centri Forces in R 
and r will be to each , as the verſed 
Sines RL, 71, directly, and the Squares of 
thoſe Times inverſely; that is, C: :: 
LER. . W.W.D 

T* . 7 . . - 


Tur fame may alſo eaſily be demon- 
ſtrated by Corol. 4. Lem. X. thus. 

Ir the Forces in R and r be given, the 
Spaces deſcribed, viz. LR, Ir, are as the 
Squares of the Times (by that Lemma.) but 
if thoſe Forces be not given, then the Spaces 
deſcribed will be as the Squares of the Limes 
and the Forces together; that is, LR will 
be as C « T*, and /r, as cx, the fame 
Proportions as before. W. W. D. 

Corol. 1. If the Body P in revolving about 
the Center 8, deſcribes the curve Line APQ; 
and if the ſtreight Line Z PR touch this 
Curve in any point P, and from any other 


point of the Curve, as Q, there be drawn 


to the Tangent, the Line QR, parallel to 
the Diſtance SP, and from the ſame point O. 
there be let fall QT perpendicular to the 
ſame Diſtance 8 P: che centripetal Force will 


be reciprocally as the Solid = R « if 


you always take the laſt Proportion of this 
Solid, when the points Q and P coincide. 
| For 
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For QR is equal to the verſed Sine of twice 
the Arch QP, in the middle of which the 
point P is, (by the Conſtruction;) and twice the 
Triangle SQP, which is equal to SPxQT, 
(by the Elements ;) is proportionable to the Time 
in which twice the Arch QP is deſcribed: 
(by Prop. I.) wherefore if in the Proportion 


above, viz. 52= C. we put Q. inſtead of 
LR, and SP* » QT}, inſtead of T-, it will be 


C= — 


that is, the centripetal Force 


is as reciprocally. 

Corel. 2. By the fame A nt the centri- 
tripetal Force is reciprocally as the Solid 
S. if SY be a Perpendicular let fall 
from S, the Center of the Forces, to the 


Tangent of the Orb PR. For the point Q 


being infinitely near R, the right-angled Tri- 
angles QTP, SVP, are ſimilar (by zhe 
Elements.) and conſequently the Rectangles 
SY - and SP «QT, are equal; there- 
fore (by Subſtitution Let on of the 
X 
W Granny) ö 


is equal to 


L 3 _ Coral. 
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ſame Curvature, and the ſame Radius of 


for S I, we put 
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Corel. 3. Ir the Orb APQ, be a Circle, 
or touches a Circle concentrically, or cuts it 
concentrically, that is, if it makes QPV 
the Angle of Contact or of Sefticn with the 
Circle, the leaſt that can be, having the 


Curvature at the point P, viz. CP. (See 
Milnes's Conick Sections, Part III. Prop. X.) 
And if PV be a Chord of this Circle drawn 
from the Body through the Center of Forces ; 
the centripetal Force will be reciprocally as 
the Solid 8 VPV. For (by the T9 of 
the Circle) VT&TP=QT. when Q is in- 

finitely near P; and TP being infinitely leſs, 
or bearing no finite Pr ion to VT; VP 
and V T may be looked upon as equal, or 
may be put for a doe ths Los 1) 


Wherefore PV = RE. Let PV be put in 
the Proportion of 9 foregoing Corollary 


SF r E and it will be SY:xPV. 


3 


Carol. 4. Tux fame chings being ſuppoſed, 
the centripetal Force is as the Square of the 


Velocity directly, and the Chord PV in- 
verſely. For the Velocity is reci 


y as 
the ** k SY (by Cor. 1. Prop. I.) 
or V* N 7" : Therefore, if in the Propor- 
tion of the 3 Corollary 8 VPV, 
the Reciprocal of 
SY*xPV, 


Tr 
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SY:xV, will become PV. that is, as the 


Square of the Velocity directly, and the Chord 
PV inverſely. p 


vilinear Figure APQ be given, and there be 
alſo given any point S in it, to which the cen- 


triperal Force is continually direQted ; we may 


find the Law of the centri Force 
which any Body P is ly drawn from 
its rectilinear Courſe, and kept in the Peri- 
meter of that Figure, and by revolving de- 
ſcribes it. For this Force is every where 
a: the Solid C or as the Solid 


SY*ﬀxPV; now theſe are general Propor- 
tions, and will hold for all Curves; therefore 
when any particular Curve is given, as a 
Circle, Ellipſis, Spiral, &c. and the particu- 
lar Point to which the Forces are directed, 


will the Law of the Forces be given in 
known Terms. Of this we ſhall give Ex- 
amples in the following Problems. | 


PrRoPosITion VII. PROBLEM II. 


If a my revolve in the Ci 2 of 


a Circle; it is required to find the Law 


L 4 of 


Corol. 5. HE N c z it follows; that if any cur- 
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of the centripetal Force, tending to any gi- 


ven Point whatſoever. 


LET VQPA be the Circumference of a 
Circle; S the given Point to which the 
Fig. 49, Force tends as to its Center. P the Body 
revolving in the Circumference ; Q the place 
into which it immediately moves out of P. 
and PRZ a Tangent the Circle at the 
point P. Let the Chord PV be drawn through 
the point S, and having drawn the Diame- 
ter of the Circle VA, let A,P be joined; 
further, from the point Q let QT be let 
fall perpendicular to SP, and produced till 
it meets the Tangent PR in Z; laſtly, 
through the point Q let LR be drawn paral- 
lel ro SP, meeting the Circle in L, and the 
Tangent PZ in R. Now becauſe QR is 
parallel to TP, and ZT parallel to PA, 
the Triangles ZQR, ZTP, and VPA, are 
ſimilar (% the Elements;) and therefore RP. 
that is, QRL (by the Property of the Cir- 
cle and Lemma J.) is to QT, as AV* to 
P V*. conſequently SEES. $1 
QT*. Let theſe two equal Quantities be 
multiplied by W and let PV be pur in- 
ſtead of RL, when the point Q coincides 
with P, (by Lemma I.) and then wW_ 1 2 
will 
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will be equal to CR | Bur (by Gor. 1. 
and 5th of Prop. VI.) the centripetal Force 
R therefore it 


is alſo reciprocally as e = which is 
SP* > QT* 


equal to W that is, (becauſe A V* 


is given, or is an unalterable Quantity, 
and therefore makes no Variation in the 
Proportion, and conſequently may be left 
out) it is reciprocally as 8 PMP V3, or re- 
ciprocally as the Square of the Diſtance 
or Height SP, and the Cube of the Chord 
PV together. W. W.S. 


The ſame demonſtrated another way. 


Lr the Tangent PR be produced, and 
SY be let fall ndicular to it, then 
the Triangle Z TP being ſimilar to each of 
the Triangles 8 VP and VPA (becauſe the 
Angle SPY 1s common to both the Triangles 
SVP, Z TP, and is alſo equal to the Angle V AP, 


is reciprocally as 


by Prop. 32. Book III. of the Elements.) 


it is manifeſt, that the Triangles SY P and 
VPA are fimilar alſo; conſequently AV, is 
to PV; as SP to SY; and (by Multiplica- 
tion and Diviſion) LET 
and (by fquaring each of theſe Quantities, oo 

multi- 


is equal to SY, 


153 


154 Concerning CENTRIPETAL Fox cs. 


multiplying them by PV.) el LA will be 


equal to SY* x PV. And therefore (by Sub- 
firtution, as before in Carol. 3d and 5th, Prop. VI.) 
the centri Force will be reciprocally as 
. that is, reciprocally as 8 PPV 


(becauſe A W. is a given Quantizy.) W. W. S. 
Cor. 1. HENCE it follows, that if the gi- 
ven point 8, to which the centripetal Force 
always tends, be placed any where in the 
Circumference of the Circle, ſuppoſe at V; 
then the centripetal Force will be recipro- 
cally as the quadrato Cube, or fifth Power 
of the Diſtance or Altitude SP; becauſe in 
this Caſe SP* becomes equal to PV, con- 
ſequently, if in the Quantity 8 PNP V3, we 
t PV* for its equal PS, it will be SP* x 
VPV. W. WS. 
Cor. 2. THE Force with which a 
Fig. 49. P is revolved in the Circle APT V, is to 
the Force with which the ſame Body P may 
be revolved in the ſame Circle, about any 
other Center of Forces R, and in the ſame 
iodical Time (for if the periodical Time 
not the ſame, the Velocity of the revolving 
Bady P will be increafed or decreaſed, and con- 
ſequently the centripetal Force will alſo be in- 
creaſed or decreaſed, as the Square of the Ve- 
locity by Lem. XI.) as RP*xSP to the Cube 
of the ſtreight Line SG, drawn from the firft 
Center of Forces, to the Tangent of the Orb 
PG, and parallel to RP, the Diſtance 3 
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ſame from the other Center of Forces, 
For by the Conſtruction of this Propofition, 
the firſt Force towards the Center R, is to the 
ſecond Force towards the Center 8; as 
RP*xP T3, to SP*xPV3, or (multiplying 
each of theſe Quantities by SP, and tranſpo- 
ing PT.) the fame Forces will be to each 
other, as RP*xSP % LEV. Now be- 
cauſe RP is parallel to SG, the Triangles 
PSG and IPV are fimilar, and conſe- 
quently SG:SP::PV:PT. and (by multi- 
plying the Extremes and Means, and tranſpo- 


fg PT;) it will be SG= , and 


by Involution, SG = TEL. Let S053 


be ſubſtituted for 3 and the cen- 
1 Forces will be to each other, as 
RP*xSP, to 863. 
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Cor. 3. Trex Force with which the Body 


P is revolved about the Center S in 
Orb whatſoever (Ellipſis, Oval, &c.) is to the 
Force with which the ſame Body P may be re- 
volved about any other Center of the Forces 
R, and in the fame periodical Time; as 
SPxRP*, that is, as the Diſtance of the 

from the firſt Center of Forces S, 
multiplied by the Square of its Diſtance from 
the other Center of Forces R; to the Cube 
of the ſtreight Line SG, drawn from the 


firſt 


any Fig. 50. 
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firſt Center of Forces 8 to the Tangent of 
the Orb PG; and parallel to RP, the Di- 
ſtance of the fame Body from the ſecond 
Center of Forces. For the Forces in this Orb 
are the ſame in any point P whatſoever, as they 
are in a Circle of the fame Curvature. For 
let PC be drawn icular to PG, and 
equal to the Radius of Curvature ; and on the 
Center C, with this diſtance, let the Circle 
BPO be deſcribed, which will be equicurval 
to the point P of the Ellipfs (by Prop. X, &c. 
Part IIL of Milnes's Conzck Sections) conſequent- 
ly the centriperal Force in the point P, is the 
fine, whether the Body P moves in the Ellip- 


AP TV, or in the Circle BPO; becauſe at 


their Interſection or Coincidence P, the ele- 
mentary Arches or their verſed Sines are equal; 
and therefore the Proportion of this ſame Force 
when tending to 8 or to R, is the ſame as before, 
viz. as RP*xSP ro SG. 


ProPosITioN VIII. ProBLEM III. 
Let a Body be mwoed in à Semicircle PQ A: 


In order hereunto it is neceſſary that the cen- 
tripetal Force ſhould tend to a Point 8, at (5 

great a Diſtance, that all the Lines PS, RS, 
drawn to that Point, may be looked upon as 
parallel; 6therwiſe the Body will nove in a 
whole Circle about 8, as its Center: upon this 
Suppoſition, it is required to find the Law of 
the centripetal Force tending to 8, at an infi- 
nite Diſtance. 


Fzox 
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From C, the Center of the Semicircle, 


let the Semidamerer C A be drawn, cutting the Fig. 61. 


parallel Lines PR, RS, in M and N, and ler 
CP be joined. Then becauſe QR is el to 
P T, the Triangles PZ T, and RZQ are ſimi- 
lar; and becauſe the Angle Z PT, is the Com- 
plement of the Angles MPC, and PZ T, to 
a right Angle, the Triangles MPC, and Z PT, 
are alſo ſimilar ; conſequently (by /quaring the 
homologous or correſponding Sides) CP*, is to 
PM.; as PR, ro QT“; and (by the Property 
of the Circle) PR* is equal to the Rectangle 
QRxRNxQN,; chat is, when the Points 
and P coincide (by Lemma 1.) PR is equal to 
the Rectangle Q R x 2PM. Therefore (by Sub- 
flitution) CP*, is to PM; as QRx2PM, to 
QT, and (by Multiplication and Tranſpojition) 
' 1 | 2PM ied al Je: 
ar” is equal to Sp again (multi- 
plying each of theſe Quantities by 8 P.,) it will be 
QT nor equal to 2ÞP MSP 3 
N n 
(by Subſtitution in the Proportion of Cor. 1. and 
5. Prop. VI.) the centripetal Force is recipro- 
3 2 
cally as e that is, leaving out the 
28 P 


— —-¼—Btç 


* 
centripetal Force is reciprocally as P M3, 
W. W. D. 


; determinate or given Proportion 


TRE 


* 
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Tux fame P ion may eaſily be col- 
lected from the — Propoition. For 
the centripetal Force was there reci 

as SP*xP V3; but when SP becomes infinite, 
it may be left out of the Proportion, and PV 
will then become pr 7 le to MP, be- 
cauſe MS is infinite alſo; ſo that in this Caſe 
P V3 will be proportionable to PM, and may 
be put for it. W. W. D. 


SCOLIUM. 


By pretty much the ſame way of Arguing, 
a Body will be found to move in an Ellipſis, or 
an Hyperbola, or a Parabola, with a centripe- 
tal Force, which is reci ly as the Cube of 
the ordinate Applicate tending to the Center 
of Forces ſuppoſed to be at the greateſt Diſtance 

ible; for in every one of theſe Figures 

R* is proportionable to the Rectangle Q P x 
2 PM, by the Properties of the Conick Sec- 
tions. (See L' Hoſpital, Book IV. Prop. XIII.) 


PRoPosI1TIOoN IX. PROBLEM IV. 


Let a Body revolve in the Spiral PQ, p98, 
cutting all the Radius's SP, SQ, Sc. in a 
given Angle, that is, ſo that the Angles 
QPS, #QS, Sc. may be equal; it is requir'd 
to find the Law of the centripetal Force tend- 
ing to S, the Center of the Spiral. 


LET 


Concerning Cx TRIPETALFORCES. 
Laer the indefinitely ſmall Angles PS Q, 


g Sg, be given, or be eq 45; 1 then Fig. 52. 
e che 


Angles QPs, QSP; 78, 
98, are equal Lr the le. 
it) therefore the Triangles Gk, Sqgp, are 
ſimilar (by the Elements.) and becauſe W 
is parallel and QT „ . 
and gr parallel, qt perpendicular to 
Sp; therefore he F . SPRQT, and 
4 given in Species, that is, are of 
Kind, or ſimilar to each other, and 
conſequently all the homologous or correſpon- 
dent Sides of theſe Figures are proportionable 


to the whole, and to each other (by the Ele- 


ments.) Therefore the Proportion of QT to 
Q is given, that is, QT, QR::4#: qr. and 


15 is as QT, that is (becauſe the Species or 


Kind of the Figure is given) as SP; or W 
:8P:: ©: Sp. Let the Angles PSQ, 589, 
be any LA alter'd by increafing or diminiſhing 
them; then (by Lemma XI.) the ſtreight Lines 
QR. qr, ſubtending the Angles of Contact 
QPR, r, will be altered in a duplicate Pro- 
portion of PR or QT; pr or t, that is, 
QR: g:: PR or QT*: or gf. There- 
fore however the Angles PS Q, 289, be al- 
tered, the Proportion of as to S P will re- 


main 
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main the ſame as before, viz. as _ to S p. 
Wherefore if each of theſe Proportions be mul- 


tiplied $P*, Sp, it will be SP: 
25. : Sþ*. Therefore (by Corol. 1. and 


qr 
5. Prop. 6.) the centripetal Force is reci 
as the Cube of the Diſtance SP. W. W. D. 


The ſame demonſtrated another way. 


LET SY be let fall from 8 perpendicular 
to the Tangent PV, then let PC be drawn 
rpendicular to PV, or parallel toSY, and 
C icular to S P, the Interſection C of 
theſe two Lines will be the Radius of the Cir- 
cle PV, equicurval to the point of the Spiral 
P. (See L' Hoſpital Infiniment petits. Section V. 
$91.) and PV, the Chord of the Circle, cut- 
ting the Spiral concentrically. Now becauſe 
the Triangle SPY is given, to which the Tri- 
angle LPC is fimilar, CP being parallel to 
SY; and becauſe CP is the Radius of the Cir- 
cle PV, therefore the Proportions of the Per- 
ndicular SY, and the Chord PV to the 
Diſtance SP are given; that is, SYxPV is 
ionable to SP, and conſequently any 
Compoſition of theſe Quantities are p 
tionable to each other: Therefore 8 P3 is pro- 
portionable to SY*xP V, that is, ( _— 


Cucernim CERT III TAL Forces. 
and g. Prop. VI.) SP? is as the centripetal 
. 


SCHOLIUM. 


muſt revolve in a Spiral, for (by Cor. 8 
_— WY revolve in a 


LEMMA XIL 
Al the Parallelograms deſcribed about any conju- 


ate Diameters of a given Ellipfis or Hyper- 
Gola, are equal to each other. 


Trn1rs Lemma is demonſtrated in the XIth 
Propofition of the ſecond Part of Miluess 
Conick Sections. 


PROFPOĩSITION X. PROBLEM V. 


Let a Body be revolved in an Ellipſis, it is re- 
guired to find the Law 
tending to the Center of the Elli 


of the + x Force 
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LzT CA,CB, be the Semiaxes of the El- Fig. 54, 


lipfis; GP, DK, two other conjugate Diame- 
ters; PF, QT, Perpendiculars to theſe Dia- 
meters; Qu, an ordinate Applicate to the 

M - Diame- 
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FRY and it will be XE. _ 2BC:xCA* 
| . R _ 


Concerniug CENTRIPETAL Forces. 


Diameter GP. Now if the Parallelogram 
Q»PR be compleated, then (by Prop. XVIII. 
Part I. of Mülners Conicł Sections.) 

PU GG: Q:: PC: CDF. Butbecauſe Qꝝ 
is parallel to 
CK, therefore 


Qu P:: O: PF. 


ing . 7 
portions _ 
| each other, and 
dividing bv. 


PoxvG:QT*::PC*xPC*: CD*xPF* and 
( by Tranſpoſi- 


tion.) 
0 r .. 
8 for Pv, and (by Lemma XII.) 
B CxCA be put for SbxPF. and when the 
points Q and P coincide, let 2 PC be put for 
vG (by Lemma l.) and let the middle Terms 
and the extreme Terms be multiplied 


| C L 
Wherefore (by Cor. 5, Prop. VI.) the centri- 
2 peral 


Concerning CENTRITE TAL Fonkcxs. 


1 2 BCC A* 
petal Force will be reciprocally as 5 


that is, (becauſe 2 BCM CA is @ given Quan- 
tity, and may be left out of the Proportion) re- 
ciprocally as 50 or directly as the Diſtance 
PC. w. W. D. 


The ſame demonſtrated another way. 
In the ſtreight Line PG on the other fide 


of T, let the point à be taken, fo that Tu 
may be equal to T v; and let a V be fo taken, 


that it may be aV:vG:: DC*: PC.. Now, 
becauſe (by Prop. XVIII. Part I. of Milnes's 
Conch Seftions) Q.: PuxvG:: DC: PC.. 
Therefore ( by the Elements) uV : vG:: 
Q: Px VG. And multiplying the Ex- 
tremes and Means, and dividing by v G, it will 
be Q =PoxuV. Let the Rectangle 2 PP 
be added to each fide of this Equation, and the 
Square of the Chord of the Arch QP will be- 
come equal to the Rectangle V P PV. For 
(by the Elements.) QP* =Q T* + T P., and 
QT*=Q+*—T«*. Therefore (by Subſti- 
tution) QP*= Q * + TP*— Tu: Bur TP. 
—TY=TP+Tv (or Tu) P multiplied 
by TP TV g Pv. Conſequently QP*—Q+*-+ 
1 PX Pu. And PouxuV + uPxPvp, = 
A VTZT PPV VPP. Wherefore (by the 
Property of the Circle.) a Circle which touches 
the Ellipfis in P, and paſſes through the point 
M 2 Q will 
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Q, will alſo paſs through the point V. 
Then fu the points P and Q to coin- 
cide, and the Proportion of V to vG, (which 


is the ſame as the Proportion of D C to P C*,) 
will become the Pr ion of PV to PG, or 
of PV to 2 PC. Therefore DC: PC:: 
PV:2PC. And (5y Multiplication and Di- 
viſion.) PV LA Whence the Force 

with which the Body P is revolved in the El- 


2 DC* 
lipfis, wilt be as FH x PF* reciprocally (by 
Corol. 3. Prop. VI.) that is, as P C directly, (for 
2DC*.)xP F* is 4 given Quantity, and makes 
no Alteration in the Proportion.) W. W. D. 

Corol. 1. The centriperal Force therefore is as 
the Diſtance of the Body from the Center of 
the Ellipfis. And on the other hand, if the 
centripetal Force be as the Diſtance, a Body 
will be moved in an Ellipſis, whoſe Center is 
the Center of the Forces, or elſe in a Circle 
into which ſuch an Ellipſis may eaſily be 
changed (by Corel. 3. Prop. IV.) 

Corel. 2. And the periodical Times of the 
Revolutions, are the in all Ellipſes what- 
ſoever which are deſcribed about the fame Cen- 
ter. In ſimilar Ellipſes the periodical Times 
are equal; for if in different concentrick Cir- 
cles the centripetal Forces be as the Radius's, 
the Velocities will be alſo as the Radius's, and 
the periodical Times will be equal; (/ Corol. 3. 
Prop. IV.) and if (by Corol. 10. of the -= 

2 rop.) 


Concerning CENTRIPETAL Forces. 165 [| 
Prop.) inſtead of the Radius's of ſuch Circles, | 


we ſubſtitute the Diſtances in fimilar Ellipſes, 
the Demonſtration will hold the fame. Thus 
let BEA, 5e a, be two ſimilar Ellipſes de- 
ſcribed about their common Center 8; if the Fig. 55. 
centripetal Forces in the fame Ellipſis, be aas 
the Diſtances from the Center, the Velocitics 
oy 2 was that is 856: Se 
225dꝛeg. uently the triangular Spaces 
S854, 2 Ar the Times in which 
db and eg are deſcribed are equal: For the 
ſame Reaſon, the Times in which 4b and DB 
in different Ellipſes are deſcribed, are equal alſo. 
Therefore (by Compoſition.) as the ſmall Particle 
of Time in which 4d is deſcribed, is to the ſmall 
e ſo is 
the periodical Time in which the whole Elli 
— co che veriadical Time in which 
the whole Ellipfis B E A is deſcribed ; (each of 
them being compoſed of an equal Number of 
femilar Areas $bd, SBD.) but the former of ' 
theſe Proportions are equal, and therefore fo 1 
are the latter. If the Ellipſes be not ſimilar, ii 
but have the ſame common longer Axis, then 
the periodical Times will be as the whole Areas 
ot. the Ellipſes directly, and the Particles of 
the Areas deſcribed in the ſame Time inverſely. 
Thus ſuppoſe AEC, AFC, to be two con- 
centrick Ellipſes deſcribed upon the fame FI _- 
b * ig 56, 
longer Axis C A, whoſe periodical Times are 
P, IT; and let the Particles SBC, Sc C of thoſe 
Areas deſcribed in the ſame Moment of Tune be 
2, 4; the Areas themſelves A, A; and the 
M 3 given 
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given A Then it will be 
n 416 
and : II:: a: A (by Prop. I.) and by 
P: II:: A: A Compoſition and Divi- 
7 : > ſion. But the whole 
Areas A A, are to each other as the leſſer Semiaxes 
ES, F 8, (by Prop. VI. Book V. of L HoſpitaP's 
Conick Sec tions.) and the Particles of the Areas 
a, , are to each other as the Velociries in their 
principal Vertexes, or as the ſmall Lines Be, 
cD, deſcribed in the fame time; becauſe the 
Triangles BSD, SD being of the fame Alti- 
rude DS, their Areas are to each other as their 
Baſes, BD, c D; (by the Elements.) let u, v, be 
put for theſe Velocities, then by Subſtitution 


Times are as the leſſer Semiaxes directly, and 
the Velocities in the principal Vertexes inverſe- 
ly. But (by the . N Prop. 4 L'Hoſpi- 
tal.) u: v, or BD: D:: ES: FS. There- 
fore if Tay we put ES, FS; it will be, 


SM. FS : REPS a 
PN:: Eg: pg that is, the periodical Times 


are as the leſſer Semiaxes ES, FS, directly, 
and BD, CD, the Ordinates applicate to the 
ſame point of the common Axis inverſely ; 
chat is, (becauſe theſe direct and inverſe Propor- 


fFions 
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tions are equal, or EFxFS=EFxFS) the 

periodical Times are equal. 

No w fimilar Ellipſes, and Ellipſes deſcribed 

3 take in all poſſible Variety 
Ellipſes; for an Ellipſis ſimilar to any par- 

= Ellipfis may be deſcribed upon the Axis 
any other Ellipfis ; conſequently, the 

riodical Times in all Ellipſes = ow \ hy is he 


a ed be deſcribed ſimilar to the Ellipſis AB CD; 
then the periodical Time in the Ellipſis ABCD, 
will be to the periodical Time in the 
Ellipfis abc 4, (becauſe theſe Ellipſes are fimilar 
by the Hypotheſis :) Then if the Ellipſis a Ec F 
be deſcribed on the Axis 4c, the periodical 
Time in the Ellipfis 26 c d, will be equal to 
the periodical Time in the Ellipfis aE c F (be 
cauſe theſe Ellipſes are both deſcribed on the ſame 
common Axis a 5) therefore the periodical Time 
in the firſt Ellipſis AB CD, is equal to the pe- 
riodical Time in the laſt Ellipſis 4 Ec F ( 
Equality of Proportion.) 


SCHOLIU M. 
Ir the Center of the Ellipfis go off infinite- 


ly, fo that it be turned into a Parabola, then 
the Forces tending to the Center at an infinite 
Diſtance will become equable, becauſe all the 
infinite Diſtances from the ſeveral points of the 
Parabola are equal (by Lemma I.) And this is 
Gealileus's Theorem. And if the Parabolick 

M 4 Section 


ſame. Thus on the Axis ac, let the Ellipſis Fig. ;6. 
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r !—. pes 


Fig. 57. Circle, or in an Elli 


Concerning CxnTrIPETAL Forces, 
nnn the Incli 
ie 
an H w mov in its 
RIES. 84 Gs obo Force will be 
turned into a cen Force. And as in a 
pſis ABC D, if the cen- 

tripetal Forces tend to the Center S, placed in 
the Abſciſs of the Figure FB ; theſe 
Forces, by increafing or diminiſhing the Ordi- 
nates EF, AS, in any ap bel the Ih. 
ſoever, or elſe by al 
clination of bby — 4 0 cb. ANG VIZ, 
the Angle EFB; the Forces, I fay, will al- 
ways be increaſed or diminiſhed in proportion 
to the Diſtances from the Center, provided the 
periodical Times continue equal: So likewiſe 
in all forts of Figures whatſoever, the Propor- 
tions of whoſe Abſciſſes to the Ordinates are 
expreſſed by any Equation, if the Ordinates be 
increaſed or decreaſed in any given Proportion 
whatſoever, or the Angle of Ordination EFB 
be altered any way whatſoever ; ſo long as the 
periodical Times continue equal, the Forces 
tending to any Center S, 8 the Abſciſs 
BF, will be increaſed or decreaſed in every one 


of the Ordinates EF, in proportion to their 
Diſtances from the Center 8. 


S EC. 


Concerning CENTRIPETAL FoRCEs. 


W 
e eres 


e 


SE TION III. 


Concerning the Motion of Bodies in Conick Sec- 
tions, where the Forces do not tend to the Cen- 
ters of the Sections. | 


PrRoPOSITION XI. PROBLEM VL 


Let a Body revolve in an Ellipfis : it is required 
to find the Law of the centripetal Force tend- 
ing to the Focus of the Ellipfis. 


E T S be the Focus of the Ellipſis. Let the 
Line S P bedrawn fo as to cut the Diameter 
Ellipfis DK in E, and the Ordinate ap- 


of 


plicate Qu in x, and let the Parallelogram 
QxPR be compleated. It is evident that EP 
is equal to the longer Semiaxis A C; for if from 
H, the other Focus of the Ellipſis, the Line 


H I be drawn parallel to E C, then becauſe CS 
and CH are equal, and the Triangles SE C, 
SIH fimilar, ES will be equal to EI (by the 
Elements.) conſequently if EI be added to IP, 
and ES = El be taken from S P; EP will be 
equal to half PS PI, that is, PS + PH; 
(becauſe HI is paraile! to PR, and the Angles 


IPR 
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IPR. HP Z. are equal, (by Prop. III. Part IV. 
of Milnes's Conzck Sections:) but SP + PH is 


equal to 2CA by P V. Part IV. 
Milnes's Conicł u therefore 21 


equal to CA. Let QT belt ll prpendic 
lar to SP, and let the principal Latus 
the Ellipfis (or 18 by Prop. XXIV. Part l. 


of Milnes's Get Sections) be called L; then 
it will be. 

LxQR :LPv::QR:Pv; (by 
Multiplica- 
tion,) 
that is,: PE or AC: PC; becauſe 
nr, 
the Tri- 

angles x Pw 

and EPC, 

3 are ſimilar) 
f x PV: Gx PY :: L: G (& — 
Mattip 


tion) 


And GP: Q: PC: CD (by Prop. 
XVII. 


Part I. f 
Milnes'sCo- 
nick Sect᷑ i- 
ons. | 
And when 
the Points 
_— P co» 


A* 
5 Qs 


ernennen FoRcEs. 
S 


— 
And Qx or Q: QT':: EP*:PF*. For ay 


being pa- 


ralle] to 
EF, the 


that is:: CA: PE. 
or:: CD: CB. (by Lemma 
XII. 
Let all theſe Proportions be multiplied toge- 
ther, and the common Quantities in each of 
| them be ſtruck out, and it will be 


L.A. rat: ACxLx CCD HCG N CD: xC B2; 
or :: a CBX PCxCD? : FCN OS CDC, 
becauſe A CX LS 2 CB, as be- 
tore, 
or LxaR: QT2*: 2PC : CG» (by riti 


out the equal Quantities in theſe laſt Proportions.) 
Now when the points Q and P coincide, 2 PC 
and Ge will be equal (by Lemma I.) There- 

fore 


* 
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ſtance SP, 


Fig. 58. 


Concerning CENTRIPETAL Forces. 
fore Lx QR and Q T', which are proportiona- 
ble to them, will be equal alſo. Let theſe two 


equal Quantities be multiplied by C5, and i 


SP* x Q T* 
will be LxSP* = R— 5 Wherefore (by 


Corol. 1. and 5. Prop. VI.) the centri 

Force is reciprocally as LAS P, My ye 
procally in a duplicate Proportion of the Di- 
(becauſe the Latus rectum L is a 


given Quantity.) W. W. 8. 
The ſame demonſtrated another way. 


Bc Ausf the Force with which the Body 
P may be revolved in an Ellipfis, if it tend to 
the Center, is as c P the Diſtance of the Body 
from C, the Center of the Ellipfis; let CE 
be drawn parallel to PR, the Tangent of the 
Ellipſis; then if CE and P'S meet each other 
in E, and C be put for the Force with which 
the Body P is revolved about the Center C, 
and c be put for the Force with which it is re- 
volved about the Focus S; then (by Corol. 3. 
Prop. VII.) C:c:: CPxSP*: E Þ3 (for SP x 
RP*:$G3 in chat Corol. is the fame as CP x 
S P* : E here.) but C is proportionable to CP 
(by the Hypot beſis;) therefore CP: c:: CP XS P 
: E P3. and (by Multiplication and Divifien.) c, 
or the Force by which the Body is revolved 


about rhe Focus 8, is as 2 that is, as 8 P- 


recipro- 


Concerning CxNMTRIT E TAI Forces. 
ly, becauſe the point 8 being the Fo- 
cus of the Ellipſis, PE is a given ity, 
and is equal to CA, as was ſhewn before. 
W.W.S. 

I M16GHT apply this Problem to the Para- 
bola and H with the ſame Brevity as 
was done in the Fifth; but becauſe of 
the Value of it and its Uſefulneſs in what fol- 
lows, I ſhall not think it too troubleſome to 
confirm thoſe other Caſes by a Demonſtration. 


PRoPosSILITION XII. PROBLEM VII. 


Suppoſe a Body 
required to find the Law of the centripetal 
Force tending to the Focus of this Figure. 


LzT CA,CB, be the Semiaxes of the pig, 59. 


Hyperbola, PG, KD, two other conjugate 
Diameters; and Qv and Ordinate applicate 
to the Diameter GP. Let 8 P be drawn fo 
as to cat the Diameter D K in E, and the 
Ordinate applicate Q v in x, and let the Paral- 
lelogram * be com It is mani- 
feſt, that EP is equal to the tranſverſe Semi- 
axis A C: for if from H, the other Focus of 


the H there be drawn the Line H I, 


parallel to E C, then becauſe CS is equal to 
CH, and the Triangles CES, HIS, ſimilar 
the Elements.) ES will be equal to EI; and 

if PE be ſubducted from ES, and added to 
EI, z EP PS will be equal to PI, and con- 
ſequently 


to move in a H WS - 
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ſequently E P will be half the Difference be- 
tween PS and PI, or half the Difference be- 
tween P'S and PH (becauſe IH and PR are 
parallel (by Prop. XX. Part I. of Milnes's Co- 
nick Sections,) and the Angles IP R, HPZ are 
equal, (by Prop. III. Part IV. of Milnes's Co- 
nick Sections) whoſe whole Difference, that is, 
PH—PS is equal to the whole Axis 2 AC. 
Let QT be let fall 1 to 8 P; and 


let the principal Latus rectum of the Hyper- 
2 BC* 
bola (or N Prop. XXIV. Part I. of 


Milnes's Conick Sections.) be called L; then it 


will be, 
LxQR:LxPv ::QR:Pv, equal 
* 2 
tion.) 
or Px : P v, becauſe 
RP and 


that is, PE PC. hehe; 
lesP xv, 
PEC are 
fimilar, be- 
cauſe Q v 


(by 
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922 

Part J. 
of Milnes's 
Conick Sec- 


Angles 


and Px, 
ECP are 
the BY 
ments.) 
or AC: PC, for AC, — 
PE, as was 
proved be- 
fore. 


Alſo LxPv :GuxPv::L : G, ( by equal 
Plica- 
5 
rop. 
XVI.) 
Part I. of 
Milnes'sCo- 
nicł Sec- 
tions. 
AndQx? or Q: QT: : EP: PF. for when 
Qand P co- 
incide, Q* 
and Q x* are 


AndGvxvP: Q:: PC: CD 


ual 
2 (2 


Tem. VII) 
that 


frons,) the 
Px CEP 
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Fig. 59. the Hyperbola be firſt found ( 


that is, CA: PF. for EN“ = 
CA,, as be- 
fore. 
or CD*:CB* (by Lem- 


ma XII.) 
Let all the correſpondent Terms in theſe Pro- 


| Portions be multiplied into each other, and 


divided by thoſe that are common, and it 
will be. | 


LxQR:QT?:: ACxXL»PC:xCD:: PCxGuvx CD? xCB?, 
or L=QR:QTz;: 2CB> xPC? XCD* :PCxGuvxCDz xCB:, 


becauſe 2CB* =ACxL (by Prop. XXIV. 
Part I. of Milnes's Conick Seftions.) And by 


out the common Terms in theſe laſt 
Proportions, it will be 


LxQR : QT*:: 2PC: Gv. But when 
the ts P and Q coincide, 2 PC will be 
to G v, and therefore I. x QR and QT}, 
which are to them, will be equal 
alſo. 1 equal Quantities be mul- 


riplied by R and it will be LF equal to 
ea Therefore (by Coral. 1. and 5. 
r peral Force is reciprocally 

as LxSP?, that is, in a duplicate Proportion 
of the Diſtance 5b reciprocally, becauſe L is 


a given Quantity. W. W. 8. 


The ſame demonſtrated another way. 
Lr the Force to the C 


C of 
rep. X. and 
2 5 


Concerning CEMT IRI TAI Forces, 177 


its Scholium.) and this will a to be pro- 
ble to the Diſtance C P. Then be- 
cauſe CE is parallel to PR (by Prop. XX. 
= I. 43 Conic Sections.) the 
| H 
NEED 
the Force with w 
volved about the C 
the Force with which it is 
Focus 8; then Cor. 3. Prop. 

CPxSP*: PE3 (for SPX RP“: SG? in * 
Corollary, is the fame as CP SPI: E P* here.) 
but C is 1 le to C P, as before; there- 
fore CP: c:: CPX SPI: EP, and (by Multi- 
plication and Divifion.) c, or the Force by 
which the _ OO Tr 


the Hyperbola, is as F pr, that is, recipro- 


cally as 8 P*, becauſe EP CA is a given 
[ or determinate Quantity, as before. W. W. 8. 

I x the ſame manner it may be demonſtrated, 
that the Body will 3 in the oppoſite 
Hyperbola G H, by this ſame centripetal Force 
changed into a centrifugal one. 


LEMM A XIII. 


In a Parabola AP, the Latus rectum or Para- Fig 1 
2 belonging to any Vertex whatſoever P, 
s equal to four times the Diſtance of that 


As from the Focus S of the Figure, or 
L =45SP. 


Tuts is demonſtrated in Part IV. Prop. X. 
and its Corol. of Milnes's Conick Sections. 


N LEMMA 


Hh 
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LEMMA XIV. 
A Perpendicular which is let fall from the Focus 


of @ Parabola to its Tangent, is a mean Pro- 

zonal between the Diſtance of the Focus 
from the Point of Contact, and the Diſtance 
of the ſame Focus from the principal Vertex 


Fig. 60. 9f the Figure, or PS: SN: SN: SA. 


LET AP be the Parabola, S its Focus, A 
the principal Vertex, P the point of Contact, 
PO an Ordinate applicate to the principal Dia- 
meter AO; PM a Tangent meeting the prin- 


cipal Diameter in M, and SN a Line let fall 


from the Focus perpendicular to the Tangent. 
Let AN be joined, then becauſe MS is equal 
to SP (by Prop. IV. Part IV. of Milnes's Co- 
nick Seftions.) MN equal to NP (6y the Ele- 
ments,) and M A equal to AO (by Corel. 2. 
Prop. III. Part II. of Milnes's Conict Sections.) 
therefore N A and OP are parallel (by the Ele- 
ments,) and conſequently the Triangle SAN is 
rectangular at A, and fimilar to the equal 
right-angled Triangles SNM, SMP (y the 
Elements:) ſo that PS:SN :: SN: SA, 

Corol. 1. PS*:SN*:: PS: SA, by multi- 


plying the Antecedents and Conſequents by PS, 


3 N, and dividing the latter by S N. 
Corol. 2. S Na is proportionable to PS, be- 
cauſe SA is a given Quantity. 


Car. 
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Coral. 3. AND the point N where any Tan- 
gent PM meets with the ftreight Line SN, 
let fall perpendicular to it from the Focus; 
is in the right Line AN, which touches the 
Parabola in the principal Vertex. 


ProPos1TioN XIII. PROBLEM VIII. 


Let a Body be moved in the Perimeter of 4 
Parabola; it is required to find the Law of 


the centripetal Force tending to the Focus of 
this Figure. 


Lr the Conſtruction of the Lemma be 
continued, and let P be the Body in the Peri- Fig. 61, 
meter of the Parabola, and from the point Q, 
the next place that the Body is moved into, let 
QR be drawn parallel and Q T pe IC\ 
lar to 8 P; alſo let @v bedrawn parallel to the 
Tangent meeting the Diameter PG in v, and 
the Diſtance PS in x. Now fu QR is 

ual to Pw; for P G bei | I to MS, 
y Angles MSP, YT and the 
vertical Angles PxvandQxT or MPS (Qz 
| being parallel to RP by the Conſtruttion.) are 
alſo equal, therefore the Triangles MSP, 
Pv are fimilar (by the Elements.) and con- 
ſequently M S (as was ſhewn in the Lemma.) - 
being equal to SP, Px will be equal to Pv. 
But (by Prop. XXV. Part I. of Milnes's Co- 
nick Seftjons.) the Square of the Ordinate Q 
is equal to the Rectangle made up of the 

N 2 Latus 


2 
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Latus rectum, and the of the Diame- 
ter Pv, or Q47 Lx Pv, that is, (becauſe L., 
by Lemma XII. is equal to 4PS,) Q = 
4PSxPv, or 4PSxQRB; — when the 
points P and Q coincide, the Proportion of 
Q to Qx will become equal (by Cor. 2. 
Lem. VII) wherefore in this Caſe Q x* is equal 
to the Rectangle 4 PSXxQR. Then becauſe 
the 8 QzxT, SPN, are ſimilar (for 
ht-an gled at T and N. and the An- 
oped | Sk, doomed Ow bs paella 
RT) Que QT": PS: S Ne, 
that 1s, :: PS: SA (by Cor. 1. 
Lem. XIV.) 
or : n. 48 Ax QR. 
(by multi phy- 
ing by 4QR.) 
whereforeQx* :Q T*:: 4PSxQR: SSN. 
And becauſe Qx* is equal 2 4 Fefe Tc 
QT* is equal to 4SAXQR 
Book V. of the Elements.) hy = 


equal Quantities be multiplied by ; T5 3 


I TR 
it will be ET = $P* 48 A, and there- 


fore (by Corel. 1. and g. Prop. VI.) the centri- 


petal Force is reciprocally as S P* x 4 S A, that 
is, (becauſe 4 SA isa given Quantity.) in a du- 


plicate. Proportion of the Diſtance 8 P reci- 
procally. W. W. S. 


Carol. 1. F Ro i the three laſt Propoſitions ir 
follows, that if any Body P be projected from 
2 any 


} 
? 
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any Point P, according to the Direction of any 
Line P R whatſoever, and with any Velocity; 
and if at the ſame time it be acted upon by a 
centripetal Force which is reciprocally - 
tionable to the Squares of the Diſtances of the 
Body from the Center; this Body will be 
moved in ſome one of the Conick Sections, 
whoſe Focus is in the Center of the Forces ; 
and the contrary. For if the Focus, the point 
of Contact, and the Poſition of the Tangent 
be given, a Conick Section may be deſcribed 
which ſhall have a given Curvature at that 
Point. And the Curvature is given, if the cen- 
tripetal Force and the Velocity of the Body be 
given. (See theſe demonſtrated by Dr. Keil in 
the Philoſophical Tranſactions, Ne 317.) and 
two Orbs touching each other cannot poſſi- 
bly be deſcribed with the ſame centripetal 
Force, and with the ſame Velocity. For let 8 


be the Center of Forces, P the Point of Con- Fig. 62. 


tact, OP R the Direction of the projectile 
Force, or the Poſition of the Tangent, RP 
the Velocity of the Body, and R Q its centri- 
petal Force; if theſe be all given, PQ the re- 
maining fide of the elementary Triangle RP Q, 
or the infinitely ſmall part of the Curve, is 

alſo given (by the Elements; ſo that a Body 


going out from the fame place, according ra 


the tame Direction, with the fame Velocity, 
and urge,” N the fame centripetal Force, can- 
por deſcri wo different Paths. 


N 3 Carol. 2. 
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Body is projected in the point P be ſuch, that 


Concerning CENTRIPETAL Fox cs. 
Corol. 2. Ir the Velocity with which the 


the Line PR may be deſcribed by it in a very 
ſmall Particle of Time ; and if the centripe- 
tal Force be ſuch as to move the fame Body 
through the Space QR in the ſame Particle of 
Time; this Body will be moved in ſome one 
of the Conick Sections, whoſe principal Latus 


rectum is equal to the Quantity G which 


happens when the ſmall Lines PR, QR, are 
infinitely diminiſhed and vaniſh. In theſe 
Corollaries the Circle is to be reckoned as an 
Ellipſis, whoſe Latus rectum is the Diameter, 
and the Caſe where the Body deſcends in a 
ſtreight Line to the Center is to be excepted. 


S CHOLIUM. 


I'n the foregoing Section, where the Law 
of the centripetal Forces was directly as 
the Diſtances of the revolving Body from 
the Center, we could not apply them to any 
Caſes in Nature, becauſe we know of no 
Bodies or Syſtem which obſerve this Law; but 
if we ſuppoſe the leſſer Axis of an Ellipfis in 
which rhe Body moves, to be infmitely di- 


miniſhed, fo as its Periphery coincides with 
che longer Axis, the Revolution of the Body 
will then be turned into a Vibration backwards 
and forwards ; and as all the Revolutions in 
che one Cafe are performed in the fame Time, 


10 
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© will all the Vibrations be in the other Caſe ; 
conſequently thoſe Propoſitions are of excellent 
Uſe in the Calculations of pendulous Motions, 
and in folving ſeveral Problems about Sounds, 
to which Uſe they are afterwards put by our 
Author. But by the P in this Sec- 
tion, we come to the Knowledge of the Prin- 
ciples of the Motions of the heavenly Bodies, 
and conſequently what we before collected 
concerning theſe Motions from the Phenomena 
of Nature, may now be demonſtrated a 4 

For by pplying theſe Propoſitions to Sy- 

Planets, it appears that they m 

move in Ellipſes, whoſe Focus is in Wo 
ter of the ts; eel os i has be fr 
from them to that Center, they will deſcribe 
Areas proportionable to the Times. Thus be- 
cauſe the Weights of the Planets upon the 
Sun, that is, their centripetal Forces, are re- 
ciprocally as the Squares of the Diſtances from 
the Sun; if the Sun were at reſt, and the ſe- 


veral Planets did not act upon each other, their 
Orbs would be elliptical, having the Sun for 


their common Focus, and the Areas deſcribed 
would be proportionable to the Times (by 
Prop. I. and XI. and Cor. 1. Prop. XIII) But 
ns of the Planets upon each other 

ſmall, and may therefore be neglected : 


the Sun, as it moves about the common Cen- 
ter of Gravity, is leſs diſturbed than if they 


performed their Motion about the dun. by 7 | 


N 4 p ie 0 


are very | 
for the Motion of the Planets in Ellipſes abou 
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Uo eh 222 of 22 
the peculiar 

Law of Gravitation, _— Prog nay 2 

the Regularity Syſtem 

I be conceived. There was origi- 
nally no Neceſſity that Gravitation ſhould de- 
creaſe = the Bamee of che Villines, it might 
have obſerved any other Proportion ; thus for 
Inſtance, it __ have decreaſed as the Cube 
of the Diſtance, but what would the Conſe- 
quence then have been? The Planets might 
have been made indeed to have moved in Cir- 
cles, the moſt regular Curves of all; but if 
they had acted murually upon each other as 
they do now, (and as they muſt in all Caſes do, 
unleſs we ſuppoſe Gravity not to be an univer- 
ſal Affection of Matter, but only 
and that fome parcels of Matter are endued 
with fuch a Pm, and others not :) The 
Planets, I fay, could not have continued to 
move in thoſe Circles, but hy their mutual 
Action upon each other, Jo have im- 
mediately Agro. E. N Orbs ; and 
trom Circles, ve degenerated ; into 
Spirals, and either have run off from one ano- 
ther infinitely, or elſe have run into one com- 
mon Center, and been mixed and confounded 
rogether : whereas by the preſent Law of Gra- 
vitation, they are capable of continuing for 
many thouſand Years, without any other Di- 
yr Mos or Diſorder, than only a very lit- 
de Alteration of the Figure of their Orbs, by 


* the 


Concerning CENTRIPETAT Forces, 
the mutual jy rn and which can 
produce no r 
of Time beyond any Bounds of our Com- 
putation. 


PRO POSITIOR XIV. TR EZOREM VI. 


Tf ſeveral Bodies revolve about a common Cen- 
ter, and the centripetal Force be reciprocally 
as the Squares of the Diſtances of the Bodies 
from the Center: I ſay, that the principal 
Parameters or Latus reftum's of the Orbs, 
are in à duplicate Proportion of the Areas, 
which the Bodies deſcribe in the ſame Time by 
Rays drawn to the Center. 


For (by Corel. 2. Prop. XIII.) the Latus 
rectum L in the Ellipſis QP is equal to the 


Quantity Is and the Latus rectum tl in the 


Ellipfis 97, is equal to the Quantity 775 when 


the points PQ, and pg, coincide, and the 
Lines QT, QR and 97, q7, vaniſh. Bur the 
infinitely ſmall Lines QR and gr, generated in 
na given Time, are as the centripetal Forces 

which they are generated; that is, as 8 P*, S þ* 


reciprocally, (by the Hypotheſis) that is ak 
is as SPP, and = as 8: Therefore multi- 
OY plying 
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plying each of theſe Quantities by QT, 2, it 


will be M. QT*xSP> :: f=: s. 


chat is, putting L. I. for * E, I. I 


r 
T* x SP* : 9 x Sp*; that is, the Latus 
reftum's are to each other as the Squares of the 
Areas QT xSP and gfxSp. W. W. D. 
Carol. Hence it follows, that the whole 
Areas of the Ellipſes ABCD, 46 c d, or the 
Rectangles under their Axis's, viz. CAxBD, 
and c a * hd, which are i to thoſe 
Areas (by Theorem VII. Part V. of Ward's 
Mathematician's Guide.) are to each other in a 
Proportion compounded of a ſubduplicate Pro- 
ion of the Latus rectum s, and a ſimple 
roportion of the periodical Times; for the 
whole Areas are compounded of all the ſmall 
Areas QT x SP, and gf x Sp, generated in gi- 
ven parts of Time; conſequently the whole 
Areas muſt be as theſe ſmall Areas multiplied 
into the periodical Times; that is, (putting 
A, A for the whole Areas, and P, II for the pe- 
riodical Times.) it will be A: A::QT xSPxP: 
9*xSpxH1, bur QT xSP, is as / L, and gz x 
Spas Vl, therefore (by Subſtitution.) A: Az; 
FLunP:t/iunll - 


PrRoPosITION XV, Trronetm VII. 
The ſame things being ſuppoſed as before, I 
fay that the periodical Times in Ellipſes 
are in d ſiſguialterate Proportion of their 
| lenger 


* 


* 
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longer Axis's, er the Squares of the periadi- 
cal Times are as the Cubes of their longer 
Axis. 


187 


For (by Prop. XXIV. Part I. of Milnes's Fig. 63. 


Conick Sections.) the leſſer Axis's, are a mean 
Proportional between the greater Axis's and 
the Latus reftum's, that is, CA: BD :: BD: L., 
and ca: d:: bd: l, and (multiplying the Ex- 
tremes and Means, and evolving.) BDS CA., 
and d —\/ aN]; and multiplying each of 
theſe by CA, ca, it will be CAX BD 
 Lxy/ CA), and ca IVa; 
that is, the Rectangles under the Axis's are in 
a Proportion compounded of the fubduplicate 
Proportion of the Latus reftum's, and a ſeſ- 
quialterare Proportion of the longer Axis's. 
But the Rectangles under the Axis's are to each 
other (by Cor. Prop. XIV.) in a Proportion 
compounded of the ſubduplicate Proportion of 
the Latus rectum's, and a ſimple Proportion 
of the periodical Times; that is, CAxBD is 
as L xP, and ca xd as / [xTI; there- 
fore (by Subſtitution.) V LXV CA3=f/ L>xP, 
and ff Ix / ca == NAI. And 


away from each of thete Equations the ſubdu- 


plicate Proportions of the Latus rectum's, that 
is, ſtriking out / L, VI, there will remain 
 CA3 =P; and / c & =T, that is, P: II:: 
IC: cas. or the periodical Times are 
in a ſeſquialterate Proportion of the longer 
Axis'ss W. W. D. 


Carol. 
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Carol. WaEREFORE (by Cor. 6. Prop. IV.) 
the periodical Times in Elliptis's are the fame 
as in Circles, whoſe Diameters are equal do 
the longer Axis's of the Ellipſis's. 


PRO POSITION XVI. TRZOREM VIII. 


The ſame things being ſuppoſed as before, and 
ftreight Lines drawn from the places where 
the Bodies are, which may be Tangents to the 
Orbs in thoſe places, and alſo Perpendiculars 
let fall from the common Focus to thoſe Tan- 

gents; I jay, that the Velocaties 75 the Bodies 

are in @ Proportion compounded of the Pro- 
wn of thoſe Perpendiculars inverſely, and 
the Logue nary Proportion of the principal 

Latus rec 8 directly. 


Lr the Perpendiculars SY, S y, be let fall 
from the Focus S to the Tangents PR, pr; 
and the Velocities of the Bodies P, ↄ will be in 
a ſubduplicate Proportion of the Quantities 
* and 2 reciprocally ; or putting V for 
the Velocity of P, and U for the Velocity of 
P3 it will be V: U:: SY: 2 Sy For theſe 
| "ir £ 
Velocities are as the very fmall Arches PQ, 
p, deſcribed in a given Particle of Time, 
that is, (by Lemma VII.) as the Tangents PR, 


Pri 
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Fr; now becauſe Q and R; q and r are in- 
finitely near each other, and Angle at P 
common to the Triangles O TP, SYP; there- 
fore theſe Triangles are fimilar ; and for the 
fame Reaſons the Triangles 7% 5yp arc 
ſimilar likewiſe ; conſequently, their 
ous or corref] t Sides are propor- 
— that PR:: 22 P: SY, and 
7 289 Sy. And (by multiplying and 
Heidl ing the Extremes and Means,) it will be 
r* and pr = 17 , or PR 
is as S Y reciprocally, and SP x QT dea 
and pr as Sy reciprocally, and Sp x qt direct- 
ly; but SPxQT and Sp xg are as the ſmall 
Areas deſcribed in given Particles of Time, 
that is, (by Prop. XIV.) in a ſubduplicate Pro- 
1 of the Latus rectum's, or as VL to 
v |. Wherefore if in the Proportion 


SP x 
v (=PR):U (=pr):: r . 
inſtead of SPX QT and Sp xt, we put 
ded £4 which are proportionable to 
them, it will be Y 
V(=PR):U U(=pri) : S ͥ 5ũũ9. 


Carol. 1. THE principal Latus rectum's are 


in a Proportion com of the duplicate 
Proportion of the P iculars, and the du- 
plicate Proportion 


the Velocities, that is, 
hy Tranſþo 1572 — Involution.) V* x SY*: : 


a. 


Corel. 2. 
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Corol. 2. THE Velocities in their greateſt 
and leaſt Diſtances from their common Focus 8, 
that is, in c anda, C and A, are in a P 4 
tion compounded of the Proportion of t 
Diſtances inverſely, and the ſubduplicate Pro- 
ion of the principal Latus rectum's direct- 
: For in this Caſe the Perpendiculars SY, 
Sy, become equal to the Diſtances SC, Sc, 
and SA, Sa; conſequently che Proportion 


mn... YM. L 1 
un *' 7 will become 92412 


L ISL. 9d 


S 57 (by Satin) 
Corol. 3. Ax p therefore the Velocity in a 
Conick Section, in the greateſt or leaſt Di- 
ſtances SA or SC, is to the Velocity with 
which the Body would move in a Circle at the 
ſame Diſtances SA or SC from the Center, in 
a ſubduplicate Proportion of the principal La- 
tus rectum, to double that Diſtance, that is, as 
I LtoyY/ 2SA. For in a Circle the Diame- 
ter, or 2 SA, is the ſame as the Latus rectum L. 
in the Ellipfis, and may therefore be put for 
it in the foregoing Proportion; and then it will 
be (if V be put for the Velocity in the point 
A in the Conick Section, and U for the Veloci- 
ty in the Circle deſcribed on the Center 8, with 
the Radius SA.) V: U:: * : 22D, and 
dividing by S A, it is V: U:: / L:y/ z2SA. 


Corel. 4. 


Concerning CENTRIPETAL Forces. 
Corel. 4. Tu The Velocities of Bodies 


moving in Ellipſis's, are at the mean Diſtances 
SB, 83, from the common Focus 8, the ſame 
as the Velocities of Bodies moving in Circles, 
whoſe Radius's are equal to thoſe Diſtances ; 
that is (by Coral. Prop. IV.) reciprocally, in a 
ſubduplicate Proportion of the Diftances, or 
I I 

Vun 2 JST For then the Per- 

7 SY, Sy, become equal to the leſſer 
— and theſe Semiaxis's are 
mean P ionals between the Diſtances, and 
the Latus reftum's (by Prop. XXIV. Part I. of 
Milnes's Conick Sections.) that is, SB: BZ :: 
BZ: L, and S5:6bz::62z:/7. conſequently 
BZ LINIE, and 2 NZ. Let 
theſe Proportions be multiplied inverſely by the 
ſubduplicate Pr ions of the Latus rectum's 
directly; that is, inſtead of SY, Sy, in the 


: L / 
foregoing Proportion V : U:: L< : TT ler 


 Lxy/ SB, man Saad 7 hs 
2 RI 
will become V: U:: LENIN 
or ſtriking out / L and / / in each, it will be 
hs * . © 33 5 1 
mun oy * Iu 
Corel. 5. In 11 * 22 
rent Figures, if principal us rectum 
be equal; the Velocities of the Body or Bodies 
are reciprocally as the Perpendiculars 8 Y, % 
2 8 cc 
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let fall from the Focus S to the Tangents PR, 
pr. For if the Latus ream's be equal, ** 


may be left out in the Proportion V 
. of and then it will 
2 Th it w Viv. 


TY 57 
L E MH M A. 


If an indefinite ftreigbt Line QPT touch any | 
given Ellipfis or H — any where in P, 
and from either of the Focus's S or F, fup- | 
pe S, the Perpendicular SY be let fall to | 

Tangent, 2% 8. Fr be drown? T fox 
that the Perpendicular SY zs i à ſubdupli- | 


cate Proportion of SP to FP, or ty is as 
SP 


Ff. 


FRroM the other Fccus F, let another Per- 
F T be let fall to the fame T 
Fi 64. and let it meet 8 P produced in C; then the 
* ſtreight Line TO, which biſects FS in the 
Center O, will alſo biſect FC in T, becauſe 
the Angles TPF and T PC are equal, and FP | 
is equal to PC, (by Prop. III. Part IV. ff © 
Milnes's Conick Seftions ;) and the fame Line 
TO will alſo be parallel mot and equal to 
half of ir, (becauſe the Triangles FT O and 
FCS are /imilar,) or 3 the Sum or 
Difference of the ftreight Lines SP, PF, or 


F, 
equal 


— 3 6 


cs my TY Wy WW vo 


; 


\ 
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equal to the Semiaxis OA or OB 
(by Prop. V. — of Milnes's Conicł 
Sections.) If T O therefore be till ĩt 
meer SY ( alſo) in , a Circle de- 
ſcribed on the Center O, with the Radius OB, 
will paſs through the Points B, T, 7, A, V, (be- 
cauſe B O, TO, AO, -O, were before ſhown 
to be all equal to each other, and T7 is a Dia- 
meter of the Circle, and the Triangle T Y# a 
right-angled Triangle inſcribed in the Semicle) 
wherefore the 1 or FTS V. 
is every where to ven Rectangle 
ASxSB. How ima 8 


FTxSY:SY*::F T:SY. (by equalMul- 


tiphication.) 
and FT:SY ::FP :SP. for the right- 
angled Tri- 
angles SY P, 
FPT are 
ſimilar, be- 
cauſe the An- 
gles 8 P. 
FPT, are 


equal 10 
Prop. III. 


Part IV. of 


Milnes's Co- 
mckSettions.) 


0 And 


Where- p TxSY:SY*::FP: SP. by Diviſion. 
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. of the Diſtance, that is, 
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8 ** SP Multiphcation 
And FFSY = FP & 
And beans FTx5Y is a given Canes „8 


SP 
is a5 yrs and SY as / op ( Evolution.) 
W. W. D. 
Carol. 6. In a Parabola, r 

Body is every y where reciprocally in a 
cate P of its D 132 my md we 
of the Figure: In the Ell = 10n 
is greater than this, in the H Rex 
Nee 

<4 from the Focus of the Parabola to 
the Ta is in a fi icate ion 

1 Y:Sy::/ SP: 
vo Sp. Wherefore if 2 the 8 of 


ſtead of SY, $5; wepur / SP, Sp; which 
I to them; it will be V: U:: 


sg the [OE SY, Sy, are as 
V pw 7 (by the laſt Lemma.) Therefore 


in theſe Figures it is V: U:: : —> 


So that the P 
Alteration in the H 
bola, and more in the Ellipſis. 


"jj 


Plate R | — — — 
| I 


P- _C 


2 1 


—— ES , 4 
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Coral. 7. In the Parabola, the Velocity of Fig, 66, 


the Body P, at any Diſtance P'S from the Fo- 
cus 8, is to the Velocity of a Body revolving 
in a Circle, whoſe Radius is the ſame Diſtance 
PS, in a ſubduplicate Proportion of the num- 
ber Two to Unity ; in the Ellipfis the Propor- 
tion is leſs than this, and in the Hyperbola it is 
p For (by the 2d and 3d Cor. of this 
rop.) the Velocity in the Vertex A of the 
Parabola, is to the Velocity in a Circle, whoſe 


Radius is SA; as KK to / 2A; but (by 


Prop. II. Part IV. of Milnes's Comck Sections.) 
L is equal to 4 SA, therefore thoſe Velocities 


1 to / 28A, that 
is, as / 2 to 1 (by Diviſion.) and the fame 
Proportion holds for any other Diſtance 8 P; 
for (by the 6th Corol. of this Prop. and the 6th 
Cor. of the TVth Prop.) the Velocity at the Di- 
ſtance 8 P in the Parabola, is to the Velocity in 

3 I 
Ce” e e 
in tr =, they we every whave in the 
fame Proportion to each other ; conſequently, 
jf they are to one another as / 2 to 1 in the 

Vertex, they are fo at all other Diſtances. 
That 


the P 
Ellipſis, and greater in the H will a 
pear in Corol. 9. Hence it alſo follows, that 
O 2 Velo- 


roportion is leſs than this in the 
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Velocity in the Parabola, is every where equal 
to the Velocity of a Body revolving in a Circle, 
whoſe Radius is half the Diſtance ; for the Ve- 
locity at P in the Parabola, is to the Velocity in 
a Circle whoſe Radius is SP, as // 2 to 1, and 
the Velocity in this Circle is to the Velocity in 
a Circle whoſe Radius is 2 SP, as 1 to 2 
(by Cor. 6. Prop. IV.) Therefore they are equal 
(by Equality of Proportion; for let V be put 
for the Velocity of the Body at P in the Para- 
bola, C for the Velocity in a Circle whoſe Ra- 
dius is SP, and v for the Velocity in a Circle 
whoſe Radius is : SP. Then it will be 
nenen. 
enn 83: fs 
Therefore V: c:: 2: 2. 
that is V =C. 

In the Ellipfis this Velocity is leſs, in the 
Parabola it is greater, as you will find by 
Cor. g. : 
Corol. 8. Tu E Velocity of a Body revolving 
in any Conick Section, is to the Velocity of a 
Body revolving in a Circle whoſe Radius is 
equal to half the principal Latus rectum of 
the Section, or equal to + L, is as that Radius 
to the Perpendicular let fall from the Focus to 
the Tangent of the Section, or as ; L to S V. 
For (by Corel. 5.) though the Figures be diffe- 
rent, yet if the Latus reftums be equal, the 
Velocities are reciprocally as the Perpendicu- 
lars let fall from the Focus to the Tangents, 
RIES that 


1 CenTRIPETAL FoRcCEs. 


to he Redhes, | þ 4,9, of the Circle, or 
33 is equal to the Latus rectum 
llipſis, and the P ar Sy Ne. 
Comeequalto the Radius + L; therefore V: U:: 


IF * IE . (by Subſtitution) or V: U:: 4L: 
SY. 


Coral. 9. HEN CE it follows, that becauſe 
the Velociey with which a Body revolves in 
this Circle, is to the Velocity with which a 
Body revolves in any other Circle, in a ſubdu- 
plicate of their Diſtances or Ra- 
dius's reciprocally z (by Cor. 6. Prop. IV.) thar 
is, ſuppoſing Oe OY rien. Og 


Circle, and D its Radius, U: C: 74 : 
"IL 


. Hence I fay it follows (by Compoſition.) 
of a Body revol 

be The Vee, of ds 
— 3 Cl the ſame Diſtance, 
berwixt that common 


ipal Latus rectum 
let fall 


the Section to its 
Tangent. For if we multiply the correſpon- 
dent Terms of the in the laſt Co- 


O 3 


rollary, viz. V:U: $3 L:S8Y. * 
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Fig. 67. 


Concerning CznTRIPETAL ForcEs. 
of the Proportion in this, viz. U: C:: xt 
and divide by the common Term U; ic 


8 
by 


D 
L (9 Divifion.) conſequently ( 
tution and Tranſpofition.) it will be, V: 
 4LxD:SY. And theſe Proportions 
puted in Numbers, will appear to be leſs than 
2 to 1 in the Ellipſis, and more than the 
ann 


PRO POSITION XVII. PROBLEM IX. 


u that the centripetal Force is recipro- 
Py zonable to the Square of the Di- 


An rom Cow ae Center, that the abſolute 
2 of thts Force is known: It is re- 
quired to find the Line deſcribed by a Body 
going out from a given Place with a given 


Velocity, and 8 to the Direction of a 
given ftreight Line. * 7 


Lr the known centripetal Force 


to the point S be ſuch, as that the Body þ may 
be revolved by it in any given Orb. And let 
the Velocity of this Body be known in the 


lace p. Let the Body P go out with a given 
Velocity from the place P, ing to the 
Direction of the Line PR, and let it be im- 


mediately diverted from its rectilinear vn 


nnen 


* .. ä 1 
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by the centripetal Force, and turned into the 
Conick Section PQ. Then will the Line PR 
touch this Section in P. Let ſome other ſtreight 
Line pr touch the Orb pq in p, and if from 8 


there be let fall Perpendiculars to theſe Tan- 


gents, then (y Cor. 1. Prop. XVI.) the princi- 
Latus rectum of the Conick Section, will 
to the principal Latus rectum of the Orb, in 
a Proportion compounded of the duplicate 
er and the du- 
pon of the Velocities, and con- 
quent principal Latus rectum of the 
Conick is given; let it be L. The Focus 8 of 
this Conick Section is given alſo. And becauſe 
(by Prop. III. Part IV. of Milnes's Conick Sec- 
tions.) 7 the Line PH paſs through the other 
Focus H, the Angles RPS and TPH will be 
equal, therefore if the Angle RPH be the 
Complement of the Angle RPS to two right 
Angles, the Line P H, in which the other Fo- 
cus H is, will be given in Poſition 1 
ments.) Let SK be let fall 
PH, and ſuppoſe the conju las BC 
to be erected, then (by Prop. XIII. Book IL. of tbe 
Elements.) SP*—2 K PxPH+PH* =SH*= 
4CH?* (becauſe SH = 2 CH) = 4B H* — 


4 BC* (by the Elements.) —SPxPH*— Lx 


SP x PH (becauſe SP + PH =2BH, and 
L is a third Pr 


2BC, by Prop. XXIV. Part I. and Prop. V. 
Part IV. of Milne”: Conzck Sections.) = SP* + 
2S5P>PH+PH*— LxSP+ PH(bymul- 


O 4 uplying 


to SP PH and 


Va 


199 


"x 
l 


Concerning CENTRIPETAL FoRCEs. 
tiplying SP+PHintoSP-+ PH.) let2KP x 
PH— SP PH*+ LxSP + PH be add- 
ed on each fide of the Equation SP* — 2KP x 
PH4PH =SP* +2SPxPH+PH*— 
LxSPF PH; and it will be, Lx SP -PH= 


2SPxPH-+2KPxPH, or by reſolving the 


Equations into Pro 
2SP+2KP:L. conſequently PH, which 
was before given in Pofition, is now given in 
Length alſo. So that if the Velocity of the 
Body in P be ſuch, that the Latus reftum L is 
leſs than 2SP+2KP, then PH will be a 
finite Quantity, and conſequently will lie on the 
ſame fide of the Tangent PR, as the Line PS 
does; and 8 be an Ellipfis, 
and the two Focus's S, H, and the principal 
Axis being given, it may eaſily be deſcribed 


portion SP + PH: PH:: 


(by Prop. VI. Part V. of Milnes's Conick Sec- 


Fig. 68, 


tions.) But if the Velocity of the Body in P 
be fo great, that the Latus rectum L be equal 
to 28 P＋ 2 KPH; then PH will become equal 
to SP PH, that is, SP will be infinitely 
ſmall with reſpect to P H, or the Diſtance be- 
tween P and H will be infinite; and becauſe 
the Latus rectum L is equal to 2 8 P＋ 2 KP; 
therefore AS, the Diſtance of the principal 


Vertex from the Focus is equal to- NE 


4 
(by Prop. II. Part IV. of Milnes's Canict Sec- 
tions.) and the Figure may be deſcribed by 
Prop. VII. Part V. of Milnes's Conich Sections. 
And if the Body goes out from the Pun 
wit 


Concerning CexnTRIPETAL FoRCES- 
with a ſtill greater Velocity, fo that the Latus 


reftum L be greater than 2SP +2 KP, then Fig. 69. 


PH will be greater than SP + PH, that is, 
it will be more than infinite, or it will lie on the 
other fide of the Tangent PR, and therefore 
the Tangent being ſituate between the two Fo- 
cus's, the Figure will be a Hyperbola, having 
its principal Axis equal to the Difference of the 
two Lines SP, PH, and will therefore be given. 
For the principal Latus rectum, or L, and the 
Focus 8 of the Conick Section being given, if 
the Angle RP H be made equal to the Angle 
RPS, the Line PH, — the other Focus 
H is placed, is given (by Prop. III. Part IV. « 
Milnes's _ Sections.) 1 * SK be let 01 
perpendicular from S to PH, and ſuppoſe the 
conjugate Semiaxis BC to be poke” «1 then 
(becauſe KH = HP— KP, and SH* = K H*® 
+ KS, and KS =—=SP'— KP*) SP> — 
2KPxPH+ PH =SH=4CH = 4BH* 
— 4BC—PH—-PS-LxPH-PS ( 
Part IV. Prop. V. of Milnes's Conick Sections.) 
—PS—-2SP>PH+PH*—LxPH—PS 
(by multiplying PH PS intoPH—PS.) let 
there be added to each fide of this Equation 
2 KP x PH—-SP*—PH +LxPH=—PS, 
and the Equation will become LX FH PS 
2 SPxPH—2KPxPH, or (reſolving this 


Equation into Proportion.) as PH—PS is to | 


PH, ſo will 28 P— 2 KP be to L, and the 
Figure may be deſcribed by Prop. VI. Part V. 
of Milnes's Conick Se&15ns. For if in theſe 

ſeveral 


* 


—_ _—_ 
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ſeveral Caſes, a Body be revolved in a Conick 
Section, found in this manner, it is demon- 
ftrated in the XIth, XIIth, and XIIIth Propo- 
fictions, that the centri Force will be rec 
y as the Square of the Diſtance of the 
on of the Forces; and 
therefore ine PQ is rightly repreſented, 
and would be deſcribed by that Body, if it 
oes out of the given place P, with a given Ve- 
be a ing to the Direction of the ſtreight 
Line PR given in Pofition. W. W. D. 

Coeol. 1. HENCE it follows, that if the 
principal Vertex D, the Latus rectum L, and 
the Focus 8, be given in any Conick Section, 
the other Focus H will be given alſo, if we take 
DH to DS, as the Latus rectum, to the Diffe- 
rence between the Latus rectum and 4DS. 
For in the Caſe of this , where P is 
ſuppoſed to coincide with D, the Proportion of 
SP+PH:PH::2SP+2KP:L. will be- 
come DS+DH: DH::4DS : L. conſe- 
quently by Divifion DS: DH :: 4 DS—L:L. 
Carol. 2. RENE the Orb may very ſpeedily 
be found, if the Velocity in the ha > he Ver- 
tex D be given. For the Velocity with which 
the Body would revolve in a Circle, whoſe Ra- 
dius is the Diſtance DS, is given (by Carol. 11. 
and Schalium of Prop. IV.) for it is equal to 
the r by the given centripetal 
Force in the Time that the Body would fall 

half the Diſtance DS. And {by Cor. 3. 
Prop. XVI.) the Latus redlum L is had by 


= 
> 
N % 
1 
44% 
4 
y 


m3 PYnc Re SKN rr 


WED RAO TIT 


Icarus. Alli... . 


Diſtance DS; as the Square of the 


Concerning CEMTRIPETAL Forces. 
taking it in the ſame ion to twice the 


locity in the Conick Section, is to 
of the Velocity of the 
Circle, whoſe Radius is PS. Then take DH 
to DS, as the Latus rectum to the Difference 
berwixt the Latus reffum and 4 D 8, and the 
Figure may be deſcribed by Prop. VI. Part V, 
of Milnes's Contck Seftions. 
Carol. 3. HENCE it follows alſo, that if a 
Body be moved in any Conick Section whatſo- 
ever; ſuch as þ q ſuppoſe, and be forced out of 
its Orb by any Impulſe whatſoever ; the Orb 
PQ, in which it will afterwards move, may be 
found; for if the Velocity generated by the 
Impulſe fingly, be added to the Velocity which 
the Body had before, we ſhall have the Velocity 
with which the Body goes out from the given 
place where the Impulſe was made, according 
to the Direction of a ſtreight Line given in Po- 
fition, which is the Caſe of this Propoſition. 
Corol. 4. Ax p if the Body be continually 
put out of its Courſe by ſome external Force 
impreſſed upon it; its future Courſe may be 
very nearly found our, by computing the Al- 
teration made by that Force in ſeveral places, 
and ſo judging of the continual Alteration in 
the intermediate places by the Proportion which 
the Terms of the Series bear to each other. 


SCHO- 
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Fig. 70. any given Conick Section whatſoever, whoſe 
Center is C, by a centri 


Concerning CENTRIPETAL Forex 8. 


SCHOLIU M. 
P be moved in the Perimeter of 


Ir a Body 


Force to 
any given pointR; it be required to find 
the Law of the centripetal Force; let CG be 
drawn parallel to the Ray R, and meet the 
Tangent of the Orb PG in G; and the Force 


tripetal Force C tend to the Center C, it will 
be ionable to the Diſtance CP (by Cor. I. 
po! Scholium to Prop. X.) and this Force 
will be to the Force c tending to the point R, 
as CPxRPF*, to CG? (by Cor. 3. Prop. VII.) 
tay CP:c::CPxRF*: CG). and multi- 
plying che Extremes and Means, and dividing 
by CP, it will be c, 1 tending to- 
G3 


wards R, proportionable to N P-. 


SECTION 
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StEcT1ioNn VII 
Concerning the Aſcent and Deſcent of Bodies in 
by ale Lines direct ih. * F 


PRoPosITION XXXII. ProBLEmMXXIV. 
Let the centripetal Force be ſuppoſed to be reci- 
pracally proportionable to the Square of the 
Diftances of the places where any Body is, 
from the Center; it is required to determine 
the Spaces deſcribed by ſuch a Body falling di- 
rectly down in a ftreight Line, in any given 
Times. | 


Caſe 1. TT was before demonſtrated (Prop. 
XIII. Corel. 1.) that under theſe Cir- 
cumſtances, the Body muſt either fall down 
7 or it muſt ce ſcribe one of the 
Conick Sections, either ſome Circle, or Ellipfis, 
or Parabola, or Hyperbola, whoſe Focus is co- 
| incident with the Center of the Forces. Let 
ARPB be that Conick Section, and let S Fig. yr. 
be the Focus of it; and firſt let us ſuppoſe 
this Figure to be an Ellipfis, then ler the 
Semicircle ADB be deſcribed upon the Line 
AB, which is the longer Axis of the Ellipfis ; 
and as the Body falls down, let the ſtreight 
Line DPC paſs through it when it is — 
— 


O 
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ace C, and be perpendicular to the Axis AB. 
ow if the ſtreight Lines DS and PS be 
drawn, the Area ASP will be proportionable 
to the Time in which the Body would move 
in the Ellipſis from A to P (by Prop. I) but 
the Area ASD is ionable to the Area 
ASP (by Prop. V. Book V. of L'Hoſpitals Co- 
nick Sections.) and conſequently the Area ASD 
is proportionable to the Time in which the 
Body would move in the Ellipfis from A to P. 
Let the Axis A B remain the fame, and let the 
Breadth of the Ellipſis be continually dimi- 
niſhed ; the Proportion which is betwixt theſe 
two Areas will be always the ſame, and the 
Area ASD will always be pr to 
the Time, though the Breadth of the Elli 
become never ſo ſmall. Let the Breadth of ir 
be diminiſhed infinitely, ſo that the Diſtance 
CP may be leſs than any given Diſtance 
whatſoever ; then will the Orb APB coincide 
with the Axis AB, and the Focus 8 will coin- 
cide with the Extremity of the Axis B, and the 
Body inſtead of moving in an Ellipfis, will de- 
ſcend in the ſtreight Line AC, which in this 
Caſe may be conceived to be an Ellipfis of no 
given Breadth, or whoſe ſhorter Axis is infi- 
nitely ſmall ; and the Area ABD will till be 

jonable to the Time in which the Body 
from A to C in this ftreight Line, or 
infinitely diminiſhed Ellipfis. If therefore the 
Area ABD be taken proportionably to the 
W 
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| the ſame princi 


| bola, then let the 
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Pos 


point D to the ſtreight Line A B; the Space 
AC will be 8 which the Body deſcribes 
in a given 4 
Au 4 


Caſe 2. If the Figme 1 RPB be E 
rectangular Hyperbola BED 

whoſe and 
ſhorter Axis's or principal Diameters interſect 
each other at right Angles) be deſcribed 


ipal Diameter AB (by Prop. VI. 


(that is, an H 


Part V. of Milnes's Contck Sections ;) then 
| becauſe the Areas CSP, CB fP, SPãB; 
| and the Areas CS, CBED, SDEB, are all 


in the ſame P 
| in the given Proportion of the Lines CP, CD, 
or CSP is to CS D, as CP to CD, and fo 


to each other, that is, 


of the reſt. (See L'Hoſpital's Canick Set. 


Book V. Prop. VI.) and becauſe the Area 
SP B is proporonble the Time in which 
the” Body f the Arch PFB 


2 Prop. I) ratios the Area SDEB will 
to the ſame Time alſo, and 

be to repreſent it. Now let the La- 
may be pr um of the H RPB be infi- 
nitely diminiſhed, and the Latus Tranfoerſum, 

* Line AB, remain the fame; and the 
Hyperbola RPB will become infinitely nar- 
row, ſo that the Curve PB will coincide with 
the ſtreight Line CB, the Focus 8 will alſo co- 
incide with the Vertex B, and the ſtreight 
Line SD with the ftreight Line BD; conſe- 
quently the BDE B will be 6 

2 e 
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the Time in which the Body C by deſcending di- 
rely downwards, deſcribes the ſtreight Line 


CB: So that while the Body C is deſcending, 
all the Lines CB may be looked upon as fo 
many infinitely narrow Areas of an infinitely 
narrow H correſponding, and propor- 
tionable to as many Areas BDEB, deſcribed 
by the Point D, in forming the Hyperbola 
BED, and alſo corref; and proportiona- 

ble to the ſeveral equal Moments of Time in 
which they are both generated. W. W. S. 

. Cafe 3. The ſame Reaſoning holds likewiſe, 
if the Figure R PB be a Parabola: for let ano- 


ther Parabola BED be deſcribed on the 


fame principal Vertex B, (by Prop. VII. Part V. 
of Milnes's Conick Sections,] and the Area 
CSP will be to the Area CS Das CP to CD, 
by the Elements ;) the Area CB f Þ will be to 
the Area CBE D, in the ſame Proportion of 
CP to CD, becauſe the Areas of Parabolas are 
equal to two third Parts of their circumſcribed 
Parallelograms, (by Prop. XIII. Book V. 
L'Hoſpital's Canicł Seffime,) and theſe 

lel being of the ſame height, are as 
their Baſes CP, CD (by the — and 
therefore (by Divifion,) the Area 8 P/, is to 
the Area 8 DEB, as CP to CD. Let the 
Parabola BED continue the ſame, till the 


other Parabola RPB, in whoſe Perimeter the 
Body P moves, coincides with the Line CB, 
which it will do, when its Latus rectum, by 
being infinitely diminiſhed, is reduced to no- 

thing; 


%% ͤ . V Pun. Lok dba. ½?˙?é T 
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RB the Orbit of © Planet A; it 
ifeſt (by this laſt Propaſition.] that in the 
1 the Planet A revolves in its 
Point A to the Point B, it would 
of Gravity fall directly through 
Diameter from A to B; for the ſame Rea- 
if the ſame Planet A revolved about the 
C, in the Orbit AKS, it would fall 
from A to 8, by the Force of its own Gravity, in 
the ſame time that it would revolve in the Orbir 
AKSfromAtoS, that is, if the fame Planet be 
fu to deſcribe different Orbits, the Times 
us direct Deſcent through the Diameters of 

P thoſe 
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thoſe Orbits, are to each other as half the pe- 
riodical Revolutions; but (by Prop. XV. _ 
che Revolutions are to each 

2 ialterare Proportion of the 3 
an E. in dür Caſe half the periodick Revo- 
lution in the Orbit ARB, is to half the pe- 
riodick Revolution in the Orbit A K 8, in a 
ſeſquialterate Proportion of A B to AS, that is, 


Seren v $to 1; 
and becauſe 


theſe periodical Revolutions 
ns exucd to the dot Daſbrnce from A to B, 
and from A to S, therefore half the periodick 
Revolution of the Planet A, i in the Orbit ARB, 
is to the Time of its direct Deſcent from A to 
8, as V8 to 1. and the whole Time of the 
periodick Revolution, is to the Time of the 
direct Deſcent to the Center C, as2\/ 8 to 1, 
or as 4 // 2 to 1. Now 4992 is equal to 


856; therefore if che Time YE the periodical 


evolution of any Planet about the Sun be di- 
vided by 5,656, the Quotient will give the Time 
that the fame Planet would take up in falling 
directly down to the Center of the Sun. Thus 
it will be found that the Earth and the Moon 
rogether, would arrive at the Sun in the Space 
of about 66 Days and 19 Hours, Venus would 
arrive there in about 40 Days, Mercury in 
about 15 Days and a half, Jupiter in the Space 
of two Years and one Month, and fo for the 
reſt. If che Moon were ſtopped in its Orb, it 


would deſcend to the Earth in about five Days, 
by the fame Method of Computation. 
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ProPoSITION XXXIUIL TreoremM TIX. 
' The things demonſtrated in the foregoing P 
0 tions being ſuppoſed, 1 ſay that the V. — 
| * alling Body in any place C, is to the 

elocity of a Body deſcribing à Circle about 
the Center B, at the Diflance BC, in @ ſub- 
duplicate Proportion of AC to; AB; that 
it, as the ſquare Root of the Diſtance of the 
Body from A, the furtheſt Vertex of the Cir- 
cle or rect H , to the (i 
Root of the principal Semidiameter of the 
Figure. 


LET AB, the common Diameter of both 
the Figures RPB, DEB, be biſected in O, Fig. 73. 

and let the ſtreight Line PT be drawn, which 
may touch the Figure RB in P, and may 
alſo interſect the common Diameter AB (pro- 
duced, if need be) in T; let SY be drawn 
perpendicular to this Tangent, and BQ, per- 
i to the Diameter AB, hs 
the Latus rectum of the Figure 
equal to L. Ir is evident by the gth Corol. 
of the XVIth Prop. that the Velocity of a 
Body moving in Line RPB, about the 
Center S, is in any place P, to the Velocity 
of a Body deſcribing a Circle about the 
ſame Center at the Diſtance SP, in a ſub- 
duplicate ion of the Rectangle LX SP 
to 8 V ſquare: that is, putting U for the Velc- 
P 2 city 


be ſuppoſed 
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city in the Conick Section, and V for the Velo- 
city in the Circle; 

U: V:: £LxSP:SY. 
but AC B: C P:: 2AO : L. Part I. 


Therefore putting L for its Value in the forego- 
ing Proportion, 1t will be, 

CFxAO0xSP 
ACB 


CO: BO::BO: TO. (Milnes's Canict 
Sections, Part Il. 


_ Cor. 2.) 
CO: BO:: CB: BT. (by Compoſitionor 
Divi 


3 wherefore 
BO +CO:BO:: CT: BT. (by Divifion or 
Compoſition,) 

6 that is, 

AC: AO:: CP: BQ; (becauſe the Tri- 
angles TCP, T BQ, are ſimilar.) conſequent- 
ly CP* *EREERE (by Multiplication and 
Tranſpofition.) And if in the Quantity A 


U:V::/ 8 L. Fur- 


ther, 


P* x 


0 

* 
| 
by 

* 

. 
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. inſtead of CP be fubQirure! 


its Equivalent N O; the Reſult will be 


* CPxAOxSP __ BQ*ﬀx ACxSP Mae ts 
A Br, ͤ mn 
CP, the breadth of the Figure RPB, be infi- 
- _ nitely diminiſhed, ſo that the Point P may co- 
mcide with the Point C; the Point S with the 
Point B; the Line SP with the Line BC, and 
” _ the Line 8 with the Line BQ; and the Pro- 
- portion will be in thatcaſe, | 
BQ*xACxSP . 
U: V:: 4 5 7 wh or | 
U: V:: / BOXxACSP: V/ SY*xAOxBC. 
that is, the Velocity of the Body 
k directly downwards in the ſtreight Line CB, 
I. will be to the Velocity of a Body deſcribing a 
0 Circle about the Center B, and at the Diſtance 
CB; in a ſubduplicate Proportion of BQ* x 
ACxSP to SY XAOx BC, that is, (if the 
Terms which are equal to each other in this 
Caſe, viz. SP, BC, and BO, S V, be ſtruck 
7 out of the Proportion) theſe Velocities will be 
to each other in a ſubduplicate Proportion of 
AC to AO, or + AB. W. W. D. 
«i Corol. 1. When the Points B and S coincide, 
proved before, that AC: AO:: CP: B. 
nd bur CP:BQ:: TC: TS (becauſe the Trian- 
* gles TCP, TSQ, or TBQ, are fimilar;) 
„ therefore TC: TS:: AC: AO. | 
? P 3 Carol. 2. 
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Corol. 2. If a Body revolves in any Circle at 
a given Diſtance from the Center, and its Mo- 
tion were turned u it would aſcend to 
twice its Diſtance from that Center, and then 
return back again. For ſuppoſe B the Center 
of the Circle, and BO the given Diſtance from 
this Center, and the Point C, where the falling 
Body is, to coincide with the Point O: Then, 


by this P tion, the Velocity of the falling 
Body, will be to the Velocity of the revolving 


Body, in a licate ion of A O to 
AO, that is, theſe Velocities will be equal; but 
the falling Body deſcended from A to O, conſe- 
quently the revolving Body, whoſe Velocity is 
the ſame, would aſcend to A, if the Determi- 
nation of its Motion were u that is, 
— ahertaras 
ter B. 


SCHOLIUM 


Hexce we may obſerve the different Ef- 
tects of the Force of Gravitation, upon Sup- 
poſition that this Force continues the ſame at 
all Diſtances from the Center; and upon Sup- 
poſition that it decreaſes in a duplicate Propor- 
tion of the Diſtance. In the former Caſe, the 
Velocity with which a Body revolves in any 
Circle at a given Diſtance from the Center, is 
exactly equal to the Velocity acquired by the 
Force of Gravity in falling dire&ly through a 
Space equal to half the Radius of the Circle 


(by 


0 
— 
b 
* 
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18 
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le 
by 
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(by Prop. IV. Corr. .) in the latter Caſe, the 
Velocity of the revolving Body is exactly equal 
to the Velocity acquired by the Force of Gra- 
vity in falling directly through a Space equal 
to the whole Radius of the Circle ; that is, juſt 
double the Length of the other. 


PROPOSITION XXIV. THrEoOREM X. 


If the Figure BED be a Parabola, I ſay, that 
the Velocity of the falling Body in any Place 
C, is equal to the Velocity with which a Body 
may be made to deſcribe a Circle on the Cen- 
ter B, with half the Diſtance BC, with an 
uniform Motion. 


Fox the Velocity of a Body deſcribing the Fig. 76. 


Parabola RPB in any P, is equal to the 
Velocity of a Body uni y deſcribing a Cir- 
cle about the ſame Center 8, at half the 
Diſtance SP. (by Cor. 7. Prop. XVI.) Let C P, 
the breadth of the Parabola, be infinitely di- 
miniſhed, ſo that P FB, the Arch of the Para- 


|  bola, may coincide with the ſtreight Line C B, 


the Center S, with the Vertex B, and the 
Diſtance SP, with the Diſtance BC; then 
will the Velocity in C be equal to the Velocity 
of a Body deſcribing a Circle about the Center 


B, with an uniform Motion, at the Diſtance 
of half CB. W. W. D. 


P 4 PRoro- 
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ſcribe the Arch K, as it revolves 
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PrRoPosI1TION XXV. TrroRem XL. 


The ſame thi ng ſuppoſed, I ſay, that the 
_ of 1. Fans, D "7% 2 by the 
indefinite Radius 8 D, is equal to an Area 
which may be deſcribed in the ſame Time 
ier S, in „ Circle whife Radius is equal tq 
balf the Latus rectum of the Figure, 


For | 
it falls, the very 
Particle of Time that can be 
Body K in the ſame Moment 


y 
in the Circle O K, about the Center 8. Let 
the iculars CD, cd, be erected, and 
meet the Figure DES in D and 4 Let SD 
Sd; SK,S4, be joined; and let Dd be pro- 
duced till it meets the Axis AS in T, and let 
SY bedrawn pe icular to it. 

Caſe I. Now if the Figure DES be a Cir- 
cle, or a rectangular Hyperbola, let the trani- 
verſe Diameter AS be biſected in O, and SO 
will be half the Diameter of the Circle, or 
half the Latus rectum of the Hyperbola (by 
Part I. Prop. XXIV. Cor. 1. of Milnes's Ca- 
vidi Seftions.) And | | 


wed 


None 


ST TRS OMA 


N 07 


| And TD: TS ::CD :SY, becauſe the 


iſe 
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becauſe TC: TD:: Cor dg: Dd, becauſe the 
Triangles 
TCD, 4gD 
— 
the Elements.) 


| There- TC: T'S ::CDxCc:S YxDd.(by equal 
fore Mulkiplica- 


tion.) 


But TC: TS. Ac :AO (6 Corel. 1. 


Prop. 
if the ag 


22 


Lines be ta- 
kenwhen the 
Points D and 
d coincide. 


| There AC: Ao sk; CD: — (by 
| fo - 


ea! 
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Further, the Velocity (U) of the deſcending 
Body in C, is to the Velocity (V) of a Body 
deſcribing a Circle about the Center S, ar the 


Diſtance SC, in a ſubduplicate Proportion of 


AC to AO, or SK, (by Prop. XXXIIL) 
that is, U: V:: AC: SK. and the Velo- 
city (C) in this 
Circle, is to 
the Velocity 
(fa Body 
deſcribing the 
Circle OK, 
in a ſubdupli- 
cate 
tion of SRK 
to 8 C (by Co- 
ral. ö. Prop. IV.) 
that is, V: A:: 8K: / SC. Therefore the 
firſt Velocity 
Vis tothe laſt 
Velocity (A.) 
that is, U: A:: VAC: SC, or che very 
ſmall Line Cc, which is proportionable to the 
Velocity of a falling Body in C, is to the Arch K &, 
which is proportionable to the Velocity of the 
revolving Body in K, theſe ſmall Spaces being 
ſuppoſed to be deſcribed inthe fame Moment of 
Time; in a ſubduplicate Proportion of AC to 
SC, or in the Proportion of AC to CD (by 
Prop. XIII. Book VI. of the Elements) that is, 
Ce: K:: AC: CD. Wherefore (by multi- 
plying the Extremes and Means) C Dx Cc is 


equal 
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plying the Extremes and Means, and dividing 
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equal ro A CK RA. Wherefore if in the fore- 


going ion of AC: SK : : CDxCc 
:SYxDd, inſtead of CDxCc, we put its 


Equal ACK, it will be, as AC is to 8 K, 
ſo will AC x K be to SVD d. and (multi- 


AC,) it will be, SKRxKE, Ta 
and (by Diviſion.) + SKxKk equal to 38 V 
Dd; chat is, the Area K 81 is equal to the 
Area SD4. g 2 L XII. Book I. of 
the Elements.) oment of Time 
therefore 2 E81 and SDd of two 
Areas are generated; and if the Magnitude of 
them be diminiſhed, and the Number of them 
increaſed infinitely, they will become equal to 
each other, and conſequently the whole Areas 


infinitely ſmall Areas, will always be equal 
likewiſe (% Corol. 3. Lemma IV.) W. W. D. 
Caſe II. If the Figure DES be a Parabola, 
by the very fame way of demonſtrating, it will 
appear that in this Caſe alſo CDx Cc will be 
twSYxD4, as TC is to TS; but by the Pro- 
of the Parabola TCisto TS as 2 to I, 
N s Conick Sect. Part II. Prop. II.) There- 
+ CDxCc is equal to 2 8 YVX DA, 
mult lying the Extremes and Means, and 
Prop. XLI. Book I. of the Elements.) 
= the Velocity (U) of the deſcending Body 
in the Point C, is equal to the Velocity (V) 
with which a Body may be made to move uni- 
formly in a Circle, at the Diſtance of 3 SC 
from the Center 8 (by Prop. XXXIV.) "And 


this 


* 


compoſed of an equal infinite Number of equal Fig, 78. 


3 
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this Velocity (V,) is to the Velocity (A,) with 
which a Body may be made to deſcribe a Circle 
with the Radius SK, that is, the very ſmall 


Line Cc, e 
locity U or V; is to Arch K&, which is 

to the Velocity A (for theſe 
ſmall are to be deſcribed both 
m the Moment of Time;) in a ſubdup 
ion of SK to 3 SC (by Corol. 6. 


cate 
Prop. IV.) that is, 
Ce: K:: 8K: SC; chat , :: 8 K 


20D. For, by the H 2 SK is 
to the Latus rectum of the Parabola, and 
CD*=2SKxSC Gy Part I. Prop. XXV. of 
Milnes's Con:ick Sections,) therefore = 
8, and (by Subſtitution and Divifion.) 
Cc: K&Et::SK:i CD. 

Wherefore + SKxK# is equal + CDxCc. 
(by multiplying the Extremes and Means, and 
drviding by 2.) and it was before ſhown, that 
+ CD x Cc is equal to; SY x D A. conſequently 
(by Subſtitution) 5 SK »xKE is equal to 28 1 
Da; that is, the Area KSA is equal to the Area 
S Dd, as in the foregoing Propoſition. W. W. D. 


PrRoPosITIoN XXXVI. PrRoBLEM XXV. 
How to determine the Times of the Deſcent of 4 
Body falling from à given place A. 
Le T the Semicircle ADS be deſcribed upon | 
Fig. 79. the Diameter AS, the Diſtance of the Body 
from the Center 8, when it begins to fall; and 
on 


* 1 r k * r : +2, 
. r ant RL 2 - „ 
n — r 


T Inn n 


. . FY 


n 
* 
d 
n 


| be madetodeſcribe the Arch OK, by revolving 


Velocity (V.) with which a 
to revolve about the Center 8, at the given 
| Diſtance SG, that is, 


a oe FW XL A Ro” 


Numbers 2 to 1, that is, if U“: V*::2: 1, 
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this Center S, let another Semicircle OKH 
deſcribed equal to the former one. From 

place C, where the Body is as it falls, ler the 
Ordinate icate C D be drawn. Join SD, 
and take the Sector OSK to the Area 
ASD. Then it is evident (5y Prop. XXXV.) 
that the Body in falling will deſcribe the Space 
AC, in the fame Time that another Body may 


uniformly about the Center 8; for SO, the 


Radius of this latter Circle, is equal to half 


the Latus refFum of the Figure ADS, or half 
the Diameter AS. W. W. D. 


PRO POSITION XXXVII. PROBLEM XXVI. 


How to determine the Times of the Aſcent and 
Deſcent of a Body thrown upwards or down- 
wards from a given place. 


Lira Body be thrown from 
place G, according to the Direction 
Line GS, and with any Velocity (C) whatſo- 
ever. Let GA be to A8, in a duplicate 

ion of this Velocity (U) to the uniform 
may be made 


GA: AS:: U: V. ( Prep. XXXIII) 
Caſe I. Ir this Proportion be that of the 


then the Body will aſcend or deſcend by the 
ſame Law of Velocity, as if it moved in a Para- 
X | 


bola 


cn of the Fig. 80. 
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Fig, 


Fig. 82 


* 


bola Prop. XXXIV. m——_— the 
N. al be at en inns 


DO PAS 24 
Caſe therefore, there muſt be a Parabola de- 
ſcribed (8 DI ſuppoſe) on the Vertex 8, and 
with any Latus rectum whatſoever. Then on 
the Center S with the Diſtance SH, to 
half the Latus rectum, let the Circle H K be 
deſcribed ; and at the 


17 the 

„ in this Caſe the 

81. Figure to be deſcribed muſt be a Circle, whoſe 
Diameter is 8 A; and if the Proportion of U. 
to V be greater than that of 2 to 1, then the 
Figure to be deſcribed muſt be a rectangular 1 
2. Hyperbola, whoſe principal Diameter is 8 A 
65 Prop. XVI. Cor. 7. and Prop. XXXIII.) 

pon the Center 8, with the Diſtance of half 

the Diameter SA in Caſe the 2d; or with the ; 

Diſtance of half the Latus rectum of the Hy- 


3 SEID, in Caſe the 3d, let the Circle 
IIK 


1 4 ; h * 3 *. 3 %& "= be: : 1 " 5 * 3 LIE. = a 
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IK be deſcribed; and the reſt will be exactly 
ſame as in Caſe the 1ſt. W. W. D. 
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PROPOSITION MXXVIII. Ta ZORZM XII. 


we ſuppoſe the c al Force to be — 
1 Eat, or 12 
places where the the 
Center; I ſay, that the N its Fall, 


are onable to the Arches of a Circle 
deſcribed on a Radius equal to the Diſtance of 
the falling Body ' 
cities of the falling ionable 
to the right Sines ; * and — 
Spaces which it fa 


tionable 24 of t 71 e 
Arches. 


LeT the Body fall from any place A, ac- Fig. 83. 
(cording ro the Diredtion of the Line A'S; then 
upon 8, the Center of the Forces, and with 
the Diſtance AS, let the of the 
N ircle AE be deſcribed; and CD be the 
"right Sine of any Arch AD, and AC, the 
verſed Sine of the fame Arch; then will AD 
"repreſent the Time of the s falling from 
A to C; AC will e Space Gl 
through; and CD will the Velocity 
which it has acquired in from A to C. 
Ir the Body A does not deſcend in the 
ſtreight Line AS towards 8, or move in the 
ADE, it will move — - 
w 


the Center: The Velo- 
are 


: 
A 
? 
i 
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4 
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the Ellipũs be infinitely diminiſhed, fo that the 


the verſed Sine of that 
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_- the Center of the Forces, 
(by Cor. 1. 


rop. X.) Let ARP be this Ellip- 
let I" be the Center of it; then if 
ight Lines DS and PS be drawn, the 
SP will be to the Time 
which the Body would move in the Ellipfis 
from A to P (by Prop. I.) but the Area ASD © 
is proportionable to the Area ASP, (by Prop. v. 
Book V. of L Hoſpital's Conck Settzons.) and 
therefore the Area ASD is to 
the Time in which the Body would move in 
the Ellipfis from A to P. Let the breadth of 


upper Focus may coincide with the Point A, 
and the Orb A RP with the ſtreight Line AC 8, 
and the Body, inſtead of moving in the Orb 
ARP, will deſcend directly to the Center 8, in 
the freight Line ACS, and the Area A8 D 
will ſtill continue to the Time 
in which the Body moves from A to C, in che 
ight Line AC. Wherefore if the Area 
ASD be taken proportionable to the Time, 
from the Point D, the P DC 
be let fall to the Semiaxis A8, the Space AC 
will be deſcribed by the falling in the 
Time repreſented by the Area ASD; but the 
Area ASD is le to the Arch AD 
(by the Elements ;) and therefore the Arch AD 
is proportionable to the Time of Bodies de- 
ſc through the AC, which is 
Further, let the 


Ling cd be drawn as near as can be to CD, 
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and from the point d, let d e be let fall 
dicular to CD; then will cC f des 
and becauſe the very ſmall Space c C, is de- 
ſcribed in the given Time 4D, therefore the 
Velocity of the falling in C, is * 
tionable to this ſmall Space C; (for if the 
Time be given, the Velocity is as the Space de- 


ſeribed,) but the Triangles Je D and CDS are 


fimilar (for they are right-angled at e and C; 
and the Angles CDS-+ DSC are equal to a 
right Angle, the Angles CDS + 4De are alſo 
equal to a right Angle, therefore the Angle 
DSC is to the Angle dDe;) conſe- 

4 D is to de or C, as SD to CD; but 
95. Radius of the Circle, is given, and 
therefore 


CD is proportionable to c C; that is, 
to the Velocity in C. W. W. D. 

Corol. 1. HEN it follows, that a Body in 
falling from the place A, will arrive at the 
Center 8, at the ſame time that another Body, 
revolving in the Circle A E, will deſcribe 


tte Quadrant AE. For che Velocity of the 


revolving Body being uniform, both the Velo- 
city and the Time may be re by the 
given Space 4D, which being correſpondent all 
the way to c C, when C is got to 8, D muſt be 
got to D (by Corol. Lem. TV.) 

Corol. 2. Hence it follows alſo, that all 
Bodies, from what different Heights ſo ever 
they fall, will arrive at the Center at the ſame 
time. For if they revolved about the Center, 
their periodical Times would be all the fame 


. (by 
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Carol. III. Prop. IV.) Therefore the 
(2 ing Corel, Nair i 2 


foregoing ir Times of Deſcent will 
be all the ſame. 


SCHOLIU NM. 


Ir there were a Hole bored in any part of 
the Earth's Surface quite through the Center 
to the oppoſite Surface; and any Number of 
Bodies let fall at the fame time at different 
Diſtances, ſome very near the Center, and ſome 
very near the Surface ; they would all arrive at 


the Center together, and then ſeparate, and get 
as far from the Center on the other fide, as 
they were when firſt let fall; after which they 


would all at the fame time begin to come back 
to the Center again, and arrive at it all of 
them together ; and thus they would uniformly 
vibrate backward and forward continually : 
For the centripetal Force within the Earth's 
Surface is proportionable to the Diſtance from 
the Center, as ſhall be ſhown at Prop. LXXIII. 


PROPOSILITION XXXIX. PROBLEM XXVII. 


It is required to find the Velocity of a Body af- 
cending or deſcending directly, in any place 
where it is; and alſo the Tine in which the 


Body will arrive at any place ; let the centri- 
petal Force be of any kind whatſoever ; (that | 


ts, let it increaſe or decreaſe, according to 


Law whatſoever :) it being ſuppoſed only that | 


« f gn Tres 5 Ya} 432 4 * 


2 curve- 
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te 3 Ccurve-lined Figures can be ſquared: And the 
1 contrary. 


Lr the Body E fall from any place A, in 
the ſtreight Line ADEC; and in whatever 
palace E it is, let the Perpendicular E G be al- 
ways erected proportionable to the centripetal 
Force in that place, by which it tends to the 
Center C: let BFG be the curve Line 
continually deſcribed by the Point G. Fur- 
ther, at the beginning of the Motion, let the 
Line E G coincide with the Perpendicular AB, 
+ which repreſents the centripetal Force in A, 
and the Velocity of the Body in any place E 
will be in a ſubduplicate Proportion of the 
curve-lined Area ABGE. W.W.S. 

In the Line EG, let EM be taken in a re- 
| ciprocal Proportion of the ſquare Root of the 
Area ABGE; and let VLM be the curve 
Line which the Point M touches in every place 
as the Line EM moves from A to E, and 
whoſe Aſymtote is the ſtreight Line AB pro- 
+ duced: Then will the Time which the Body 
rakes up in falling through the Space repre- 
- ſented by the Line AE, be pr jonable to 
af- the curve-lined Area ATVME. W. W. S. 
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th DEMONSTRATION. 


bat LET the very ſmall Line DE of a given 
any Length, be taken in the Line AE; that is, let Fig. 84. 
hat the Line AE be divided into an infinite Num- 
ve- Q 2 ber 
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ber of equal Parts DE, and let DLF be the 

of the Line EMG, when the falling 
y was in the Point D; then if the centri- 
petal Force be ſuch, that a ſtreight Line, 
whoſe Square is equal to the Area ABGE, is 
proportionable to the Velocity of the deſcend- 
ing Body; The Area it ſelf will be in a dupli- 
cate Proportion of the Velocity (by Involution ;) 
that is, if V be put for the Velocity of the 
Body when it is in D, and I be put for the In- 
crement of the Velocity, while the Body falls 
through the infinitely ſmall Space DE; V +I 
will repreſent the Velocity of the Body when 
it is in E, and the Area ABFD will be pro- 
portionable to V V, and the Area ABGE will 
be proportionable to U , that is, V V+ 
2 VIII (by the Hypotbefis,) But the Area 
DFGE, is equal to the Area ABG E- the 
Area ABF D, or VV +2 VI+H—VYV; that 


is (+VV—VV deſtroying each other) the * 


Area DF GE, is proportionable to 2 VI+II; 


DFGE... R 
and therefore EPE 5 proportionable to 
2V +I: Boing din: 
TE 5 (each eing divided by the common Juan- 
f:ify DE.) that is, if the firſt Proportions of the 
Quantities be taken as they begin to be generated, 


the “Line DF will be proportionable to the Quantity 
5 B. for when the Point D coincides with the 


Point 


2 0 


— SD 7 Wy LT Hy 7 wir 77 
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* 
he 
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ty 
he 
int 


| Increment of this Velocity, generated in a very 
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Point E, the very ſmall Space DE vaniſhes, 
and by Lemma l.) the ſmall Area 
DFGE becomes equal to the Line DF. 80 
PIs „ 2 VIII 

likewiſe in the Quantity BE V repre- 
ſents the whole Velocity acquired in falling 
from A to D, and I repreſents only the ſinall 


ſhort Time, whilſt the Body fell through the infi- 
nitely ſmall Space DE; II therefore the Square 


1 2 VI 
of this Increment, is infinitely lefs than F. 


Now the centriperal Force, with 


where 


ionable to the Increment of the 
in a given Time; becauſe the In- 


Velocity 


- creaſe of the Velocity is the Effect of this 
= Force; and if the Time be not given, then 
the centripetal Force is as the Increment of 
the Velocity directly, and the Time inverſely, 


{becauſe the more the Velocity is increaſed, 


| and the ſhorter che Time is in which it is in- 
©} creaſed, the greater muſt the Force be:) There- 


fore let F be put for the centriperal Force, and 
.' ® T for 
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velocity inverſely; that is, as U: Nowifin | 
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T for the Time; then F will be proportionable 


to L. Again, the Time in which the Body by 
falling deſcribes the ſmall Line DE, is as the 
Space through which it falls directly, and the 


the foregoing Quantity . inſtead of T, we | 


Force ionable to DF, or EG, will 
cauſe a Body to deſcend with a Velocity which 
is every where in a ſubduplicate Proportion of 
the Area ABG E. W. W. i 


ſquare Root of the Area ABF D (by the Hy- 


pothefis ;) let DL be in the inverſe Proportion | 
of that ſtreight Line; then becauſe DE is 
en. the very ſmall Area DLM E will alſo 


in the inverſe Proportion of that ſtreight 


„0 ae * 


Line: Then will the Time be every where 
| 1 propor- 


e 


oB=E EE TY Fi 


STFHISERD 


* 
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and the Sum of all the Times will be 


"= . 


== 


Concerning CENTRIPETAL Fox ces. 
to the very ſmall —_— LN, 


tionable to the Sum of all the Areas ( 
Lem. TV.) that is, the whole Time which the 
fall takes up in deſcribing the ſtreight 
— 1 — by che whole 
Area ATVME. W.W.D. 

Corol. 1. Ir a Body be urged by any uni- 
form known centripetal Force (ſuch as Gra- 
vity is generally ſuppoſed to be, h it 
really decreaſes as the Square of the 
from the Center of Gravi ) and P be the 
place from whence ſuch a muſt fall, in 


order to acquire a Velocity in the D equal 
to the Velocity acquired in the place D, 
„ Bog, ured by any or of 


centriperal Force whatſoever : Then, if in the 
DF, we take DR, in the ſame 


Proportion to DF; that the uniform Force of 
Gravity bears to the other centripetal Force, 


and the le PDRQ be compleated ; 
and if after this we take the Area ABFD 
equal to this Rectangle, A will be the place 
from when this other Body fell. Let the Rect- 


— WHOLE! :VV:2VLI. 
214 V: I. (di- 


"" odd gya V.) 
that is, the Area ABFD, is tothe Arca DF GE, 


as half the whole Velocity acquired by the 
Body falling from A w/E by the uncqual 


centripe- 


— 
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Force; is to the Increment of that 
Velocity in the place E. By the ſame way of 
arguing, the Area PORD. is to the 


_DRSE; as half the whole Velocity acquired 
by the 


Body in falling from P to E by the 
equal uniform Force of Gravity; is to the In- 
crement of the ſame Velocity in the E; 
that is, putting L for this whole Velocity, and 
J for its Increment. 
the Area PQRD: the Area DRS E:: 4 U: 
But the Times in which theſe Increments ], 
112 being equal, the Increments are 
which they are ed, 
Gar bs as ——— DF. DR (& the Hy- 
potheſis ;) chat is, 
I:]J:: DF: DR, 
conſequently I: J: : AreaDFGE: AreaDRSE, 
(becauſe 


the Arca ABFD che Area DFGE:: z V: the 
Ok Area 
DFGE. 
and 

che AreaPQ RD: the Area DRSE:: U: the 
Area DR 


SE (5. 
bah tut ing 


for 


Concarning CEnTRIPETAL FoxczsC, 

i N 11 
fir Areas 
DFGE 
andDRSE.) 
Conſequent- 


ly, 
the Area ABFD is proportionable to + V, 
and the Area PQRD is proportionable to: U 


* 3 Cool. 8 Time may alſo be found by 
erecting Ordinate n reciprocally — 
tionable to the ſquare Root of IS 

57 ©} PQRD, increaſed or diminiſhed by the Area 

br | DFge; and taking the Time which the Body 


F 
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takes up in falling through the Space De, to 
the Time which a another Body, urged Zu 
uniform Force of Gravity, takes up in 

from P to D; as Ss 
to the R 


Force of Gravity, takes up in falling through 
the Space PD; is to the Time which the ſame 
Body takes up in falling from P to E, as the 
ſquare Root of P D, to ſquare Root of PE; 
that is, putti rring T and T for thoſe Times. 


T: T:: APD: PE. (by Scholion 


Coral. 6. of 

the Third 

Law of Mo- 

that is, T: T:: PD: PDT DE. (the 
Line DE being fads infinitely ſmall, or be- 
nning to be generated:) For ſuppoſe the Space 
on eſented by the Square ABCD, and 


the Space PE Etobe ab the Square A 


F E ;then will DE, the difference of theſe Spaces, 
be repreſented by the Rectangle DC BG FE, 
which is the difference of the Squares; for the 
ſame Reaſon AD will be as the Root of PD, 
and A E as the Root of PE; but AD is to AE 
as the Square ABCD to the Square ABCD + 
: DCBGFE (by the Elements; therefore 
PD: IPE: PD; PD-+3DE. ( (by Subſti- 
tution. 
or :; 2PD: 2PD-+DE. ( multiply- 


ing by 2.) 


And, : T--T:: 2PD: DB. (by Divi- 


eftangle 2 PDxDL. For the Time 
which a Body, deſcending by the uniform 
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by the uniform Force 
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fron;) that is, the Time which the Body 


takes up in falling h the Space PD, 

Gravity, is to the 
Time which the ſame Body takes up in falling 
through the very ſmall Space DE; as 2PD to 
DE, or as the — 2PDxDL, to the 
Area DLME. (by multiplying theſe laſt Terms 
by DL) that is, 

T: T---T:: 2PDxDL: theAreaDLME. 
Further, the Time in which each of the Bodies 
deſcribe the ſmall Line D E, is to the Time in 
which the Body, which is moved by the une- 
qual centripetal Force falls thr 
De, as the Area DLME, tothe 


DL me, 


TA: C:: che Area DLM E: the Area DLme. 
Wherefore T: T:: 2 PDxPL:DLme (by 


Equality of Proportion.) that is, the Time of a - 


Body's falling thro the Space PD by the uniform 
Force of Gravity, is to the Time in which ano- 
ther Body falls through the Space D e, by any 
unequal centripetal Force w er ; as the 
Rectangle 2 PDxDL, to the Area DL me. 


SECTION 


h the Space 
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Agſeribes; (which curvilinear Path m 
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SxcCTION X. 
Concerning the _ . Bodies vibrating in 


PxoyoSI1TION XLVIII. TRTOREM XVI. 
If a Wheel be placed at right 


Angles to the ex- 
ternal Surface of a Globe, and revolves after 
the manner of a Wheel, in = eat Circle of 

that Globe; the length of the curvilinear 
Path which any given Point, in the Circum- 
ference of the Wheel which rouches the Globe, 


b 


called a 90 yeloid or an Ep Pie cloid) will 
double the verſed Sine of half he Arch which 
has touched the Globe, during the Time that 


the Wheel has moved along ; as the Sum of 


the Diameters of the Globe and the Wheel, ts 
Semidiameter of the Globe, that is, 


AP: BV---VP :: 2CE : Cz. 


PzoPosS1TIioN XLIX, TarroRemM XVII. 
Fa Wheel be placed at right Angles on the in- 


ternal concave fide of @ Globe, and revghves 
2 — 


ves 
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in eat Circle; the th of the cur- 
eilincar Path which any 2 — in tbe 
Circumference of the Wheel which touches the 
Globe, deſcribes ; will be to double the verſed 
Sine of balf the Arch which has touched the 
Globe during the Time that the Wheel has 
moved along; as the difference of the Diame- 
ters of the Globe and Wheel, to the Semi- Fig. 196- 
' diameter of the Globe, that is; 


AP: BV VP::2CB.. 2BE: CB. 


| ET ABL repreſent a Globe, C irs Cen- 
1 ter, BPV a Wheel upon it, E 
the Center of the Wheel, B the Point where 
it touches the Globe, and P the given Point in 
the Circumference of the Wheel. Suppoſe 
this Wheel to go along in the great Circle ABL 
from A, through B to L, and as it goes, to be 
ſo turned about its Center E, that the Arches 
AB, PB may be always equal; and that this 
point P which is given in the Circumference 
of the Wheel, may at the ſame time deſcribe 
the curvilinear Path AP. Now let AP be the 
whole curvilinear Path deſcribed from the Time 
that the Wheel touches the Globe in A; and the 
length of this curvilinear Path AP, will be to 
double the verſed Sine of the Arch: PB; as 
: 2CE, ro CB. For let CE (produced if need 
be) meet the Wheel in V, and let CP, BP, 
E, VP, be joined, and let VF be let fall 
| J upon CP produced. Let PH, 
* VH tauch the Wheel in P and V, and meet 

each 
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near the 


che ſtreight Line VP, and that the fore - men- 
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each other in H,. and PH will interſect VF in 
G; then let Gl and HK, be let fall perpen- 
dicular to VP. On the Center C, and with 


ſcribed, | 
Circumference of the Wheel in , and the 
curve Line AP in : and on the Center V, and 
with the diſtance Vo, let the Circle og be de- 
ſcribed, interſecting VP produced in g. 
teens hs Wideck ae he goes al is always 
Fra aB it is ma- 
nifeſt that the ſtreight Line BP (which is the 
cer e 
the point is perpendicular to the curve 
Lear. 4 deſcribed by the point P of the 
Wheel, and that therefore the ſtreight Line 
VP touches this Curve in the point P; for 
BPV is a right Angle, becauſe it is contained 
in the Semicircle BÞV, (by the Elements) and 
therefore VP is 


creaſed or decreaſed, it will at length become 
equal to CP. Let the poim u be infinitely | 
point P; then if the Arch nom be de- 
ſcribed, it is manifeſt, that in the ſame time 
chat the curve Line A m is increaſed by the very 
ſmall Increment P, the hr Line Cz is 
increaſed by the very ſmall Increment P. For 
the ſame Reaſon, if the ſmall Arch og be de- 
ſcribed with the Radius Vo, the Increment P 
in the Circle BPV, will be generated in the 
fone Momene of Time that Fy i genera in | 


2 
8 
3 


any diſtance Cx, let the Circle no m be de- 3. 
croſſing the ſtreight Line CP in , the 


Now 6 


to BP. If C, 
the Radius of the Circle nn, be gradually in- 
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in tioned Increments were 


in. Now 


generated 
zen- theſe incremental Arches Po, P, may be con- 
vith ſidered as ſtreight Lines (by Lem. VII. Coral. 2, 
de- 3.) and then, becauſe the Angles at » and F 
the 
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and 
de- 
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= A) 


22 and the Angle P equal to 
F therefore the Triangles =P =, 
ver n uently 

| Pm: P:: PV: PF. 

| 222 becauſe the Angles at and I are 
right Angles, and the Angle o Pg equal to the 
Angle IPG; therefore the Triangles oP q and 
IP Gare fimilar to each other, and to the former 
Triangles, (by Prop. VIII. Book VI. of the 
Elements.) conſequently, 
Po: Pg :: PG: PT chat is, | 

: the laſt of the vaniſhing Lines Pn, 
Px, Pe, Pg, or the Proportion of the inſtan- 
| raneous Variations of the curve AP, the ſtreighc 
Line CP, the circular Arch BP, and the 
ſtreight Line VP. is the ſame as the Propor- 
tion of the Lines PV, PF, PG, PI, to cach 
| other. Now becauſe VF is ndicular to 
CF, and VH icular to C H, the An- 
gle H V is therefore equal to the Angle VCF 
(by Prop. VIII. Book VI. of the Elements.) and the 
leV HG is equal to the Angle C E P, becauſe 
in the quadrilateral Figure H V E P, the Angles 
at Vand P being right Angles, the other two An- 
gles VEP, VHP together, muſt be equal to two 
right Ang les; the Angles VE P and CEP are 
alſo to two right Angles; therefore if we 
take away the common Angle VEP, there 


will remain VH G or V HP, equal to CEP; 
therefore 
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therefore the Triangles VHG and CEP are 
fimilar, and conſequently ; 
EP:CE::HG: HV or HP. becauſe 

VH and HP are Tangents to the points of the 
Circle V, P, and therefore equal to each other: 
And becauſe the Triangles HK P, GIP, are 
ſimilar; 
HG: HP:: KI: KP. | 

And EP: CE:: KI: KP. (by Equality © 
of Propor- 


tron.) 
conſe-CB(=CEFEP.):CE::PI(-KPFKT) 
quently XP. ( 


fm) | 
And CB: 2CE::PI: 2KP—PV. 2 


— 
But PI: V:: Pe: PN * - qt 
There- CB :2CE: Pg: Pn. (by * 
_ Propor- © 

She) that is, 
P 9 the Decrement of the Line VP, or which 
is the ſame thing, the Increment of B V VP 
(SPZ, in the following Figure.) is to Pm, 
the Increment of the curve Line AP gene- 
rated in the ſame Moment of Time; in the 
given or conſtant ion of CB to 2 CE; : 
now as this Proportion holds true in every 
of the Curve AP, and in every * 


5A nd eee eee ee ww .m a 4 © mw 289P4cxr-»-_« 
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ſtreight Line BV VP, or PZ, and as this 
Curve and this ſtreight Line began to be 
_ „and continue to be fo; 

fore (by Corol. Lem. IV.) all the Increments of 
which the curve Line AP is — 
which are equal in number and corref] 
to all the Increments of which the freight 


Line BV VP or PZ, is compoſed; that is, 


the of the Curve AP, is to the length 
of the Line BV VP or PZ, generated by 
theſe Increments, in the fame Proportion of 
2CE, to CB. Now if BV be the Radius, 


VP will be the Co-ſine of the Angle PVP, or 
| of bal che Angle BEF (by Prop. XX. Book III. Fig. 197 


the Elements.) and 23 BV or Z V 
P, that is, PZ, is the verſed Sine of the 


; fame Angle ; wherefore in this Wheel, whoſe 
Radius is + BV; BV VP is double the verſed 
Sine of the Arch 2 BP. Whence it follows, 
that AP is to double the verſed Sine of the 
Arch z BP, as 2CE to CB. W. W. D. 


Taz Line AP in the firſt Propoſition, may 


be called the Cycloid on the outſide of the 
Globe, and the Line AP in the latter 

tion may be called the Cycloid on the infide 
of the Globe, in order to diſtinguiſh chem 
from each other. 


Corol. 1. HENCE it follows, that if the 


=_— Sine 
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2 whole Cycloid ASL be deſcribed and biſected Fig, 198. 
in 8; che lengch of the part P'S, will be to the 
Line V P which is double the Sine of the Angle 
VB, if E B be made Radius; for EZ is the 
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Sine of the Angle VBP to the Radius EB 
and VP is equal to 2EZ, by the Elements.) 
as 2CE to CB, and therefore PS and VP 
are in a given to each other. 

Corol. 2. Ax p the of AS, which is 
half the Circumference of the C ycloid, is equal 


to a ſtreight Line, which bears "hs fone Fe- | 


portion to the Diameter of the Wheel BY, 


that 2CE bears to CB; for when the Wheel | 


arrives in the point 8, the points P, V and 8 
will coincide, and BV—VP will become 
equal to BV. tly 


AS: BV:: 2CE: CB. 


PROPOSITION L. PROBLEM XXXIII. 


How to make a Pendulum vibrate in a given 


Cycloid. 


Lr the given Cycloid QRS, be deſcribed | 
Fig. 99. within the Globe QV S, whoſe Center is C. 


and let this Cycloid be biſected in R, and lei 
the extreme Points of it meet the Su ies of 


the Globe in Qand S. Let CR be drawn bi. 


ſecting the Arch Qs in O, and let it be 
duced to A, ſo that CA may bear the 


Proportion to CO, that co bears to CR 


Then on the Center C, and with the Diſtance 


CA, let the external Globe DA F be deſeribed 


and within this Globe, and by a Wheel whoſe} 


Diameter is AO, let there be deſcribed two 
Semicycicids A Q, AS, which may no__— 
in 
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internal Globe in Qand 8, and meet the exter- 
nal Globe in A. Let the Body T be ſuſ 
on the point A, by a Thread APT, whoſe 
Length is equal to AR, and let it vibrate be- 
tween the Semicycloids AQ, AS, in ſuch a 
I 1 the Pendulum goes 
from erpendicular A R, the upper- part of 
the Thread A P may be ap ern 
cloid APS, towards which the Body T moves, 
and be bent about it, as being in its way ; and 
let the remaining part P T, which has not yet 
met the Semicycloid, be ſtretched out into 
a ſtreight Line; then will the Weight T vi- 
brate in the given Cyclod QRS. W.W.S. 
For let the Thread PT meet the Cycloid 
QRS mT, and the Circle QOS in V, and 
let the Line CV be drawn ; and on the extreme 
points P and T of the ſtreight part of the 
Thread, let the Perpendiculars BP, T W, be 


- 
= 
« 
. 
- 
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Thing holds true for the other two Semicy- 
cloids AS, SR; wherefore the two Perpen- 
diculars PB, T W, muſt cut off from the Line 
CV, the Lengths V B, V W, equal to the Dia- 
meters of the Wheels O A, OR (by Prop. XLIX.) 
Wherefore TP, is to VP, (which is dou double 
the Sine of the Angle V BP, when z B V is 
made Radius.) as B W, to BV. for the Trian- 
gles VBP, VT W, being right-angled at P 
and T, and the Angle T V W equal to the An- 
gle B VP, are ſumilar; 

2 VT vr: vw :BV. | 
and (by Com- VT + VP=TP: VP:: v WS VPA WII vb. 
n or TT : VP::AO+O0R : 40. 
Thaw dowulh (by CA :CO:: CO : CR. 
und G get.) Ca CO::CA—CO=40: CO-CR=OR, | 
Therefore TP PI: CA+CO: CA. ; 

by ſubſtituting in the Proportion AO＋OR ' 
AO; CA inſtead of AO, and CO inſtead of 
OR. Or if BV be biſected in E, it will be 
TP: VP:: 2aCE: CR | 
Whence it follows (by Cor. 1. Prop. XLIX.) 
that the length of the ſtreight part of the 
| Thread PT is every where equal to the Arch 
of the Cycloid P'S; and that the whole Thread 
APT, is always equal to APS, the Arch of 
the half Cycloid APS; that is, to the Line 
AR (by Corel. 2. Prop. XLIX.) Wherefore, on 
the contrary, if the Thread continues always 
equa] to the Line AR, the point T will be 
moved in the given Cycloid QRS. W.W.D. 


Corol. 


vibrating in PENDULUMS. 245 


Corol. The Thread AR is equal to the Se- 
micycloid AS, and therefore it bears the fame 
Proportion to AC, the Semidiameter of the 
external Globe; that the Semicycloid SR, 
which is fimilar to it, bears to C O the Semi- 
diameter of the internal Globe ; that is, 

ARS AS: AC:: SR: CO. 
becauſe the homologous or correſpondent pare 
or ſides of all fimilar Figures, are proportiona- 
ble to each other. 


Y Wy WF TY 
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I thecentripetal Force that tends from all parts 
' to the Center C, 2 in a direct 
Proportion of the Diſtance of that place from 
1 3 of the Body A ST ack- 
ward and forward by the Force only acting 

upon it (in the manner juſt now deribed) in 
i the Circumference of of the Cycloid QRS; J 
ay, that let the Vibrations be never ſo un- 
' equal, they will all be performed in the ſame 


Time. 


| Fon let any Tangent TW be infinitely 
produced, a Ex bole e de. 
tit, and let CT be joined. T 

: centripetal Force by "which the Body is impelled 
towards C, is pr os © ..— 

CT, (6y the Hypotheſis.) and this Force may 


be reſolved into two parts, proportionable to 
the Lines CX, T X, (by Carol. 2 of the Laws 


R 3 Ul 
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of Motion.) None of which, vis. CX, be- 
cauſe it impells the Body according to the Di- 
rection of the Thread PT, is ſpent in ftretch- 
ing that Thread, and being overcome by the 
Reſiſtence of it, is wholly loſt, and can pro- 
duce no other Effect ; — the Force 
tionable to the other Line TX, becauſe it acta 
upon the Body T tranſverſely, or according to 
the Direction TX, muſt accelerate its Motion 
directly in the Cycloid : Therefore it is mani- 
feſt, that the Acceleration of the Body, which 
is pro ble to this ——_— Force, 
muſt be every Moment qe gray o—" to the 
Line TX, or to the length of the Arch of the 
Cycloid TR. For the Triangles V TW, WX C 
being rectangular at T and X, and the Angles 
CWX, TWV, equal; are ſimilar; there- 


fore 


WC WV: WX : TW. 
and W C+W V=CV:WV:: en :TIW. 


fit on.) 


Therefore CV x TW = W VAX Ay 1 


tiplying the Extremes and Means.) and becauſe 
CV a. þ WV are given Quantities, therefore 
TW is ionable to TX; now T W is 


roportionable to the length of the Arch of 


the Cycloid T R, (by Corol. 2. Prop. XLIX.) 
Wherefore the accelerative Force is alſo 


rtionable to the fame Arch TR. ore, 


if two Pendulums, as AP T, Apt, - removed 


from the Pe 


rpendicular A R 1 to 


Diſtances T R, 7 R, d de i fall both 
— 


err 


Accelerations, or 


main to 
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together, they will be accelerated in every point 
as they are falling, exactly in Proportion to the 
Arches which they are to deſcribe, that is, in 
to the Arches TR, f R. Now the 
Mfinicely ſmall parts of the Cycloid, which are 
ibed by theſe Pendulums, in the firſt Mo- 
t of Time, when Gay woe hot 29 Gam che 
places T, and 7; are to their 


to the whole 
Arches, which they are to deſcribe; and con- 


ſequently, | (by Divifion.) the parts which re- 


rr 
ceblerations which are to thoſe 
parts, are alſo ble to the whole 


Arches. Thus ſu 2 the Pendulum APT 


| to fall N a very ſmall part of the 


Arch SR, in the firſt Moment of Time; and 
2 t, to fall t h Tu, ano- 
of the ſame in the 
= N. becauſe the Accelerations 
with which theſe ſmall parts Fr, T «, are de- 
ſcribed, are proportionable to the whole Arches 
t R, TR; therefore the themſelves 7 r, 
Tu, deſcribed by theſe Accelerations, are pro- 
ble to the whole Arches FR, TR; 
and for the fame Reaſon, the next very ſmall 
parts to be deſcribed by theſe Pendulums in 
falling from r and u, will be pr ble to 


oportiona 

the Arches rR and # R; and fo on till the 

Pendulums arrive at the loweſt point R. The 

Accelerations therefore, and the Velocities ac- 

quired, and the * tr, Tu, — 
4 * 


Li 

„ 

* 
: 

* 
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by theſe Velocities, and all the parts to be de 


ſcribed afterwards, are every where as the whole 
Arches, that is, as f R, T R, R, R, Sc. and 


conſequently, the parts to be deſcribed, 10 | 


always in the ſame P ion to each 
muſt vaniſh together, or when one of 
becomes equal to nothing, the other which 

always in the fame Proportion with it, will 
become equal to alſo: for ſuppoſe 
the Parts which are to deſcribed, to be 
to each other in the given ion of 4 
to 5, or R: TR :: @ : 3 chen if T co- 
incides with R, it will be, PR: :: 4: 6 

0 4 


or R 5 = that is, R will al- 
alſo become equal to nothing at the fame time; 
or the two vibrating Bodies will both arrive 
at the Perpendicular AR at the fame time. 
And becauſe, on the other hand, the Aſcents 
of the Pendulums from the loweſt place R, 
through the fame Arches of the Cycloid the 


contrary way to the former, are retarded by the 


fame Forces with which their Deſcents were 
accelerated ; it is manifeſt, that the Velocities 
with which they aſcend and deſcend 

the fame Arches are equal, and are therefore 
performed in equal times; and conſequently 
when RS and RQ, two parts of the Cycloid, 
lying on each fide of the Perpendicular AR, 
are fimilar and equal; then the two Pendulums 
will always perform their whole as well as half 
* in the ſame times. W. W. D, 


Corol. 


at ee... ths os 


3 


_— 


of the fame Cycloid. For when the Body T 
zs in 8, the Lines TC and TX will coincide, 
and conſequently the Line CX, which repre- 
ſents that part of the Force of Gravitation 
: which is employed in ſtretching the Thread of 
the Pendulum, vaniſhes; and therefore the 
Arch SR muſt repreſent the whole Gravi- 
tation. 


vibrating in PENDULUMS. 


Corel. T n x Force with which the Body T 
is accelerated or retarded in any of the 
Cycloid T, is to the whole Weight of the fame 
Body in the higheſt S or Q; as the Arch 
of the Cycloid TR, to the Arch SR or QR 


PrRoPosITION LIL. PRroBLEeM XXXIV. 
| How to determine both the Velacities 


of Pendu- 
lums in every place of their Vibrations, and 


the Times in which their whole Vibrations, or 


any particular part of their Vibrations are 
performed. 
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Ox any Center G, with the Diſtance GH, Fig. 221, 


equal to RS the Arch of a Cycloid, let the 


| Semicircle HK M be deſcribed, and biſected by 
+ the Semidiameter GK. And if the centripe- 


tal Force tends to the Center G, and be every 


: where proportionable to the Diftances of the 
ſeveral places from this Center ; and if this 


Force in the Circumference HIK, be equal to 


the centripetal Force on the Surface of the 


Globe QOS tending to its Center C; and if 


at the fame Moment of Time that the Pendu- 
* wm T is let fall from the higheſt place 8, a 


Body 
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Body ſuch as L begins to fall by its own Gravi- 
ty from H towards G: then becauſe the Forces 
with which the pendulous Body and this other 


Body are urged, are equal at the beginning of 
their Motions, and are every where — Ang | 


tionable to the equal Spaces TR and LG, de- 


ſcribed by them; and ore if TR and LG 
be equal, theſe Forces will be equal alfo; it is 
manifeſt, 1 Bodies T and L do deſcribe 

al Spaces 8 T, and HL, at the innin 
= . that they will 1 to — f 
urged equally by their reſpective Forces, and 
to deſcribe equal Spaces afterwards. Now 
arg XXXVTII.) the Times which the 

y L takes up in falling from H to L, or 
from H to G, are proportionable to the Arches 
of the Circumference HI and HK; and there- 
fore the Time in which the pendulous | 
deſcribes the Arch 8 T, which is equal to LH, 
(by the Hypotheſis) is to the Time of one entire 
Vibration, viz. from S to Q, through the 
ArchSRQ, equal to MH; as the Arch HI, 
which repreſents the Time in which the Body 
L would fall from H to L, to half the Circum- 
ference HKM, which repreſents the Time 
which the Body L would take up in falling 
through the Diameter from H to M. And be- 
cauſe (by the ſame Propoſition, vis. XXXVIII.) 
the Velocities of the falling Body L are every 


where proportionable to the Sines drawn from 


the places where the Body is, that is, the Velo- ? 
cities in L and G, are as the Lines LI and 
GR; 


— 


K 


ment of the Line H G, See the Fig. to Prop. 38.) 
as the ordinate Applicate or right Sine IL, to 
the Radius G K. or as SN FR to SR. 
N OS Book I. of the Elements, and 
* becauſe SR is equal to Gl or the Radius, and 


| the Pendulum is retarded, fo that in- 
| ſtead of moving from 8 to Q. it moves from 


NAFTA ROY OOH 4 Rv & 9 


in any equal Number 
parts of the Time, will be 
portionable to the whole Arches deſcribed 
the whole Vibrations; (/ the /aft Prop.) that 
is, if the Pendulum moves from T to V in 
the ſame Time that it moves from S to T, che 


— 


— 
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Arches TV, ST, will be to each other as 
the Arches TW, SQ; conſequently, if the 
Times be given, the Velocities and the Arches 
deſcribed are had in all Vibrations whatſoever 
equal or Thus ſuppoſe the Pendu- 
lum A to be let fall from the Point T, and it 
were required to find the Arch TV deſcribed 
in a given Time, and the Velocity at V ac- 
quired in that Time. Let another Pendulum 
of the ſame Length with AT, be let fall frgm 
the Point S, at the ſame time chat the Pendulum 
AT is let fall from T; then by what has been 
already ſaid, if we take T V in the fame Pro- 
pores to T W thatST bears to 8S Q: V will be 
the to which the Pendulum AT will fall 
in time that the Pendulum As fell from 8 
to T, conſequently T V is the Arch required, 
and is alto proportionable zo the, Velocity ac- 
quired at V ; which were the firſt things to be 
tound. 
LET us now ſt e two Pendulums AT, 
Fig. 201, 4 f, Wy in the two different C ycloids 
222. SRQ, /g. within the two arent 
Globes of gol q; and let the whole Force of 
the Globe QOS be called F, and the whole 
Force of the Globe ge / be called J. Then (by 
the Hypothefss.) hs accelerative Force, with 
which the Pendulum A T is urged when the 
T is in the Point S, in the Circumference 
of the Globe SOQ, where it begins to be 
moved directly towards the Center C; will be 
«5 the Diſtance of this "oP from rhe * 
5 


5 

_ : 
: 

f 

L 
% 


vibrating in PENDULUMS. 


and the whole Force jointly, or as COxF. 
For the ſame Reaſon the accelerative Force of 
the other Pendulum ar, in the point / of the 
Circumference of the other Globe, will be as 
co. Then if the ſmall Spaces HY, hy, be 
deſcribed in equal ſmall parts of Time, they 
will be as the accelerative Forces C O xF, co xf, 
(by Definition VII.) and if from the Points V, y, 
the P iculars VZ, yz, be erected, meet- 
ing the Circumferences in Z, a, the infinitely 
ſmall Arches HZ, bz, will repreſent thoſe 
equal ſmall parts of Time (by Prop. XXXVIII.) 
Now theſe very ſmall Arches HZ, bz, are (by 
the Elemenes.) in a ſubduplicate Proportion 
of the ap and ghxby; 
that is, as / GHxCOxF, and / chbxco xf, 
(becaufje H and hy are onable to C OxF 
and coxf.) Whence it follows, that the Time 
of one entire Vibration in the Cycloid QRS, 
is to the Time of one entire Vibration in the 
Cycloid r /, in a Proportion compounded of GH 
tog Hᷣdirectly, and /G HxC OxF, to gc 
inverſely; that is, putting T for the Time of 
the whole Vibration of the Pendulum T A, 
and f for the Time of the whole Vibration of 
the Pendulum : 4, it will be 
Tron GH 8b 
HCG e 


(for the Times of che entire Vibrations T, r, 


are as the half Circumferences HK M, YE, 


| which repreſent thoſe entire Vibrations directly; 
2 


and 
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from 5̊ toy; 1 Prop. XXX VIIL) | 


there- . , .. HKM bk m (by Compoſition 


Concerning the Motion of BODIES 
and the ſmall Arches HZ, bz, which alſo re- 
preſent the ſmall given Particles of Time in- 
verſely :) that is, 
W_— WY Wu 
T: :: "HZ F 4 
for let P repreſent the given Particle ime 
LA er 


T: P:: HKM: HZ. | 
and P: f:: bz :bhm. 


fore " HZ © Tz and Divifuun,) 

but HKM and 5h fu are as GH, gb, (by the 

Elements.) and HZ, bz were before ſhown to 

be as / GHxCOxF, and / ghxcoxf, 
g GH 


gh 
TV THxCOxt e, 


Wy 
or Tr. V Tort © V conf uten 


and Di- 


or r. Joop : V op 2 by 


Prop, 


m 


— 


9 


be 


> 


volving 
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Prop. L. SR 
:s fo CO as 


AR#AC;) 
Wherefore the whole Pita in all ſorts of 


Globesand Cycloids, made with any Forces what- 
ſoever, are in a Pr com of the 


ſubduplicate P Length of the 


roportion of the 
Threads directly, and a ſubduplicate Proportion 
of the Diſtance berwixt the Point of Suſpen- 
ſion and the Center of the Globe inverſely, 
and a ſubduplicate Proportion of the abſolute 
Force of the Globe inverſely alſo. W. W. 8. 
Corol. 1. HENCE we may find how to 
com 
revolving Bodies with each other. For if VB 
the Diameter of the Wheel BPV, (See the 
Fig. to Prop. XLIX.) by which the Cycloid 
LSA is deſcribed within the Globe, be made 
equal to CB, the Semidiameter of the Globe, 
then the Cycloid LS A will become a freight 
Line paſſing through C, the Center of the 
Globe; and then the Vibration will become a 
dire& Deſcent down to this Center, and after 
that a direct Aſcent from it upwards. Where- 
fore fince theſe Deſcents from any places what- 


the Times of vibrating, falling and 
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ſoever, as from H. V, IL. to the Center G, Fig. 201; 


Tins is 


equal to the Time that a Body re- 
uniformly about the Center of the 
Globe G, at any of the Diſtances HG, Y G, 
and LG, would deſcribe the Arch of a Qua- 
drant ; therefore the Time of deſcribing ſuch 


All 


are performed in the ſame Time, and this 252. 
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Concerning the Marian of BO DIES 
an Arch is given; for it is (by Caſe the Second.) 
to the Time of half a Vibration in any Cycloid 
QRS, as 1, 0 N Thus ſuppoſe it were 


required to find the periodical Time of a Body 
revolving about the Center of the Earth in the 
Circumference of it, or at the Diſtance of the 


Semidiameter ; It appears by Experiments, 


that a Pendulum of 3,058 Paris Feet, takes up | 


exactly a Second of Time Vibration, 
and the Semidiameter of the Earth is computed 


to be 19615800 Paris Feet, wherefore (by this | 
Corol.) the Time of performing a fourth Part | 


of its Revolution, is to the Time of half a 
Vibration, that is, to half a Second; as 1 is to | 


3,058 1,75 8 
* as 1 to 2 (See Prop. 


19615803,058” oy 
XXXVI.) that is, about twenty one Minutes; 
ſo that a Body would deſcend from the Super- 
ficies of the Earth, or perform one fourth part 
of a Revolution about its Center at that Di- 
ſtance, in about twenty one Minutes, or it 
would deſcribe one whole Revolution, in about 
eighty four Minutes; which may be confirmed 
by computing the ſame thing according to 


Corol. 6. Prop. IV. where it was proved that 


when Bodies revolve about a common Center, 
the Squares of their periodical Times are as the 


Cubes of their Diſtances; ſo that if we take 


the Moon's Diſtance from the Center of the 
Earth, and her periodical Time, and the 


Earth's Semidiameter; the periodical Time of | 
| 4 Bodys 4 
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vibrating in PENDULUMS. 


a Body revolving about the Earth's Center at 
the Diſtance of its Semidiameter ; will come 
out exactly the fame, viz. 84 Minutes. (See 
Page 129.) 

Corol. Tm E fame things alſo follow from 
hence, which were found out by Sir Chrifto- 
pher Wren and Mr. Hugens, concerning the 
common Cycloid. For if the Diameter of 
the Globe CB (See Fig. 40 Prop. XLIX.) be in- 
creaſed infinitely, then the ſpherical Superficies 
will become a Plane, and the centriperal Force 
will act uniformly in the Direction of Lines 
perpendicular to this Plane; and the Cycloid 
in this Figure will become the common Cycloid 
deſcribed by a Wheel upon a Plane. And in 
this Caſe, the length of the Arch of the Cy- 


cloid between this Plane and the deſcribing 


Point, will become equal to four times the 
verſed Sine of half that Arch of the Wheel 
which is between the Plane and the deſcribing 
Point; as was found out by Sir Chr:/fopher 
Wren. And a Pendulum will vibrate between 
rwo ſuch Cycloids, in a Cycloid which is fimi- 
lar and equal to them, and the Times of its 
Vibrations will be all equal, as Mr. F7zgens has 
demonſtrated. And the Deſcent of hcavy Bo- 
dies, in the time of one Vibration, will be 
found likewiſe to be the ſame, as is demon- 
rated by Mr. Hugers. (See bis Horologtum Of- 
illatorium. 


Tur foregoing Propoſitions, which we 


have demonſtrated, are accommodated to the - 


8 true 
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cellent Uſe in Aſtronomy, and where-ever 


Concerning the Motion of BO DIS 


on and Conſtitution of the Earth; 
becaute when the Wheels move in great Circles 
upon the Earth, they deſcribe Cycloids out of 
the Globe, by Pins fixed on their Circumfe- | 


rences; and Pendulums ſuſ 
Caverns of the Earth, ought to vibrate in Cy- 
locids which are within the Globes, in order to 
have all their Vibrations performed in the ſame 
Time. For Gravitation (as is ſhown in the 

third Book) decreaſes every way as we go from 
the Superficies of the Earth upwards in a du- 
plicate Proportion of the ſeveral Diſtances from 
irs Center, but as we go downwards within its 
Superficies, the Gravitation decreaſes in a ſum- 
ple Proportion of the ſeveral Diſtances from 
the Center. 


$CHOLIUM | 
TuE Invention of the Pendulum, is of ex-. 


there is occaſion to know the true Time; for. 
by this means we have a certain Meaſure of it 
by which we can compure it with the utmoſt 
Exactneſs, by half Seconds or Seconds, or any 
other parts of Time, according to the different 
Lengths of the Pendulums; and till this In 
ſtrument was found out, there was no certait 
Meaſure of Time ; for there being no Bodie 
that we know of, whoſe Motion is exact. 
equable, and the parts of Time flowing a 
equably, whatever moveable Bodies were mac 


in Mines or | 


vibrating in PENDULUMS. 

uſe of, they deviated from the true Meaſure, 
oportionably to the Inequality of their Mo- 

. ſo that by this Inſtrument all others may 


de regulated, and made fit for common Uſe. 


The Pendulum is alſo of great Uſe to deter- 
mine the true Figure of the Body of the Earth; 
Becauſe the Earth revolves about its own Axis 


once in twenty four Hours, and becauſe it is 


not one entire ſolid Body, but conſiſts partly of 


2 Fluid, and partly of a great Number of dif- 
| ferent ſorts of Bodies which are not cloſely 
united to each other; therefore the Figure of 


the Earth cannot be an exact Globe, but a Sphe- 
roid, whoſe Diameter at the æquinoctial Circle 


is longer than its Axis; for by us revolvi 


about its Axis, all the parts of Matter of whi 


it is * except thoſe which lie in the 


Axis it ſelf, muſt deſcribe ſo many concentrick 
Circles; and becauſe they all deſcribe fimilar 


_ Arches of thoſe Circles in the ſame Time, 
therefore their Velocities will be as their neareſt 
| Diſtances from the Axis of the Earth; whence 
it follows, that ſome part of the Gravitation of 


theſe Bodies of which the Earth is compoſed, 
muſt be taken off by this circular Motion, and 


that in a certain Proportion to the Swiftneſs of 
the Motion; and conſequently at the Equinoc- 
it) Rial, where the Motion is ſwifteſt of all, the Gra- 


1 vity muſt be moſt diminiſhed, the Effect of 


which muſt be, that the lighter ** piving 
way to the heavier, the Earth muſt be igher 
at the Equator than at the Poles, where there 

| S 2 Is 
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w_ and Conſtitution of the Earth; 
becaute when the Wheels move in great Circles 
upon the Earth, they deſcribe Cycloids out of 
the Globe, by Pins fixed on their Circumfe- 
rences; and Pendulums fuſpended in Mines or 
Caverns of the Earth, ought to vibrate in Cy- 
locids which are within the Globes, in order ro 
have all their Vibrations performed in the ſame 
Time. For Gravitation (as is ſhown in the 
third Book) decreaſes every way as we go from 
the Superficies of the Earth upwards in a du- 
plicate Proportion of the ſeveral Diſtances from 
its Center, but as we go downwards within its 
Superficies, the Gravitation decreaſes in a fim- 


ple Proportion of the ſeveral Diſtances from 
the Center. 


SCHOLIU X 


T nx Invention of the Pendulum, is of ex- 
cellent Uſe in Aſtronomy, and where-ever 
there is occaſion to know the true Time; for 
by this means we have a certain Meaſure of it. 
by which we can compure it with the utmoſt 
Exactneſs, by half Seconds or Seconds, or any 


other parts of Time, according to the different 


Lengths of the Pendulums; and till this In- 
ſtrument was found out, there was no certain 


Meaſure of Time; for there being no Bodies 
that we know of, whoſe Motion is exactly Þ 
equable, and the parts of Time flowing all 
equably, whatever moveable Bodies were _ | 


— * * — * —_— T7 vr 4 oO 
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uſe of, they deviated from the true Meaſure, 
proportionably to the Inequality of their Mo- 
tion, ſo that by this Inſtrument all others may 
be regulated, and made fit for common Uſe. 
The Pendulum is alſo of great Uſe to deter- 
mine the true Figure of the Body of the Earth; 
Becauſe the Earth revolves about its own Axis 
once in twenty four Hours, and becauſe it is 
not one entire ſolid Body, but conſiſts partly of 
a Fluid, and partly of a great Number of dif- 
ferent ſorts of Bodies which are not cloſely 
united to each other; therefore the Figure of 
the Earth cannot be an exact Globe, but a Sphæ- 
roid, whoſe Diameter at the zquinoctial Circle 
is longer than its Axis; for by its revolvi 
abour its Axis, all the parts of Matter of which 
it is compoſed, except thoſe which lie in the 
Axis it IY muſt deſcribe ſo many concentrick 
Circles; and becauſe they all deſcribe fimilar 
Arches of thoſe Circles in the ſame Time, 
therefore their Velocities will be as their neareſt 
Diſtances from the Axis of the Earth ; whence 
it follows, that ſome part of the Gravitation of 
theſe Bodies of which the Earth is compoſed, 
muſt be taken off by this circular Motion, and 
that in a certain Proportion to the Swiftneſs of 
the Motion; and conſequently at the Equinoc- 


ial, where the Motion is ſwifteſt of all, the Gra- 


vity muſt be moſt diminiſhed, the Effect of 
which muſt be, that the lighter ou iving 
way to the heavier, the Earth muſt be igher 
* where there 

2 is 
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Concerning the Motion of BODI ES 


is no ſuch Motion. The difference of theſe 
Heights, or the difterence berwixt the Semidia- 
meter of the Earth at the Poles, and at the 
Equator, our Author has exactly computed by 
the help of the foregoing Propofitions (See 
Prop. XX. Book III. of his Principia.) and 
finds it to be about ſeventeen Miles. For if 
the Earth be of the fore-mentioned ſphæroidal 
Figure, it is manifeſt, that as we go from the 
Equator to the Pole, the Force of Gravitation 
muſt increaſe, becauſe the parts towards the 
Pole are nearer to the Center than the parts 
about the Equator ; and this difference of Gra- 
vity muſt neceſſarily affect the Motion of Pen- 
dulums, ſo that two Pendulums of the ſame 
th will not vibrate in the ſame Time in 
two different places; and ſo it is found by Ex- 
perience, for the length of a Pendulum at 
Paris, exceeds the length of a Pendulum un- 
der the Equator, a twelfth part of an Inch, 
and ſomewhat above, if they both vibrate in 
the fame Time. By thus comparing the Force 
of Gravity with the different Lengths of Pen- 
dulums, the exact Figure of the Earth may be 
determined. | 
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SECTION XI. 


Concerning the Motion of Bodies which tend to- 


wards each other with centripetal Forces. 


Itherto we have explained the Motions of 

Bodies which are attracted to an im- 
moveable Center, of which there are very few, 
if any, Inſtances in Nature, that is, where 
they are exactly ſo. For Attractions are ge- 
nerally towards Bodies, and the Actions of Bo- 
dies attracting and of Bodies attracted, are al- 
ways mutual and equal, that is, all Bodies at- 
tract each other equally, by Law III; fo that 
neither the attracting nor the attracted Body 
can continue at reſt, if they are two diſtinct 
Bodies, but (by the fourth Corollary of the 
Laws of Mation) may both of them, as it were 
by a mutual Attraction, be revolved about their 
common Center of Gravity; and if there be a 
great many Bodies, which are either attracted 
by a ſingle Body, and which do alſo attract 
that ſingle Body, or if they all mutually at- 
tract each other; they ought to be ſo moved 
amongſt one another, * the common Center 
| 3 of 
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Of the Motion of BO DIAS 


of Gravity, ſhould either continue at Reſt, or 
move on in a ſtreight Line. Wherefore I ſhall 
now go on to explain the Motion of Bodies 
that attract each other mutually, by confider- 
ing their centripetal Forces as Attractions, 
though perhaps, phyfically ſpeaking, they may 
more truly be called Impulſes; for it is not pro- 
bable that there is any natural Vertue or Power 
in the common Center of Forces, but that the 
revolving Bodies are ſome way impelled to- 
wards that Center : but we are engaged only in 
what is mathematical, and 2 ſetting 
aſide all Diſputes in natural Philoſophy, I ſhall 
make uſe of common Words, ſo as to be the 
cafier underſtood by mathematical Readers. 


Prorosrt TION LVII. TurOREM XX. 


Two Bodies that mutually attract each other, 
deſcribe ſimilar Figures, both about their com- 


mon Center of Gravity, and .alſ about each 
ether, 


LET S and P be two ſuch Bodies mutually 
attracting each other, then if their Diſtance 
from each other SP be fo divided in C, that 
CP ſhall bear the fame Proportion to 8 C, that 
the Body S bears to the Body P, the point C 
will be the common Center of Gravity of 
both the Bodies, about which they may be 
made to revolve (by Corel. 2. Law III.) Now 
theſe Bodies continuing always the ſame, the 

Diſtances 
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Diſtances of them from the Center C, which 
is always proportionable to thoſe Bodies, muſt 
always continue the ſame likewiſe; that is, 
ſuppoſe the Line SP to move into any new 
Situation, as TQ, and the Proportion of the 
Body S to the P be as A to a; then it 
will be every where throughout the whole Re- 
volution of the Bodies 8 and P about the com- 


mon Center of Gravity C. 
A: a:: CP: SC:: CQ: TC. conſequent- 
ly 
A:a::CQ: TC. (by Equality 
of Propor- 
tion.) 


For the ſame Reaſon, becauſe the Diſtance 
SP is given, and the Proportion betwixt C P, 
SC, and CQ, TC, is every where the ſame; 
the Proportion betwixt any of the Diſtances of 
the two Bodies S and P from the common Cen- 
ter of Gravity C, and the whole Diſtances of 
the Bodies from each other, will be given alſo, 
that is, SC will be to SP, and CP will be to 
SP in a given Proportion, as will alſo I C be 
to TQ, andCQ to TQ. Now all theſe Di- 
ſtances, viz. SC, TC, QC, PC, are carried 
about their common Term or Center C with 


an equal angular Motion, that is, the Angle 


SCT is always equal to the Angle QCP (by 
the Elements.) becauſe TC, CQ and SC, CP, 
lying always in a ftreight Line, cannot alter 
their Inclination towards each other : But all 
ſtreight Lines, which = in a given Proportion 

4 4 
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to each other, and are carried about their com- 
mon Terms or Centers with an equal angular 
Motion, deſcribe fimilar Figures about thoſe 
Centers in Planes, which are either at Reſt 
with theſe Centers, or are moved with any Mo- 
tion that is not angular; becauſe (by tbe Ele- 
ments.) all fuch Figures having one Angle 
equal, and the correſpondent Sides proportiona- 
ble, are ſimilar; wherefore the Triangle SC T 
is always fimilar to the Triangle Q CP. Fur- 
ther, from the point T, let the Line Tp be 
drawn parallel to SP, and with the Radius 
TQ, let the Arch Q þ be deſcribed interſecting 


the Line TP inp. Alſo from the point Q, let 


the Line Qs be drawn parallel to the fame 
Line SP, and on the Center Q, with the Di- 
ſtance QT, let the Arch T be deſcribed inter- 
icing Qs ins. It is manifeſt, that if, whilſt 
the Body P moves from P to Q, the Body 8 
moves from Sto T; to an Eye that is placed 
in the Body 8, this other Body P muſt ſeem to 
have deſcribed the Arch Qp, becauſe the Eye 
is moved in the {ame Time from Sto T; In 
like manner to an Eye placed in the Body P, 
whilſt the Body S moves from S ro T, it muſt 
pptar to have moved through the Arch T5. 
becauſe the Eye will have been carried from P 
to Q Now the Lines sQ, SP and Ty being 
all parallel to each other (by the Hypothejis.) the 
Angles QT, QCP, QT p, SCT, are all 


qual (by the Elements.) and the correſpondent 


Sues were before ſhown to be proportionable 
to 
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to each other; therefore all the Figures, / QT, 
QT p, and QC P, SCT, are fimilar, and con- 
ſequently the Bodies S and P, deſcribe about the 
common Center of Gravity, and about each 
other, ſimilar Figures. W. W. D. 


PRO POSITION LVIII. TB EOREM XXI. 
If tuo Bodies attract each other with any Forces 


whatſoever, and at the ſame time revive 
about the common Center of Gravity: I far, 
that if either of thoſe Bodies be made to reſt, 
the other Body may be made with the ſame 
Forces, to deſcribe about it as a Center 4 
Figure fimilar and equal to thoſe Figures 
which the Bodies when both moved, deſcribed 
about each other; that is, if the Bodies S 
and P move about the common Center of Gra- 
vity C, by means of any centripetal Forces 
whatſcever ; by thoſe very ſame Forces, the 
* Body P may be made to move about S as its 
Center, or the Body S may be made ie move 
about P as its Center, and each of them t5 
deſcribe the ſame Figure which they deſcribed 
about each other, whilſt they revolved about 
the common Center of Gravity, that is, a 
Figure ſimilar to QC Per SCT, and u be, 
correſpondent Sides are equal to TQ and 
SP. 


LET the Bodies S and P revolve about the Fig 204. 
common Center of Gravity C, and move from 


8 to 
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S to T, and from P to Q. From a given 
point s, let the Lines 5p, 5 q, be always drawn 
equal and parallel to the Lines SP, TQ; and 
the Curve pqv, which the point p deſcribes 
by revolving about the immoveable point , 
will be fimilar and equal to the Curves which 
the Bodies 8 2 deſcribe about each other. 
For s q being lel ro CQ, and sp parallel 
to C p (by the Hypotheſis.) the . s þ will 
be equal to the Angle QCP or SCT (by the 
Elements.) The Radius's SP, ; TQ, 59, 
by which the Curves about the Centers S and 3, 
or about the Center P, are deſcribed, being 
alſo equal, the Curves themſelves muſt be 
fimilar and equal (by the Elements.) They muſt 
alſo be ſimilar to the Curves ST and PQ, 
which the ſame Bodies deſcribe about the com- 
mon Center of Gravity C, (by Theorem XX.) 
becauſe the Proportioiis of the Lines SC, CP, 
and SP or 5 þ to each other are always the 
ſame. 

Caſe 1. T x 1s common Center of Gravity, 
muſt either continue at reſt, or move on uni- 
formly in a ſtreight Line (by the fourth Corol. 
of the Laws of Motion.) Let us in the firſt 
place ſuppoſe it to be at reſt, and let there be 
two Bodies placed in s and p, fimilar and equal 
to the Bodies S and P, the immoveable one in s, 
and the moveable one in p; then let the ſtreight 

7 
to 


Lines PR, pr, touch the Curves PQ and 
in P and p; and let CQ and 579 be produc 
R and 7. Now becauſe the Figures CPRQ, 


cpr. 
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cpr g, are fimilar (as was proved before.) RQ 
will be to rg as CP tosp; (becauſe they are 
the corre Sides of fimilar Figures.) and 
therefore the Proportion that R bears to r g 
is given, becauſe the Proportion of CP to 5p 
or SP, is given; that is, the fame Proportion 
that the greater Body S bears to the Sum of 
the Bodies S + P. Wherefore if the Force 
with which the Body P is attracted towards the 
Body 8, and conſequently towards the inter- 
mediate Center C, were to the Force with 
which the Body p is attracted towards s in this 
ſame given Proportion of RQ to rg, theſe at- 
tractive Forces would in equal Times alwa 

attract the Bodies from the Tangents PR, pr, 
to the Arches PQ, pg, through 2 Spaces 
RQ, rg, proportionable to them; (becauſe i 

the 4 £ given, the Spaces run 1 4 
as the impreſſed or attractive Forces.) and con- 
ſequently the latter Force will cauſe the Body 


p to move in the Curve pg uv, which is ſimilar 


to the Curve PQ, in which the former Force 
cauſed the Body P ro move; and their Revo- 
lutions will be compleated in the fame Times; 
(by Compoſition.) But becauſe theſe attractive 
Forces do not bear the ſame ion to each 
other that CP bears to 5p, but are equal to 


each other, (becauſe the Bodies S and 5, P and 


P, are ſimilar and equal, and the Diſtances 8 P 


and s þ are equal, by the Hypothefis.) therefore 
in equal Times the Bodies muſt be drawn to 
equal Diſtances from the Tangents, that is, if 

rf 


| 
| 
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t be taken equal to QR, then in the ſame 
Time that the Body P is attracted to Q, the Body 


PF will be attracted to ?; wherefore in order to 
have this latter Body p, attracted through a 


greater Space 7 q, it will require a longer Time, 
and that in a ſubduplicate Proportion of theſe 


Bodies being attracted through the Space , or 
RQ, muſt be to the Time taken up in its be- 
ing attracted through the Space 9; as / rt 
to Vu; becauſe (by Lemma X.) the Spaces 
deſcribed by ſuch Bodies in the beginning of 
their Mot ions are as the Squares of the Times. 
Wherefore in order to have the Body y take up 
more Time before it arrives at , than the 
Body P does before it arrives at Q; it muſt be 
made to revolve ſo much the flower : So that 
if we {ſuppoſe the Velocity of the Body þ to 
be to the Velocity of the Body P, in a ſubdu- 
plicate Proportion of the Diſtance 3 to the 
Diſtance SP; that is, putting v for the Velo- 
city of the Body , and V for the Velocity of 


the Body P. 


v:V::y/ 53þ: SP. 
in order ro have the Arches pg, PQ, (which 
are to each other as 5p to CP, the whole Di- 
ſtances from the Center of Gravity,) deſcribed 
in the Times which are in a ſubduplicate Pro- 
portion of thote fame Diſtances : then the Bo- 
dies p and P, being always attracted with equal 
Forces, wilt deicribe about the quieſcent (en- 
ters C and s, the fimilar Figures PQV, p 4 <, 


the latter of which p 4 , is fimilar, and equal 


re 
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to the Figure which the Body P deſcribes about 
the moveable Body S. W. W. D. 

Caſe 2. LET us now ſuppoſe the common 
Center of Gravity, and the whole Space in 
which the Bodies are moved about each other, 
to go on together uniformly in a ſtreight Line 
then (by Corollary G. of the Laws of Motion.) 
all the Motions will be performed in this Space, 
in the fame manner as before; and therefore 
the Bodies will deſcribe about each other the 
ſame Figures as before, and conſequently they 
will be fimilar, and equal to the Figure pg v. 
W. W. D. 

Carol. 1. HEN CE it follows, that two Bo- 
dies which attract each other with Forces pro- 
portionable to their Diſtance from one another, 
deſcribe concentrical Ellipfis's, both about their 
common Center of Gravity, and alſo about 
each other. If they move only about a com- 
mon Center, they will deſcribe concentrick El- 
lipſiss (by Prop. X.) and it they alſo move 
about each other, they will deſcribe fimilar 
Figures (by this Prop.) therefore in both Caſes 
they will do the ſame. And on the other hand, 
if fuch Figures are deſcribed, che Forces will 
be proportionable to the Diſtances. For if 
the Time be given, the Forces are to each 
other as RQ to TO, that is, as CP to TC, 
becauſe the Figures RQCP, TOSC, are 
ſimilar. 

Carol. 2. AND for the tame Reaton. wo 
Bodies attracting cach other with Forces reci- 

procally 
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procally proportionable to the Square of their 
Diſtance from each other, will deſcribe about 


their common Center of Gravity and about 
each other, Conick Sections, whoſe Focus is 
in the Center, about which the Figures are de- 
icribed. And on the other hand, if ſuch Fi- 
gures are deſcribed, the centripetal Forces are 


reciprocally proportionable to the Squares of | 


the Diſtance (by Prop. XI, XII, XIII.) 

Corol. 3. Ax v two Bodies revolving about 
a common Center of Gravity, will deſcribe 
Areas proportionable to the Times, by Rays 
drawn to that Center, and to each other. For 
the Figures they deſcribe in the fame Time be- 


ing all ſimilar, the Caſe is the fame as if they 
revolved about the fame Center. 


PROPOSITIONLIX. TreoReEemM XXII. 


If two Bodies S and P revolve about their com- 
mon Center of Gravity C; the periodical 
Time of either of them about that Center 
will be to the periedical Time of either of 
them, ſuppoſe P, revolving about the other - 

. an immoveable Center, and deſcribin 
Figure fmilar, and equal to —— 15 
the Badies 8 and P 4 eſcribe about each other, 
in a ſubduplicate * of one of the 
Bodies 8, to the Sum of the Bodies 8 + P. 


For by the Demonſtration of the fore- 
going Propoſition, the Times in which any 


R N . T 


y 
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fimilar Arches PQ and pq are deſcribed, are in 
a ſubduplicate Proportion of the Diſtances CP 


and SP or 3p; that is, in a ſubduplicate Pro- 
portion of the Body S to the Sum of the Bo- 
dies 8 + P (by the Hypothefis.) Wherefore, by 


Compoſition, the Sums of all the Times in 
| whic 


all the fimilar Arches PQ and pq are 
deſcribed, that is, the whole Times in which 


the whole fimilar Figures are deſcribed, muſt 


be in the fame ſubduplicate Proportion. 


W. W. p. 


PRO OSöC³ſ oN LX. THEOREM XXIII. 


If two Bodies S and P attract each other with 
Forces reciprocally proportionable to the Square 
of their Diſtance, and revolve about their 
common Center of Gravity C: T ſay, that the 
principal Axis of the Ellipfis which either of 
the Bodies, ſuppoſe P, deſcribes about the other 
Body S by this Motion, wall be to the principal 
Axis of the Ellipfis which the ſame Body P 
may be made to deſcribe about the other Body 
S, being at reſt, in the ſame periodical Time ; 
as the Sum of the two Bodies S+P, to the 
firſt of two mean Proportionals between this 
Sum and that other Body S. 
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the common Center of Gravity C; and let the 
point þ deſcribe about the immoveable Center 
s an Ellipfis pg c p ſimilar, and equal to 1 4 
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lipſis's which the Bodies S and P deſcribe about 
each other; then if F be put for the Periodical 
Time in which the Bodies S and P revolve about 
the common Center of Gravity C; and T be 
put for the periodical Time in which the point 
p revolves in the Elliplis pgep; it will be, 
ft: T:: 8:  S+P. 8 the foregoing 
ro 


This is upon Suppoſition that the Ellipſis 
pgcp is equal to the Ellipſis which the Body 
P deſcribes about the Body S; but if the pe- 
riodical Times are to be made equal, then T 
muſt be diminiſhed in the Proportion of 8 
to VSF, chat is, in the ſubduplicate Pro- 
portion of S to S P, or, :: S: SPI; 
and further, becauſe the principal Axis's of the 


Ellipfis's are in a ſeſquialterate Proportion of 
the periodical Times (by Prop. XV.) therefore 


Fig. 206. if the Axis CP be taken in the fame Propor- 


tion to the Axis cp, that the Seſquialterate of 
the Subduplicate of the Body's S + P, bears 
to the Seſquĩalterate of the Subduplicate of 
the Body S; and on this Axis C be deſcribed 
the Ellipſis CPS; the periodical Time of the 
Body P about the other quieſcent Body 8 as its 
Center, will be equal to the periodical Time 


in which they revolved about the common Cen 


ter of Gravity. that is, 
cp : CP :: MFI: S-. 
becauſe the Seſquialterate of the Subduplicate, 
is equal to the Subtriplicate, or + of + is equal 
to 


vibrating in PENDULUMS. 


to 3. Now the Cube Root of any two Terms, 
is the firſt of two mean Proportionals between 
thoſe two Terms, and therefore the princi 
Axis CP of the Ellipſis PCS, will be to the 
principal Axis of the Ellipſis pq cp, as the firſt 
of two mean Proportionals between S P 
and 8, to SP. And on the other hand, cp 
the principal Axis of the Ellipſis deicribed 
about the moveable Body, will be to CP, the 
principal Axis of the Ellipſis deſcribed about 
the immoveable Body, as S—+ P, to the firſt 
of two mean Proportionals between S + P 
and S. W. W. D. 


SC HO LIU M. 


Ir we apply the foregoing Propoſitions to 
the preſent Syſtem of the Planets, they will 
give us a very clear Notion of the Beauty and 
Simplicity of it. We ſhall ſce how regularly 
and exactly all the primary and ſecondary 
Planets perform their Revolutions, in ſimilar 
Figures, under the Direction of one obvious 
and uniform Law. Thus (25 Rule III.) the 
Matter of which all theſe Planets are compoſed, 
being in general the ſame, the Effects produced 
by their mutual Application to each other, 
muſt be the ſame alſo, or under like Circum- 


ſtances, the Effects muſt be fimilar ; thus if we 
find by Experience, (See the foregoing Figures.) 


that if two Bodies S and P; the firſt of ten 
pound Weight, and the other of one pound 
T Weight, 
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or Wire of the Length SP; 
be divided into ten equal parts, one of which 
is equal to SC; and then theſe two Bodies be 
ſuſpended upon the Center C, they will con- 


ſhall be to SC, as the Quanuty of Matter con- 
tained in the Earth, is to the Quantity 
ter contained in the Moon ; and that they were 
ſuſpended upon the Arms of a Balance ſup- 
ported at C, it is manifeſt, they would con- 
tinue in Equilibrio, or if they were put in 
Motion according to the Direction of their 
Tangents in the points P and 8, they would re- 
volve about each other in the manner juſt now 
deſcribed. And if we ſuppoſe further, that 
Inſtead of being ſupported at the point C, they 
2 


Were 
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were in 1 out of the Reach of 
the A other Bodies; and in- 
ſtead of 4 each other by a 
Balance, they were hindred from flying off in 
their T ts, or were at their propor- 
tionable Diſtances from each other by the Force 
of Gravitation: It is manifeſt, that their Mo- 
tions would be the ſame as we have now 
deſcribed. The Center of the Earth there- 
fore is not the Center of the Moon's Motion, 
but both the Earth and the Moon, move about 
each other, and about the common Center of 
Gravity; the Diſtance of which from the Center 
of the Moon is to the Diſtance of the Center of the 
Earth from the Center of the Moon, as 39,788. to 
40,788. The ſame ching is true of Jupiter and his 
Satellities, and of Saturn and his Satellities ; and 
it holds true of all the Planets and the Sun. For 
ſince the Quantity of Matter in the Sun, is to 
the Quantity of Matter in Jupiter, as 1067 
to 1; and Diſtance of Jupiter from the 
Sun, e. * 
Proportion little greater this; 
common — of Gravity of Jupiter and 


che Sun, will be in a Point a little above the 
Superficies of the Sun. By the ſame Argument, 


becauſe the Quantity of Matter in the Sun, is 
to the Quantity of Matter in Saturn, as 3021 
to 1; and the Diſtance of Saturn from the Sun, 
is to the Semidiameter of the Sun, in a Pro- 

ion which is a little leſs than this; there- 
fore che comman Center of Gravity of Saturn 


and the Sun, is in a Point a little within the 


T 2 Super- 
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Superficics of the Sun. By the ſame Method 
of Computation, if the Quantity of Matter 
contained in all the Planers and their Satelliries 
together, ſuppoſing them to be all of the ſame 
fide of the Sun, be compared with the Quan- 
tity of Matter contained in the Sun; the com- 
mon Center of Gravity of the whole Syſtem 
would be ſcarce above one whole Diameter of 
the Sun, diſtant from the Sun's Center. In 
other Caſes, where ſome of the Planets are 
on one ſide of the Sun, and ſome on another; 
the Diſtances of the common Center of Gra- 
vity from the Sun's Center, muſt be always leſs 
than the Diameter of the Sun. Whence it 
follows, that becauſe the Center of Gravity of 
the whole Syſtem, muſt always continue at 
Reft, and the Sun and Planets move always 
round about it, and about each other, at diffe- 
rent Diſtances, according to the various Poſi- 
tions they are in with reſpect to each other; 
therefore the Sun 1s never very far diſtant from 
this Center. And this common Center of Gra- 
vity of the Earth and Sun, and all the Planets, 
ought to be looked upon as the Center of the 
World. For fince the Earth, the Sun, and all 
the Planets, gravitate towards each other, and 
therefore, in Proportion to the Force of their 
Gravity, are continually altering their places, 
or are in perpetual Agitation, according to the 
Laws of Morion; it is manifeſt, that Fbeir 
Centers, which are always in Motion, cannot 
be accounted the Center of the World, which 

. is 
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in all ſuch Caſes as theſe, the Attractions of 
the Bodies, are to be eſtimated, by aſcribing 


which 
| the Sum of thoſe Forces. The Word At- 
traction, is here to be underſtood in a general 
\ Senſe, for any Endeavour or Tendency that 


each other, or agitating each other by ſome 


vibrating in PENDULUMS. 


is always at Reſt. If indeed that Body, to 
which all other Bodies gravitate moſt, is to be 
placed in the Center of the World, (as the 
common Opinion is,) then this Privilege muſt 
be given to the Sun. But ſince it is certain, 
that the Sun it ſelf moves, we muſt find out a 
Point which does not move, and from which 
the Center of the Sun moves as little as can be, 
and from which it would move ſtill leſs, if the 
Sun were denſer and bigger, fo as to be harder 
to move at all. 

By theſe Propoſitions we are alſo led to find 
out the Proportion that there is between cen- 
tripetal Forces, and the central Bodies to which 
thoſe Forces are uſually directed. For it is 
very reaſonable to think, that the Forces which 
are directed towards any Bodies, —_ upon 
the Nature and Quantity of thoſe Ies, as 
we ſee by Experience in Loaditones, whoſe 
different attractive Forces depend upon the 
Bigneſs and Conſtitution of fuch Stones. And 


the proper Forces to every fingle Particle of 
pn are com and then collecting 


there is in Bodies to approach towards each 


other, whether that Endeavour proceeds from 


the Action of the Bodies either towards 


1 Effluvia 
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EMuvia which they ſend forth; or whether it 
be cauſed by the Action of ſome Ether, or Air, 


or any kind of Medium, or incor- 
, which ſome way or other i the 


ss other. 
The Word Impulſe, is to be underſtood in the 
ſame general Senſe; for I do not in this Trea- 


tiſe conſider the phyſical or natural Sorts or 


Qualities of Forces, but only their Quantities 


and mathematical Proportions, as was explained 


in the Definitions at the beginning of the Book. 
t is the Buſineſs of Mathematicks, to find out 
the Quantities of the Forces, and thoſe Pro- 
portions which flow from any Conditions what- 
ſoever „„ : And af- 
ter this, when we come to Phyſicks or Natural 
Philoſophy, then theſe Pr are to be 
compared with the Phznomena ; that we may 
ſee what kind of Forces will agree with the ſe- 
_ Kinds 3 Bodies. When we 

ve thus far, we may with greater Safety 
* che ſeveral ſorts of Forces and 
their natural Cauſes and P ions. Let us 
therefore now examine ws as nu of Forces, 
ſpherical Bodies, compoſed of ſuch fort of at- 
tractive Particles as we have been deſcribing, 
ought to act upon each other, and what for: 
of Motions »v..! follow from thence, 
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Principles Explain d. 


Of the attractive Forces of SPHARICAL 
Bodies. 


HE Deſign of the following 
is to demonſtrate the Laws of At- 
traction in ſpherical Bodies with reſpect to 
each other's Centers, or to compure the Forces 
by which they tend towards each other's Cen- 
ters, meaſured by the Diſtances from thoſe 
Centers. And in order to this, the ſpherical 
Bodies are ſuppoſed 


T 4 nite 


to be compoſed of an infi- 
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nite Number of phyſical Particles, or very + 


{mall Corpuſcles equal to each other; and 
that every one of theſe Corpuſcles is endued 
with the {ame Degree of attractive Force; or 
that equal centripetal Forces tend towards each 
of them; and that theſe Forces increaſe or de- 
creaſe in ſome certain Proportion to the 
Diſtances from the Corpuſcles; hence it is re- 
quired to determine what the Reſult of ſuch 
a Combination of Forces will be, in two or 
more ſphærical Bodies of equal or unequal 
Magnitudes, of the fame or different Denſities, 


with regard to the Centers of thoſe ſpherical 
Bodies. But becauſe theſe centripetal or at- 


tractive Forces, may increaſe or decreaſe in all 
poſſible Variety of Suppoſitions, that is, they 
may increaſe in Proportion to the Diſtances, 
directly, or to the Squares, Cubes, or any 
other Multiples of the Diſtances from the 
Corpuſcles to which they tend, or they may 
decreaſe as the Diſtances, the Squares, Cubes, Sc. 
of the Diſtances: Therefore we ſhall confider 
only two of theſe Caſes. Firſt, where the 


centripetal Forces decreaſe as the Squares, 


or in a duplicate Proportion of the Diftances 


from the Corpuſcles. And Secondly, where 


the centripetal Forces increaſe in Proportion to 
their Diſtances from the Corpuſcles to which 


they tend; becauſe theſe are the two moſt 


common Caſes that happen in Nature. 


PROPO» 
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PRoPOSITION LXX. THrorkem XXX. 


If to every Point of a ſpherical Superficies, 
there tend equal centripetal Forces, decreaſing 
as the Squares of their Diſtances from theſe 
Points: I ſay, that a Corpuſcle placed a 
where within ſuch a Super fictes, will not 


attratted any way by theſe Forces, but will 
continue at Reſt. 


HRE we begin with the moſt fimple Caſe, 
and conceive a ſphzrical Body to be compoſed 
of an infinite Number of ſpherical concentrick 
Superficies's, or very thin Shells, whoſe Thick- 
neſs is fo ſmall, as not to enter into the Com- 
putation ; and we firſt confider one of theſe 
ſpherical Superficies or Shells, and ſuppoſe 
every Point of this Superficies to attract a 
Corpuſcle placed any where within it, but not 
the Corpuſcle to attract the ſeveral Points of 
the Superficies. 

LeTHIKL this ſpherical Super- 
cies, and P the Corpulcle placed Within it. pig. 205 
Through the point P, to this Superficies, ler : 

the two ſtreight Lines H K, LI be drawn, in- 
cluding the two very ſmall Arches HI, KL; 
then, becauſe the Triangles HPI, LPK, are 
ſimilar (by the Elements, and by Lem. III. Cor. 3.) 
theſe Arches will be pr ionable to the 
Diſtances HP, LP; and Particles of the 
ſpherical Supercies, of which theſe Arches 
arc 


Fig. 207. 
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are the Diameters, and which are every 


terminated by ſtreight Lines paſſing * 
point P, ow which may be conceived to con- 


ſtitute very ſmall ſimilar Cones, whoſe Ver- 


Are 


uperficies: Theſe Particles or Baſes being 
Circles, are (by the Elements.) as the 
of their Diameters HI, KL or HP, PL. 
Therefore the Forces of theſe Particles 
the Corpuſcle P, are equal, for are ( 
= Hypotheſis.) as the Peres de 


the Squares of the Diſtances inverſely, 
theſe two Pr are equal: T 


tractions ore 
trary ways, 22 each other. By the 
1 "yp 1 — 
v u i by con 

Attractions; ern 
not be im any way by theſe Attractions. 
Thus let C, c, be put for the two ſmall ſphærical 


Superficies at K L and HI, b. be po or 
their Forces, and let D, 4 be 
An Then C: c: PHI: HF 


: PL*: HP*. But (by the Hypothefsc,) F ff 


" Fa 
C. c; It will be F Fi: 
fore F. 
Corol. 1. Is the Cor P, attracts each 
of the ſmall Superficies s K L, IH, in the ſame 


manner as they attract it; . 
58 
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will be double what it was before, but the ſame 


ion of ity will continue. 

2. Trx1s being the Caſe of our Earth, 
if we ſuppoſe it hollow, or a Shell or Cruſt of 
a given Thickneſs, any Body placed any where 
within it would of it ſelf remain at Reſt, 
where-ever it was placed, would have no 
Weight, might be moved with the leaſt Force, 
would continue in Motion with a given Velo- 
city and in a given Direction till it was ſtop- 
YT ES 7 WOES 
C 


PrRoPOSITION LXXI TREORE XXXI. 


The ſame things being ſuppoſed as in the fore- 

going Propofition; I jay, that à Corpuſcle 
placed any where without the ſpherical Super- 
fectes, is attracted by a Force which ts reci- 
procally proportionable to the Square of its 
Diftance from the Center of the ſpherical 
Super fictes ; that is, the Force decreaſes as the 
Square of the Diſtance from that Diſtance. 


HERE AHK B, @h+6, are two equal Su- 
perficies, or rather the ſame Su 


ſented twice, and theſe Superficies are ſuppoſed 
to be generated by the equal Arches HI, bi, 
and KL, &/, turning round upon the Diame- 
ters AB, a6; then the ſmall phyſical Particles 
HI, hi, multiplied by the Circles thus generated, 
or (becauſe Circles are as the Radii) — 
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perficies repre- Fig, 20l. 


Fig. 208. 


d pe, vaniſh together, or when their Sides 
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by the Radii QI, gi; will N 22 

tity of Matter contained in one of the 

_ gs, of which theſe ſpherical 2 
ſed; and the Force of Attraction, 1 

(by te e Hypotvefis.) as this Quantity of Matter 

directly, and the Square of its Diſtance from 

the Particle attracted inverſely; that is, as 


. or "ppt Let us fee now what 


H P* 
the ſame 3 is with reſpect to the Center of 
the whole Superficies 8 or s. Let AHK B, 


ahkb, be two equal ſpherical Superficies 


deſcribed on the Centers S, s, and the Dia- 
meters AB, ab; and let 17 be two Cor- 
puſcles placed without e Superficies in 
their Diameters produced. Let the Lines 
PHK, PIL, p44, pil, be drawn from thoſe 
Corpulcles, cutting off the equal Arches 
HK, 44, and IL, iI, from the great Cir- 
cles AHB, ab; And let SD, /d; SE, ſe; 
IR, ir, be drawn perpendicular to thoſe Lines, 
ſo chat 8 D Jd, may cut PL, pl, in F and f: 
Alſo let IQ, i : 4, be drawn perpendicular to 
the Diameters. Let the Angles DPE, dpe, 
vaniſh or be infinitely ſmall; then becauſe DS 
is equal to ds, and ES equal to es, their Dif- 
ferences, vig. the very ſmall Lines DF, df, 
are alſo equal; and the Lines PE, PF, and ge, 


pi, may be looked upon as eq ual, becauſe their 


{fi Ratio or Proportion when the Angles D PE, 


coincide, is a Ratio of Equality, Theſe 
things 


%, Wl 
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things being thus; Becauſe the Triangles PRT, 
PDF, are fimilar, and the Triangles pr 7, 
pdf, are fimilar alſo ; Therefore 
n DF. 
and 1 i 21 4 or DF: 7 i. 
Therefore (5 id , 
Campoſition.) PI: PFxpi :: RI irs, 
:: HI : bz. 
that is, as the Arch I H 
is to the Arch ih, (by Coral. 3. Lem. VII.) 
Again, becauſe the Triangles PS E, PIQ, are 
ſimilar, as 7, are alſo fimilar, therefore 
$38 2:3Q : SE. 
5 1 or SE: i 
— bd 7 N 
Compoſition.) P ps: PSpr::1Q 19. 
Then multiply all theſe Ratio together, and it 
will be as PI Square xþ fxþs, top i Square x PF 
„PS; fois HIxIQ, to bixz7zg. That is, the 
circular Superficies which the Arch IH, de- 
ſcribes by the Revolution of the Semicircle 
AKB about the Diameter AB; is to the cir- 
cular Superficies which the Arch 7 h, deſcribes 
by the Revolution of the Semicircle @#6 about 
the Diameter 426; as PI Squarexpfxps, to pi 
SquarexPF xPS. And the Forces with which 
theſe Superficies attract the C % in 
n are (by the 
Hypotheſis.) as the Superficies directly, and the 
r the Diſtances of the Corpuſcles 


from the inverſely ; that is, putting 
F, /, for theſe Forces. r 7 
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F:f:: PP xpfxps pPxPEPS 


PF ; 

chat is, F: :: pfxps : fas. 
This dae of the Forces as they 
r ies s in the Di- 
rections PI, p 7 : But (by the reſolving of Forces 
according to Cor. 2. of the Laws of Motion.) 
theſe Forces in the Directions PI, pi, are to 
the Forces in the Directions by which they 
tend to the Centers PS, ps, as PI to PQ, and 
p i top 9, that is, (becauſe of the ſimilar Tri- 
angles ÞIQ and PSF; gig and %) as PS 
to PF, and ps to pf: Therefore in the fore- 
ing Proportion of the Forces, pfxps to 
FxPS, if theſe Terms be Fg by 
ers 
we” , that is, the Attraction of 
Pe: . FC C will be to the At- 
traction of the Corpuſcle p towards s; as 


PF xpfxps 0 f* . 
— as PFxpf 


s ſquare to pf Fps 3 that is, 
ividing 14 0 92 * ſquare, to PS 


t, the 
Forces ** Nuss Superficies's generated by 
8 of the Arches K L, &/, attract 
the Corpuſcles P, p; will be as ps ſquare, 
to PS ſquare; and the fame Proportion will 
hold for the Forces of all the circular Super- 


ficies's 


of wang ng ner 


ficies's that each of theſe 
can be reſolved into, by 


to SD, and /e equal And (by Compo- 
fition,) the Forces of Ro ſpherical Su- 


ies's, will be in the fame Proportion. 
W. D. 


PRO POSITION LXXII. THTOREMXXXII. 


If to every Point of any Sphere there tend 
centripetal Forces, decreafing as the Squares 
1 Diſtances from thoſe Points, and the 
iy of the Sphere be given, and the 
Proportion of the Diameter of the Sphere 
to the Diſtance of a Corpuſcle from its Cen- 
ter, be alſo given: I ſay, that the Force 
with which the Corpuſele is attratted, is 
proportionable to the Semidiameter of the 


Sphere. 
LEMMA to this PROPOSITION. 


Tux Spheres AHB, 455, may be reſolved 

into fimilar Particles, placed in a ſimilar Poſition, Fig. 229. 
in the following manner. Let PS, ps, the Di- 

ſtances of the Particles P, p, from the Centers of 

the Sphæres 8, /, be taken proportionable to the 
Diameters A B, 46; then ſuppoſe theſe Diame- 

ters divided into an infinite Number of equal 

parts K L, &/; on the Centers Pp, and with 

the Diſtances PK, PL, and pk, p, deſcribe 

the concentrick Arches KI, LH, and * 
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Then PS, % the Diſtances of the Particles 


from the Centers of the Spheres, are 

tionable to the Diameters (by the Hypothefps. ) 
and the Diſtances of the points K, L, and &, , 

from the Centers S, /, are alto proportionable 

to the fame Diameters ; therefore (by Compo- 

fition.) the Diſtances of the points K, L, and 

&, I, from the Corpuſcles P, y, are = 

to the Diameters; and fo likewiſe are the 

Diſtances of the Particles I, H, and z, %, from 

the ſame Corpuſcles P, p. And the fame holds 

true for all other points in the Diameters, 

and (by Compoſition) for the whole Spheres, 

W. W. D. 3 

2 SUPPOSE two Corpuſcles, each of them 

* to be attracted by a Aüflkrent Sphære, one Cor- 

puſcle by the one Sphære, and the other Cor- 

puſcle by the other Sphære, and that their 

Diſtances from the Centers of their reſpective 

Sphzres, are proportionable to the Diameters 

of theſe Spheres, and alſo that the Sphæres are 

reſolved or divided into fimilar — placed 

in a ſimilar manner, or in a like Poſition with re- 

ſpect to each Corpuſcle. Then the Attractions of 

the one Corpuſcle towards the ſeveral Particles 

of the one Sphære, will be to the Attractions 

of the other Corpuſcle towards the ſame Num- 

ber of proportionable Particles of the other 

Sphere, in a Proportion com of the 

Proportion of the Particles directly, and the 

Square of their Diſtances inverſely (by the Hy- 


f by Compaſition.) But the Particles 
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are as the Spheres, that is, as the Cubes of 
their Diameters, (by the Elements.) and the 
Diſtances are as their Diameters ſimply (by the 
foregoing Lemma.) therefore, the direct Pro- 
portion of the Cubes of the Diameters, di- 
vided by the Squares of the Diameters, gives 
the Proportion of Diameter to Diameter. 
Leer the two Sphæres be AHB, a h, and the 
Corpuſcles P, p; let the Diameter of the 8 
AHB, be R, and the Diameter of the Sphære 
4 b, be r; the Diſtances of the Corpuſcles 
from their reſpective Spheres D, d, and the 
Forces by which they are attracted F, f. Then 
becauſe the Attraction of the Corpuſcle P, is 
to the Attraction of the Corpuſcle p, in a Pro- 
portion compounded of all the Particles of 
which the Sphære AHB is made up of, di- 
rectly, that is, as the Cube of its Diameter, via. 
R3, and the Squares of their Diſtances reci- 
procally, or as the Square of the Diſtance of P 
from the Center of the Sphære AHB reci- 
I 


procally, viz. Tk And fo for the Particle p. 


Therefore F : f :: * b a but (by the Hypo- 


theſis.) R: :: D: d. Wherefore F: :: 55 


: ©, that is, (by Diviſm) F:f::D: 4 
W. W. D. 


=_ Corel. t. 
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Fig. 200. Corol. 1. HEN CE it follows, that if the 


Of the altractive Fox c ES 


Corpuſcles P and , were made to revolve 
about the Spheres AH B, a5, made up of 
ually attractive Matter, and the Diſtances 
theſe Particles be proportionable to the 
Diameters of the Spheres ; their periodical 
Times would be . 
Coro. 2. AND on the contrary, if their 
5 Times be equal, their Diſtances will 
proportionable to their Diameters. Theſe 
two Corollaries follow from Prop. IV. Cor. 3. 
| Corvl. 3. Ir to every Point of any two fimi- 
lar Solids, which are equally denſe, there tend 
equal centripetal Forces decreaſing as the 
Squares of the Diſtances from choſe Points; 
the Forces by which Corpuſcles placed in a 
fimilar Poſition with reſpect to Solids, 
will be attracted by them, will be as the 
Diameters of each of theſe Solids. For the 


Solids are as the Cubes of their Diameters 
(by the Elements.) 


PRO. LXXIII. TuroRE XXXIII. 


If to every Point of any given Sphere, there 
tend equal centripetal Forces decreaſing in a 
duplicate Proportion, or as the Squares 4 the 
Diſtances from thoſe Points: I jay, that a 
Corpuſcle ſituate any where within the Sphare, 
will be attratted with a Force proportionable 
to its Diſtance from the Center. 


LET 
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Le T the Corpuſcle P, be placed within 

the Sphære A CBD, deſcribed on the Center S; Fig. 210. 
and on the ſame Center S, with the Diſtance 

S P, let the Sphære PE QF be deſcribed within 

the former Sphere. It is evident (by Prop. 
LXX.) that the ſeveral concentrick Superficies, 
of which the Difference of the Spheres, v:z. 
AEBF is compoſed, will have no Effect at all 
upon the Particle P; becauſe the Attractions 
of all the Points of — they are compoſed, 
are deſtroyed or ballanced by con Attrac- 
tions equal to them. is Gor vor cl 
only the Attraction of the internal Sphere 
PE QF on the Corpuſcle P. And this is 


om). 7 8 from 8 (by Prop. 


SCHOLIU M. 


T nx Superficies of which Solids are com- 
poſed, are not conſidered in theſe Propoſi- 
tions, as merely mathematical; but as Orbs 
ſo very thin, that their Thickneſs is as it were 
nothing, that is, as vaniſhing Orbs of which 
the Sphære is at laſt compoſed, when the 
Number of the Orbs is increaſed, and their 
Thickneſs's diminiſhed infinitely : In the ſame 
manner, by Points of which Lines and Super- 
ficies and Solids are faid to be compoſed, we 
are underſtand, equal Particles, whoſe Mag- 
nitude we have no Regard to. 


U 2 Pros. 


Fig. 211. 
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PROr. LXXIV. TrronetmM XXXIV. 


The ſame things _ ſuppoſed as before; I 
ſay, that a Corpuſcle placed any where with- 
out the Sphere, is attracted by a Force reci- 
procally proportionable to the Square of its 
Diſtance from the Center of the Sphere. 


Fox let the Sphere be diſtinguiſhed into 
an infinite Number of concentrical | ical 
one of 


Superficies's, the Attraction of every 
theſe Superficies's upon the Corpuſcle, will be 
reciprocally to the Diſtance of 
the Corpuſcle from the Center of the Sphere, 


which is the common Center of all the Super- 


ficies's (by Prop. LXXI.) Therefore (by Com- 
poſition.) the Sum of all the Attractions of the 
whole Sphære upon the Corpuſcle, will be in 
the ſame Proportion. W. W. D. | 

Corol. 1. HENCE it follows, that if the 
Sphæres be homogeneous, or of the fame kind, 
in equal Diſtances the Attractions are as the 
Spheres, that is, as the Quantities of Matter. 
For (by Prop. LXXII. ſee the Figure there.) if 
the Diſtances are proportionable ro the Dia- 
meters of the Spheres, the Forces will be as 
the Diameters. Let the greater Diſtance be 
diminiſhed in this Proportion, that the Di- 
ſtances may become equal, and the Attraction 
will be increaſed as the Square of that Propor- 
tion, that is, it will be in a triplicate Propor- 
tion, 


— 
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tion, or as the Cube of the other Attraction, 
that is, it will be in Proportion to the Spheres. 
Thus (ang the ſame Sybols as in Prop. 72.) 

Ir the Diſtances be unequal F: /:: R:. 
Let PS be diminiſhed in this ion, 
that is, PS: p:: 1: R. then will PS be 
equal to ps, but its Attraction will be in- 
creaſed as PS ſquare is diminiſhed, that is, 
F: F:: RD: 7 &. that is, becauſe R: :: D: d. 
It will de, F: F:: M: 77. 

Corol. 2. In all Diſtances whatſoever, the 
Attractions will be as the Spheres directly, 
and the Squares of the Diſtances inverſely, 
For if the Diſtances be given, the Attractions 
are as the Spheres R: 73, and if the Sphæres 
be given, the Attractions are reciprocally as 
the Squares of the Diſtances .: . and if 
neither of them be given, the Attractions are 
in a Proportion compounded of both theſe, 


Corol. 3. Ir aCorpuſcle placed any where out 
of an homogeneous Sphere, be mes by a 
Force reciprocally proportionable to uare 
of in Dees Hoe One of the Sphere, 
and the Sphere conſiſts of attractive Particles, 
the Force of every one of its Particles will 
decreaſe as the Square of their Diſtances from 
33 This is only the Reverſe of the 
Ormer. 


U3 Pro» 
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Proe. LXXV. TrrorRtem XXXV. 


If to every Point of a given Sphere, there tend 


equal centripetal Forces decreafing as the 
Square 4 the Diſtances from thoſe Points; 
T ſay, that any other fimilar Sphere, is at- 
tracted by this Sphere, with a Force recipro- 
cally proportionable to the Square of the 
Diſtance of their Centers from each other. 


Lr A be the attracting Sphere, and B 
the attracted Sphzre ; Then the Attraction of 
every Particle of the Sphzre B, is reciprocally 
as the Square of the Diſtance of that Particle 
from the Center of the attracting Sphere A, 
(by Prop. LXXIV.) and is alfo the fame as if 
the whole attractive Force of the Sphere A 
came from one ſingle Corpuſcle placed in its 
Center. Now this Attraction is juſt as much 
as the Attraction of that ſame Corpuſcle would 
be, if on the other hand it were attracted by 
every Particle of the attracted Sphere B, with 
the ſame Force that it attracts them. But that 
Attraction of the cle, would be recipro- 
cally proportionable to the Square of its Di- 
ſtance from the Center of the Sphære B. (by 
Prop. LXXIV.) Therefore the Attraction of 
the Sphære A, which is equal to it, is in the 
ſame Proportion, viz. as the Square of the 
Diſtance AB. W. W. D. ; 

Corel. 1. Trex Forces with which attract- 
ing Sphæres, draw attracted Sphares, are as the 


the 
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the attracting Spheres applied to the Squares 
of the Diſtances of their Centers from the 
Centers of the Spheres which they attract, or 
they are as the Sphæres directly, and the Squares 
of the Diſtances of their Centers from the Cen- 
ters of the Sphæres which they attract, reci- 
procally. For, if the Diſtances be the ſame, 
the Forces will be as the Sphæres directly, 
and if the Spheres be the fame, 
Forces will be reciprocally as the Squares of 
the Diſtances: therefore (by Compoſition.) the 
Forces are as the Spheres directly, and the 
Squares of the Diſtances inverſely; that is, 
R3 73 

: F: 5. 7 | 

Corol. 2. Tu E fame thing holds, if the at- 
tracted Sphere B attracts the Sphære A alſo. 
For then every Point of the Sphere B, attracts 
every Point of the Sphere A, with the ſame 
Force that every Point of the Sphzre A, at- 
tracts every Point of the Sphere B; and there- 


fore, becauſe in all Attractions, the Point that 


is attracted and the Point that attracts, are 
equally forced towards each other (by Law 3.) 
therefore the Force of the mutual Attraction 
of the Points, is double to what ic is when 
conſidered in each of them ſeparately, but the 


9 tion remains the ſame as before. 


ol. 3. ALL thoſe things which were de- 
monſtrated before, concerning the Morion of 
Bodies about the Focus's of Conick Sections, 


U 4 Sphere 


hold true in this Caſe alſo, if the attracting 
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Sphere be placed in the Focus, and the Bodies 
be moved any where out of the Sphere. 

Coral. 4. AND all thoſe things which were 
demonſtrated concerning the Motion of Bodies 
about the Centers of Conick Sections, hold 
good here alſo, if the Motion be performed any 
where within the Sphere. | 


Proe. LXXVI. TuTZLOREN XXXVI. 
If there be Sphares that are any way diſſimilar 
(with reſpect to the Denſity of tbeir Matter, 
and their Attractive Force ;) as they go from 
the Center to the Circumference; but as they 
go in the Circumference, are every where ſimi- 
lar at every given Diſtance from the Center; 
and the attractive Force of every Point de- 
creaſes in a duplicate Proportion of the Di- 
fiance from the attratted Body: I jay, that 
the whole Force with which one of theſe ſort 
of Spheres attratts another, is reciprecally 
propertionable to the Square of the Diſtance 
of their Centers. 


I's order to this, let us ſuppoſe a Number 


phæres, but all of them ſimilar, 
that is, compoſed of equal Particles, which 
Particles are at an equal Diſtance from each 
other, and that Diſtance ſuch, that theſe 
Spheres may be pur one within another, and 


by that means compoſe one Sphzre, of different 
Denſities at different Diſtances, and of... 


Fig. 212 


Plate XV! 


1 — — — — 


as, 


OO % —_ 


Fig. 209 
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ſame Denſity at any given Diſtance dom the 
Center. Let AB, CD, EF, Sc. be inat Num- 
ber of Spheres placed concentrically one within 
another, ſo that the internal ones added to the 
external ones, may make the Matter denſer to- 
wards the Center, or ſubſtracted from thoſe 
external ones, may make it rarer; then (by 
Prop. LXXV.) theſe will attract as many other 
concentrick fimilar Spheres GH, IK, LM, 
that is, each of theſe fingly, will attract every 
one of the other, with Forces reciprocally 
oportionable to the Square of the Diſtance 
SP. and (by Compoſition or Droifion.) the Sum 
of all theſe Forces, or the Exceſs of ſome of 
them above the other ; that is, the Force with 
which the whole Sphere AB, compoſed of 
any Number of concentrick Spheres, or of 
the Difference of concentrick Spheres, attracts 
the whole Sphære G H, compoſed likewiſe of 
concentrick Spheres, or of their Differences, 
will be in the fame ion. Let the Num- 
ber of the concentrick Sphæres be increaſed 
infinitely ; ſo that the Denſity of the Matter, 
and conſequently the attractive Force, may in- 
creaſe or decreaſe, as it goes from the Circum- 
ference to the Center, according to any Law 
or ion whatſoever ; and let thoſe 
which are not ſo denſe as the reſt, be filled up 
with Matter which has no attractive Power, 
fo that the Spheres may become of any Form 
that you pleaſe ; and the Force with which the 
one of theſe Spheres AB, CD, Sc. thus 


— 
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compounded, attracts the other GH, IX, Ge. 
will {till be by the foregoing Argument, in the 
ſame inverſe ion of the Square of the 
Diſtance SP. W. D. 
Corol. 1. HENCE it follows, that if a great | 
many of the ſame ſort of Spheres, fimilar to 
one another in all reſpe&;, do mutually attract 
each other A — accelerative Attractions of 
ev le re, upon every other ſingle 
„N the Celeritics which every fingle 
Sphere, produces in a given Time, in every 
other ſingle Sphere, by attracting it; are as 
the attracting Spheres, if the Diſtances of the 
Centers be the fame. Thus, ſuppoſe the 
Fig 214. Spheres A, B, and C, D, to attract each other 
mutually, and the Diſtances from the Centers 
BA, CD, to be equal. Let the Quantities of 
Matter (which are as the Cubes of their Dia- 
meters) be as 27 in A, 7 in B, 8 in C, and 6 
in D; then will the Celerity with which B 
approaches A in a given Time, be to the Ce- 
lerity with which D approaches C in the ſame 
given Time as 27 to 8. 
Fig. 214. Carol. 2. AT any unequal Diſtances, the 
accelerative Attractions will be as the attracting 
Sphzres, 22 to the Squares of the Diſtances 
between Centers; or they will be as the 
Sphæres directly, and the Squares of the Di- 
ſtances of the Centers inverſely. Thus, let the 
Diſtances between the Centers B A and C D be 
as 4 to 1; then the Celerity with which B ap- 
proaches 
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proaches A, is to the Celerity with which D 
approaches C, as = 0 =, or as 1,68. to 8, 

Corol. 3. AND the whole Motions produced 
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by the Attractions, or the Weights of the Fig. 214 


Sphzres upon the Spheres, are as the attraft- 
ing and attracted Sphzres jointly, that is, as 
the Product of the Spheres multiplied into 
each other, if the Diſtances of the Centers be 
the ſame. That is, the Weight of the Sphere 


B upon the Sphere A, is to the Weight of the 


Sphzre D upon the Sphere C, as 27 x7 to 
8 Xx 6, or as 189 to 48. 


Corol. 4. AnD if the Diſtances be unequal, Fig. 214; 


the Weights are as thoſe Products directly, and 
the Squares of the Diſtances between the Cen- 


ters inverſely ; that is, as — ro 22 


as 11,8 1. to 48. 


bl 


Corel. 5. Tax fame will hold good, if the Fig. 214- 


Attraction proceeds from both Spheres exerting 
their attractive Force mutually upon each other; 
for then the Attraction ing from both 
Forces, will be twice as much, but the Pro- 

tion will remain the ſame as before. Thus 
38 Action and Reaction being equal, 
the Sphære B will attract the Sphære A, juſt as 
much as the Sphære A attracts the Sphære B; 
wherefore the whole mutual Attraction, or 
the whole Motion with which both of them 


tend towards each other will be 27 + 22 
16 16 * 
OT 
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E22 or 23, 62. And the whole Mo- 


2x10. ” 
tion with which the Spheres C and D attract 
cd e wilt hs 2 + 22 or 2D, 
or as 96, the ſame ion as before. 

Corol. 6. Ir any of theſe fort of Spheres, 
revolve about other Sphæres that are at Reſt, 
e, a ſingle Sphzre about a fingle Sphere; 
and the Diſtances berwixt the Centers of the 
Spheres that are at Reſt, and the revolving 
Spheres, be pr ionable to the Diameters of 
the Sphæres which are at Reſt; their pe- 
riodical Times will be equal (5y Prop. iv . 
Cor. 3.) 

Carol. 7. AND on the contrary, if their pe- 
riodical Times be equal, their Diſtances will 
be proportionable to the Diameters of the 
Spheres which are at Reſt, by the fame 


Corol. 

Carol. 8. Al L thoſe things which are above 
demonſtrated concerning the Motion of Bodies 
about the Focus's of Conick Sections, hold 
here alſo, if the attracting Sphere be 
fuch a ſort of one as is deſcribed in the 
fition, and if it be placed in the Focus of the 

Carol. 9. Txt fame things will alſo hold 
good, if the revolving Spheres be attractive 


ones alſo, and of the ſame fort as thoſe de- 


ſcribed in the Propoſition. 


TAE 
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Trex foregoing Propoſitions not only ex- 
plain to us the whole Nature of Gravitation 
here upon the Earth, but they alſo ſhew us how 
to find out and to compare together the Weights 
of Bodies upon different Planets, the Quantity of 
Matter in each Planet, and alſo the Denſities 
of the ſeveral Planets, by Prop. VIII. Theorem 
VIII of the Third Book, which is this, 


If the Matter of tus Globes which gravitate to- 

wards each other mutually, be of the ſame kind 
in all places quite round them, which are at the 
fame Diſtance from the Center; the Weight 
of either of the Globes upon the other, will be 
reciprocally as the Square of the Diſtances 
between their Centers, 


AFTER I had found out that the Gravita- 
tion towards the whole Planet aroſe from, and 
was compounded of the Gravitation towards 
its Parts, and that it tended towards every one 
of thoſe Parts in a reciprocal Proportion to the 

Square of the Diſtance from the Parts: I had 
ſome doubt whether this reciprocal duplicate 
Proportion, was exactly as the whole Force 
compounded of a great many Forces, or only 
very nearly. For it might have fo happened 
that the Proportion, which at very great 
Diſtances, may be exact enough, might be 
conſiderably altered near the Superficies of the 
Planet, by Reaſon of the unequal Diſtances 
and diſſimilar Situation of the Particles. But 


at 
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length by Prop. LXXV and LXXVI of the 
firſt Book and their Corollaries, I found 
Truth of this Propoſition. 


the 
Coral. 1. HENCE the Weights of Bodies 


upon different Planets, may be found and 
compared together. For the Wei of 
equal (homogeneous) Bodies revolving about 
the Planets in Circles are as their centri 
Forces, that is (by Corol. 2. Prop. IV.) as the 
Diameters of the Circles directly, and the 
Squares of the periodical Times inverſely ; and 
their Weights upon the Superficies of the 
Planets, or at any other Diſtances from the 
Centers, are greater or leſs (by thts Propoſition.) 
in a duplicate Proportion of the Diſtances in- 
verſely. Thus 


Days Hours 
The periodical Time of 
Venus about the Sun is 224— 164 
The periodical Time of 
the outermoſt Satellity. 


of Jupiter about Him. 16 — 16 r 


The periodical Time 

of Huygens's Satellity 

about Saturn. 15—224 
The periodical Time 

of the Moon about 

the Earth. 27—07—43 Minutes. 
If theſe be compared with the mean Diſtance 
of Venus from the Sun, and with the greateſt 
Heliocentrick Elongations of the outermoſt 
Satellity of Jupiter from the Center of Jupi- 


ter 
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ter, and of the Huygenian Satellity from the 
Center of Saturn, and of the Moon from the 
Center of the Earth, the different Weights of 
equal Bodies at equal Diſtances from the Sun, 
Jupiter, Saturn and the Earth, will be found; 
and if theſe Diſtances be increaſed or diminiſh- 
ed, the Weights will be diminiſhed or increaſed 
in a duplicate Proportion ; and conſequently 
the Weights of equal Bodies upon the Super- 
ficies of the Sun, Jupiter, Saturn and the 
Earth, that is, at the Diſtances of their Semi- 
diameters, will be alſo found. Thus 
The greateſt Heliocentrick Elonga- 

tion of the outermoſt Satellity of 


Jupiter from the Sun is 8— 16 
Of the Satellity of Saturn 3— 04 
Of the Moon from the Earth 10o—33 


Now the greateſt Heliocentrick Elongation of 
a Satelliry from its Planet being known, that 
is, its Diſtance from the Center of the Planer, 
in Minutes and Seconds of the Planet's Orbit, 
the Proportion which this Diſtance bears to 
the Radius of that Orbir, that is, to the 
Diſtance of the Planet from the Sun, is known 
alſo by the common Rule of Three. Thus 
the mean Diameter of Jupiter's Orbit about 
the Sun, is to the Diſtance of the outermoſt 
Satellity from the Center of Jupiter, as about 
52012 to 124; And hence it appears by Di- 
©1/ion, that the mean Diſtance of Venus from 
the Center of the Sun, is to the Diſtance of 


2 the 
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the fame Satellity from Jupiter, as 7234 to 
124. Now the periodical Times are 224 
Days, and 164 Days. Wherefore if 
Diſtances be divided by the of the 
Times (by Prop. IV. Cor. 2.) the centripetal 
Force of the Satellity towards Jupiter, will be 
to the centripetal Force of Yenus towards the 
Sun, as 442 to 143: But the Diſtance of the 
outermoſt Satellity from Jupiter, being to the 
Diſtance of Venus from the 2 to 
234, the centri Force of telli 
rr 
portion, that the Diſtances may be the ſame ; 
and then the centripetal Force of the Satellity 
towards Jupiter, if it were as far removed 
from it as Venus is from the Sun, would be to 
the centripetal Force of Venus towards the 


Sun, as _ to 143, or as 1 to 1100. In 
like manner, by computing moſt exactly, our 
Author found the Weights of equal Bodies at 
equal Diſtances from the Centers of the Sun, 


1 I 
Jupiter, Saturn and the Earth to be as 1, 1567 


a And the Weight of equal 


3521 169282 
Bodies at the Diſtances of 10000, 997, 791 
and 109 from the Centers of the Sun, Jupi- 
ter, Saturn and the Earth, that is, on their 
Superficies, He found to be as as 10000, 943, 
529 and 435. 
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Coral. 2. HENCE alſo the Quantity of 
Matter in each of the Planets is known, for 
the Quantity of Matter in every Planet is as 
its attractive Force at an Diſtance from 
its Center, that is, in the Sun 1, in Jupiter 

13 I , 

Toby? Saturn 302 7 and in the Earth 

I 


169282 | 

Coral. 3. Hence the Denſities of the Pla- 
nets are alſo known. For the Weights of 
equal and homogeneous Bodies upon homo- 
geneous Spheres, are at the Superficies of 
thoſe Spheres, as the Diameters of the Sphæres 
by Prop. LXXII.) and their Weights upon 
Spheres, or Spheres of different 
Denſities, muſt conſequently (by the Hypot heſis.) 
be in a contpound Proportion of the ries 
and Diameters of the Spheres, and therefore 
(by Divifion.) the Denſities will be as thoſe 
Weights applied to the Diameters of the 
_— or the Denſities will be as the Weights 

the equal 
the Diameters of the Spheres inverſely. Now 
the true Diameters of the Sun, Jupiter, Saturn, 
and the Earth, are to each other as 10000, 99, 
791 and 109, and the Weights of equal Bodies 
upon their Superficies, are as 10000, 943, 
529 and 435 ; wherefore theſe latter Numbers 
divided by the former, will give che ſeveral 
Denſities, via. 100, 944, 67 and 400. 
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homogeneous Bodies direQiy, and 
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Tuus we have ſeen what the Reſult of 
the Compoſition of equal attractive Forces, 
decreafing as the Squares of the Diſtances from 
their Particles, will be in ſpherical Bodies mu- 
tually attracting each other. Let us now ſup- 
poſe a Sphære divided into an infinite Number 
of equal Particles, and that to every one of theſe 
Particles there tend equal centriperal Forces pro- 
portionable to the Dittances from the Particles 
directly, and fee what the Reſult of this Law 
will be, in the Tendency of ſeveral Spheres 
towards cach other. 


Prop. LXXVII. Tu EOREM XXXVII. 


If to every Point of any Spheres, there tend 
centripetal Forces proportionable to the Di- 
fances of thoſe Points from the attratted Bo- 
dies; I jay, that the compound Force with 
which two Spheres attract each other mu- 
tually, is as the Diſtance between the Centers 
of the Spares. 


Caſe 1. LET AEBF be a Sphere; 8 its 
Fig. 215, Center, Pa Corpuſcle attracted, PAS B the 
Axis of the Sphære, paſſing through the Center 


the Corpuſcle; EF, ef, two Planes cutting 
the Sphære perpendicular to this Axis, and 


equally diftant from the Center of the Sphære 
on each fide; Gg the Interſections of the 
Planes and the Axis, and let H be any Point in 
the Plane EF. The centripetal Force of the 

Point 
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Point H upon the Corpuſcle P, according 'to 
the Direction of the Line HP is (by the Hy- 
pot beſis.) as the Diſtance PH, and this Force 
(by Corel. 2. of the Laws of Motion.) may be 
reſolved into two Forces, one according to the 
Direction HG, and porportionable to the Line 
HG; and the other according to the Direction 
PG, and proportionable to the Line GP; 
this latter is the Force of Attraction towards 
the Center S, and is as the Diſtance PG. By 
the ſame Rule, the Force of all the Points in 
the Plane E F, that is, the Force of the whole 
Plane, by which the Corpuſcle P is attracted 
towards the Center S, is as the Diſtance PG, 
multiplied by all the Points of which the Plane 
EF is compoſed ; that is, as the Product or 
Solid made up of the Plane EF, and the 
Diſtance PG. So likewiſe the Force of the 
Plane ef, by which the Corpuſcle P is attract- 
ed rowards the Center S, is as the Plane ef 
multiplied by the Diſtance Pg, or as the Plane 
EF, which is equal to the Plane ef, multi- 
plied by the Diſtance Pg. And (by Compoſi- 
tion.) the Sum of the Forces of both the Planes, 
is as the Plane EF, multiplied by the Sum of 
the Diſtances PG +Pg ; that is, as the Plane 
EF multiplied by twice PS, the Diſtance of 
the Corpuſcle from the Center of the Sphere ; 
(becauſe SG is equal to Sg.) or which is the 
fame thing, as the Sum of the equal Planes 
EF + ef, multiplied by the ſame Diſtance PS. 
By the ſame way of 8 the Forces 7 
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all the Planes of which the whole Sphere is 
compoſed, and which are at equal Diſtances 
from the Center of the Sphere on each fide, 
are as the Sum of all thoſe Planes multiplied 
by the Diſtance P'S, that is, in a Proportion 
compounded of the whole Sphere, and of 
the Diſtance P'S, conſequently if the Sphere 
be given, its attractive Force is as the Diſtance 
of the Corpuſcle P from its Center, viz. PS. 
W. W. D. 

Caſe 2. 8 rOSE now the Corpuſcle P to 
attract the Sphære AE BF, and the Sphere 
not to attract the Corpuſcle; it will follow by 
the ſame way of Reaſoning, that the Force 
with which the whole Sphære is attracted by 
the Corpulcle, is as the Diſtance P'S: For let 
the Sphere be diſtinguiſhed into Planes as be- 
fore ; the Sums of every correſpondent Point 


in the equidiſtant Planes on each fide the Center, 


will be attracted by the Corpuſcle P, in Pro- 
portion to the Diſtance from the Center PS. 
Caſe 3. LE T another Sphere P, be com- 


Fig. 216. poſed of an infinite Number of Corpuſcles P; 


and becauſe the Force by which every one of 
theſe Corpuſcles is attracted, is as the Diſtance 
of that Corpuſcle from the Center of the firſt 
Sphere 8, and conſequently the Force is the 
fame as if it came from the Center of that 
Sphere 8; therefore the whole Force with 
which all the Corpuſcles contained in the ſe- 
cond Sphere P, are attracted, that is, with 
which the whole Sphære P is attracted, will be 
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the fame as if this Sphere were attracted by a 


Force which came from one fingle Corpuſcle 
placed in the Center of the firſt Sphere 8, and 
therefore is proportionable to the Diſtance of 
the Centers of the Spheres. 


Caſe 4. SurrosE now that both the 


Sphæres S and P do mutually attract each other, Fig- 216. 


then (by the Third Law of Motion, Action and 
Reaction being the ſame, ) the Sphere S, will 
attract the Sphere P, juſt as much as the 
Sphzre P attracts the Sphere S, and therefore 
the whole Force by which they both tend to 
each other, is double the Force with which the 
one of chem tends towards the other, the fore- 
oing Proportion ſtill remaining the ſame. 
N Cafe 5. Now 4 be placed 
within the Sphære AE BF; then becauſe the 
Force of the Plane ef upon the Corpuſcle p, 


is as the Product of that Plane multiplied by 


the Diſtance pg; and the Force of & Pas 
E F upon the ſame Corpuſcle p, is as the Pro- 
duct of the Plane E F multiplied by the Di- 
ſtance p G; but becauſe the cle is at- 
tracted the contrary way by the Plane EF to 
what it is by the Plane ef, therefore the Force 
which ariſes from them both, muſt be as the 
Difference of the fore-mentioned Solids, or as 
221 g—EFxpG, that is, ef being equal to 
ene , therefore e fx 
— will be equal to 2 EF x2 Sp, 
or dividing Sp by 2, 2 attractive Force is as 
2 EEx Sp, chat is, as the Sum of the equal Planes 
X 3 multi- 
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, E F, multiplied by half the Difference of the 
Diſtances g p, Gp; or as that Sum multiplied by 
the Diſtance of the Corpuſcle from the Center 
of the Sphere. And by the fame way of Rea- 
ſoning, the Attraction of all the Planes ef, EF, 
in the whole Sphere, that is, the Attraction of 
the whole Sphære, is as the Sum of all the Planes 
added — or as the whole Sphære and the 
Diſtance of the Corpuſcle p from the Center 
of the Sphære, vig. p S. 

Caſe 6. And if we imagine another Sphære 


Fig. 217. compoſed of an infinite Number of Particles p, 


and placed within the former Sphere AE BF; 
the fame Argument as be fore, will hold for the 
Attractions being as the Diſtance of the Cen- 
ters p S, whether we conſider that Attraction 
ſingly in each Sphære upon the other, or u 
both Spheres mutually; for the Attractions of 
every Particle of each Sphære upon every Par- 
ticle of the other 8Sphære, being as the Diſtance 
of the Centers of the Spheres, it follows (by 
Compoſition.) that the Sum of the Attractions 
of all the Particles of which each Sphere is 
compoſed, muſt be in the fame Proportion. 
W. W. D. 


PRop. LXXVII. THREOREM XXXVIII. 


Tf there be Spheres never ſo diſſimilar and irre- 
gular as they go from the Center to the Cir- 
cumference, but every where ſimilar as they 
ge along the Circumference at every given 
| | | Diſtance 
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Diſtance from the Center; and the attrefine 
Force of every Point, be as its Diſtance from 
the attracted Body: I jay, that the whole 
Force with which two ſuch fort of Spheres 
attract each other mutually, is proportionable 
to the Diſtance between the Centers of the 


Spheres. 


See the Figure belonging to Prop. LXXVI. 


Ap ſuppoſe, as in that Propoſition, as 
many concentrick fimilar Spheres as you 
pleaſe AB, CD, E F, fo that the internal ones, 
added to or taken from the external ones, may 
make the Matter more or leſs denſe towards 
the Center; then (by the foregoing Propoſition.) 
theſe Sphæres will attract as many other ſimilar 
cancentrick Spheres as you pleaſe, that is, every 
fingle Sphere will attract every other ſingle 
Sphære with Forces which are directly as the 
Diſtance between the Centers SP; and there- 
fore (by Compoſition or Diviſion.) the Sum of 
all thoſe Forces, or the Exceſs of ſome of them 
above the other ; that is, the Force with which 
the whole Sphære AB, compoſed of any Num- 
ber of concentrick Spheres, or of the Diffe- 
rences of concentrick Sphæres, attracts the 
whole Sphære G H, compoſed likewiſe of any 
Number of concentrick Sphæres, or of the 
Differences of concentrick Sphæres, will be in 
the ſame Proportion of the Diſtance 8 P. Let 
the Number of the concentrick Sphæres be 
increaſed infinitely, ſo that the Denſity of the 

X 4 Maßatter, 
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Matter, and tly the attractive Force 
as it goes from the Center to the Circumference, 
may increaſe or decreaſe, to any Rule 
whatſoever, and let thoſe Places which are leſs 
denſe than the reſt, be filled up with Matter 
which has no attractive Force, ſo that the 
IC. y be of what Form or Sort you 

and the Force with which the one at- 
Tatts the acher will Bll be, by the froognlng 

t, as the Diſtance between the Centers 
SP directly. W. W. D. 

Carol. The things before demonſtrated in 
the Xth and LXIVth Prop ing the Mo- 
tion of Bodies about the Centers of Conick 
Sections, hold the fame here alſo, where all 
the Attractions ariſe from the Force of ſuch 
ſort of ſpherical Bodies as we have been now 
deſcribing, and where rhe attracted Bodies are 
alſo of the ſame fort; for theſe being nothing 
elſe but Compoſitions of thoſe ſimple Caſes, 
the Proportions muſt continue the ſame by 
Multiplication or Diviſion. 


S$CHOLION 


Tnvus we have explained two very re- 
markable Caſes of Attraction. The firſt was, 
where the centripetal Forces decreaſed as the 
Squares of the Diſtances: and the ſecond was, 
where the centripetal Forces increaſed directly 
as the Diſtances; and in both theſe Caſes the 
Reſult is, that che ſphærical Bodies themſelves 


will 
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Plat 


of SPuARICAL Bopirs. 
will be moved in Conick Sections either about 
the Centers, or about the Focus's of thoſe 
Sections; and alſo that the whole centripetal 
Forces of the ſpherical Bodies, which are 
com of the Forces of all their Parti- 
cles, increaſe or decreaſe as are more re- 
mote from the Center, in the fame Proportion 
that thoſe centrjpetal Forces themſelves do in 
their Diſtances from the ſingle Particles; that 
is, if every ſingle Particle, of which an 
Sphere is compoſed, attract a Corpuſcle wit 
a certain Force dec 


Diſtances between that Corpuſcle and the Par- 
ticles; the whole 8 


phære made up of ſuch 
Particles will attract ſuch 28 with a 
certain Force decreaſing alſo as the Square of 


the Diſtances between the Corpuſcle and the 


Center of the Sphere; and if 

Particle of 42 Sphære 12 
attract a Corpuſcle with a certain Force which 
increaſes directly as the Diſtances between the 
Particle and the Corpuſcle; the whole Sphære 
made up of ſuch Particles will attract a 
Corpuſcle with a certain Force which increaſes 
as the Diſtances between the and the 
Center of the Sphere directly, which is a very 
obſervable Thing. | 


FIN. 


as the Square of the 
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